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Symmetry groups and Graovac—Pisanski index

of some linear polymers

Fatemeh Koorepazan-Moftakhar, Ali Reza Ashrafi and Ottorino Ori

Abstract. Suppose G is a graph with vertex set V(G). The Graovac—Pisanski index of G is
defined as GP(G) = 3|V(G)[?6(G), where

1
3(G) = W Z Zd(% g(u)).

ueV(G) gel
This is a type of graph invariant that is combined distance and symmetry of molecules under
consideration. The aim of this paper is to compute the symmetry groups and Graovac—Pisanski

index of some linear polymers.

1. Introduction

Throughout this paper all graphs will be assumed to be simple and undirected.
This means that they don’t have loops, multiple and directed edges. Suppose G
is such a graph with vertex set V(G) and edge set E(G). An edge e € E(G) will
be written as e = xy, where x,y € V(G). A graph G is called r-regular if degrees
of all vertices are equal to r.

The molecular graph of a molecule M is a simple graph in which atoms and
chemical bonds are in one-to-one correspondences with vertices and edges, respec-
tively. A path P, is a sequence x1,Zo, ..., T, of different vertices in which z; and
ZTi+1, 1 < i < n—1, are adjacent. The number of edges in a path is called its
length. A cycle graph C, is a graph constructed from the path P, by adding a
new edge x1x,. The complete graph K, is an n—vertex graph in which all pairs
of different vertices are adjacent. A graph G is connected if for each vertex x,y in
G, there exists a path connecting them.

A permutation on a set X is a one-to-one function from X onto X. The set
of all permutations on a set X is denoted by Sx. It is well-known that Sx is a
group under composition of functions. The order of an element x in a group G
is denoted by O(x). An element 6 € Sy (¢ is said to be an automorphism if the
following condition is satisfied:

Vr,y € V(G) zy € E(G) < 0(x)0(y) € E(G).
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The set of all automorphisms of G is denoted by Aut(G) which is a group under
composition of functions. It is easy to see that Aut(G) is a subgroup of Sy (q).
The graph G is called vertez-transitive if and only if for each z,y € V(G) there
exists an automorphism g € Aut(G) such that g(z) = y. It is easy to see that
vertex-transitive graphs are regular. We refer the interested readers to the famous
book of Biggs [3], for more information on this topic.

Suppose G is a group containing two subgroups H and K in such a way
that H<IG, [HNK| =1and G = HK = {zy | ¢ € H, y € K}. Then
we say that G is a semi-direct product of H by K and write G = H : K.
For an example, we consider the set of all permutations on X = {1,2,3}, ie.,
Sx =10,(1,2,3),(1,3,2),(1,2),(1,3),(2,3)}, where () is the identity permuta-
tion. Then by choosing H = {(),(1,2,3), (1,3,2)} and K = {(),(1,2)}, we can
see that H<Sx, K < Sx, |[HNK|=1and Sx = HK. Hence, Sx can be written
as the semi-direct product H : K of its subgroups.

Suppose G is a graph and z,y € V(G). The length of a minimum path con-
necting « and y is denoted by d(z,y). It is easy to see that (V(G),d) is a metric
space with distance function d(—,—). If G is connected then the Wiener index
W(G) is defined as the sum of distances between all pairs of vertices in G [18].

Graovac and Pisanski [8] in an innovating work applied the symmetry group of
the graph under consideration to generalize the Wiener index and obtain a good
correlation with some physico-chemical properties of molecules. To explain, we
assume that G is a graph, I' < Aut(G) and g € T'. Define the distance number
of g, 6(g), to be the average of d(u,g(u)) overall vertices u € V(G) and 0(G) =
ﬁ > gecdlg) = Wl(G)I 2 uev (@) 2oger A(u, g(u)). The Graovac—Pisanski index
(GP index for short) of G with respect to I', GPr(G), is defined as GPr(G) =

\VQ(‘IC:‘?\Q > ger 0(9). If T'= Aut(G) then we write GP(G) as GPr(G). It is easy to
see that the GP index of G can be computed by GP(G) = |V(G)|*6(G). Ashrafi
and Shabani [2] computed the GP index of graphs that can be represented as some
graph operations and in [12], some upper and lower bounds for this graph invari-
ant are presented. In 2016, Ghorbani and Klavzar [7] computed this topological
index by cut method and Tratnik [17] generalized their method and calculated
the closed formulas for the GP index of zig-zag tubulenes. In [13], the GP index
of the cycle C,, with respect to all subgroups of Aut(C,,) and the GP index of
(3,6)— and (5,6)—fullerene graphs with respect to a subgroup of their symme-
try groups are computed. Finally in [15], the Graovac-Pisanski polynomial of a
graph was presented by which the authors extended some well-known results from
Hosoya polynomial to its symmetry-based version. In the mentioned paper, this
polynomial for some classes of chemical graphs containing linear phenylene and
its hexagonal squeeze, and the ortho-, meta- and para-polyphenylene chains were
calculated.

Phenylenes are polycyclic conjugated molecules possessing both six- and four-
membered rings [9]. Following Dosli¢ and Litz [5], a polymer with phenylene as
the basic building block is called a polyphenylene. In the mentioned paper, some
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exact formulas for the numbers of matchings and independent sets in three types of
uniform chains are given. The authors also presented some results on polypheny-
lene dendrimers. In this paper, the GP index of the molecular graphs presented
in [6, 9] are computed. Our calculations are done with the aid of TopoCluj [4],
HyperChem [11] and GAP [16]. Our group theory notations are standard and can
be taken mainly from [1, 10, 14, 16].

2. Main result

The aim of this section is to compute the symmetry groups, their orbits and
GP index of the para chain of length n, 3—uniform cactus chain, caterpilar
CAT(ny,...,n,), corona product P, o P, an ortho-chain of length n, ladder graph
L,, and the 2—connected linear polymer with triangular faces R,,. These graphs
will be defined later. We start by computing the GP index of a para chain of
length n, Figure 1.

Suppose G is a group and X is a set. An action of G on X is a function
*: G x X — X such that for all g,h € G and z € X, exz = z and (gh) xz =
g * (hxx). The orbit of an element x € X is defined as Gxz = {gxx | g € G}.
We usually write gx as g x x when there is no confusion. The size of an orbit is
called its length.

Let G be a connected graph, AUB C V(G) and Vi, Vs, ..., V. be the orbits of
Aut(G) under its natural action on V(G). Define d(A, B) = >, c4 > e d(u,v).
Then it can easily seen that W(G) = 2d(V, V). Graovac and Pisanski [8], proved
that GP(G) = |V| ¥i_, ", where W(V;) = 1d(V;,V;). We apply this result
to compute the GP index of all polymers presented in this paper.

Theorem 2.1. The Graovac-Pisanski index of a para chain Q, of length n can
be computed as follows:

%n?’—&—%nz—i—%n—i—i n is odd and n # 1,

GP(Qn) = {

%n‘n’ + %nQ +n n 1S even.
a] a a3 an
X1 Xn+1
X2 X3
bl b2 b3 bn

Figure 1: A para chain of length n.
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Proof. The case of n = 1 is clear. Suppose n > 1 is even and consider the
subset X = {x1,29,...,2p+1} C V(Qn), see Figure 1. It is easy to see that
for each automorphism a, a({z1,2,11}) = {x1,2n41}. Hence (a(z1) = 21 and
a(Tpt1) = Tpt1) or (a(x1) = Tp1 and a(zpg1) = x1). If a(x;) = 21 and
a(Zpn41) = Tp41 then by definition of graph automorphism, a|x = (), where a|x
denotes the restriction of o on the set X and () is the identity permutation. If
a(r1) = Tpy1 and a(rpy1) = 71 then alx = (21 Tpp1)(22 20) ... (T2 I’nTM)
Define H = ((ay b2), ..., (ay by)). There are two permutations $; and By induced
by the unique automorphism of order two in the path graph P, ; with vertex set
V(Pnt+1) =1{1,2,...,n+1} and edge set E(P,+1) = {12,23,34,45,...,(n)(n+1)}.
These permutations can be defined as follows:

by ) (b byt .. (by bugz) 2]m,

) (a1 ap)(az an-1)...(az ans2) 2|n.
ﬁl - {( (
(b1 bn)(by b

|

It is now easy to prove v = af102 is an automorphism of order 2 in @,.
Define K = (v). Since all generators of H has order two and they are disjoint
permutations,

HgZQX"'XZQ.
—_——
n times

It is clear |[H N K| = 1 and for each element ¢t € X and each automorphism v € H,
~(t) =t. Thus, H < Aut(Q,,). If an automorphism v € Aut(Q,,) fixes elementwise
each element of X then v € H and in other case v can be written as the product
of an element of H by af;82. This proves that G = H : K 2 (Zy X -+ X Z3) : Zs.
Therefore, the automorphism group of @), can be generated by automorphisms
~ and (a; b;), for 1 < 7 < n. A similar argument shows that, when n is odd,
the group Aut(Q,) can be generated by «f182 and n permutations (a; b;) for
1 < i < n. Therefore,

(Za X -+« X Za) : Zy n is even,
—_———
n times
Aut(Qn) =
ZQX (ZQX"'XZQ):ZQ HiSOdd&l’ldﬂ?él.
—_———

n-1 times
This proves that |Aut(Q,)| = 2", n # 1, and Aut(Q1) = Dg. If n is even,
then the orbits of Aut(Q,) on V(Q,) are Vi = {x1,zp41}, Vo = {a1,b1,an,b,},
Vg = {Ig,l’n}, V4 = {ag,bg,an_l,bn_l}, V5 = {xg,xn_l}, ceey Vn—l = {In/27

xn/2+2}> Vo = {an/27an/2+1abn/2v bn/2+1} and V41 = {xn/2+1}- If n is odd
and n # 1, then the orbits of Aut(Q,) on V(Q,) will be Uy = {z1,2n41},
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Uy = {a1,b1,an,b,}, Us = {x2,2,}, Uy = {az,b2,an-1,bn-1}, ..., Un1
{a(n-1)/2,b(n=1)/2: A(n+3)/2> bnt3)/2}, Un = {%(ns1)/2, T(n43)s2} and Uppg

a(n+1)/2,b(n+1)/2}. To compute the Graovac-Pisanski index of this graph, we

consider the following cases:

1. n is even. In this case, Aut(Q,) has exactly n + 1 orbits under its natural
action on V(Q,). Since |V,41| = 1, W(Viq1) = 0. On the other hand,

n

we have exactly 5 orbits of size 2 and % orbits of size 4. Now a simple

2
calculation shows that W(Vy) = 2n, W(Va) = 8n — 4, ..., W(V,,_3) = 8§,
W(Vy—2) =28, W(V,,—1) =4 and W(V,,) = 4. Therefore,

n+1 -
GP@Q) = VIS Wlévﬂ
i=1 ¢

A+ 8+ +2n 12+28+-- +8n—4
n+1) +

=0 2 4
95 15,
= 4n + 1 n° +n.
. nis odd and n # 1. In this case, again Aut(Q,) has exactly n + 1 orbits
under its natural action on V(@,,). On the other hand, by above calculations
23 orbits have length 2 and other orbits have length 4. For orbits of length
2, we have W(Up41) =2, W(U,) =2, W(U,,—2) =6, ..., W(U1) = 2n, and
for orbits of length 4, W(U,,—1) = 20, W (U, —3) = 36, ..., W(Us) = 8n — 4.
Therefore,

n+1 -
GP@Qu) = IV1Y.
i=1 ¢

2 246+...+2n  20+36+...+8n—4
:(3n+1)<2+ +6+...+2n  20+36+... +8n )

2 4
9 4 n 15 n 7 n 1
=-n"4+—n"+-n+-.
4 4 4 4
This completes the proof. O
a1 1) dp-1  ap
1 2 n
X1 X2 X3 Xn Xn+1

Figure 2: A 3-uniform cactus chain T,.
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Theorem 2.2. The Graovac-Pisanski index of a 3-uniform cactus chain T,,, Fig-
ure 2, can be computed as follows:
GP(T,) %n3+gn2+n+i n is odd and n # 1,
S %n3+%n2+%n+% n 18 even.

Proof. 1If n is odd and n # 1, then the automorphism group of T;, can be generated
by (21 an)(ar @ny1) (22 2n)(@3 Tno1) - (Tops Tugs)(az an-1) - (@1 Gngs),
(21 a1) and (ay, Tp41). Moreover, if n is even, then Aut(T),,) is generated by a =
(71 an)(ar Tpp1)(w2 Tn) - (T2 Tny9)(az ap-1)---(az any1) and B = (21 a1).
Since a8 # Sa and «f has order 4, Aut(T,,) = Ds. Note that two non-commuting
elements § and 7 of order two generate a dihedral group of order 20(§7). Therefore,

S3 n=1
Aut(Tn)%’{ D38 n#1

To compute the GP index of T,,, we first calculate the orbits of Aut(T,,) under
its natural action on V(T,). If n is even, then Aut(T,) has exactly n orbits
containing one orbit of length 1, one orbit of length 4 and n — 2 orbits of length
2. These are Vi = {zn 11}, Vo = {a1, 71, an,Tny1}, Vi = {24, Tp—it2} and V) =
{as, an—iy1}, 2 <i < 5. Our calculations show that W (Vi) =0, W(V,) = 4n + 2
and W(V;) = W(V/) =n —2i +2, 2 <i < §. Therefore,

wW(Vi)
Vil

GP(T,) = VIS
=1

= (2n+1) (4n2_2+;><2><(2+4+--~+(n—2))>

1 4 n 5, n 3 n 1
= —-n°4+-n"+-n+-.
2 4 2 2
We now assume that n is odd. Then we have one orbit of length 1, one

orbit of length 4 and n — 2 orbits of length 2. These are Uy = {a%}, Uy =
{a1,21,an, Tpy1}, Us = {anH,anH}, Uy = {x2,20}, Us = {az,an-1}, Us =
{z3,2n-1}, Ur = {ag,an—2}, ..., Up—1 = {anT—l,anT-f—S} and U,, = {an—l,an%}
By our calculations, W (Uy) = 0, W(Us) = 4n+2, W (Us) = 1, W(Uy) = W(Us) =
n—2, WUs) =W({Uz)=n—4, ..., W(Uy,_-1) = W(U,) = 3. Therefore,

GP(,) = WVIY T
= (2n+1)(4n:2+;+;><2><(3+5+~~+(n—2))>

Ls 5o 1
= —n"+-n"+n+ -
2 4 4’

which completes our proof. O
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The caterpilar CAT(ny,...,n,) is a tree with vertex set

{v1,.. ;0. U{v11, 010, U U0, oo U, b
—_—
A Ay A
in which A is the vertex set for a path vy, vo, ..., v, and A4;, 1 <i < r, is a set of

pendant vertices that all of them are adjacent with v;, see Figure 3.

Vi V2 Vr

Vit 7" Ving Vo m7m Vo Vil 777 Vi,
Figure 3: The caterpilar CAT(nq,...,n;).

Theorem 2.3. The Graovac-Pisanski index of CAT (nq,...,n,) can be computed
as follows:

(1) If for some i and j with i+ j =+ 1, we have n; # n; then

GP(CAT(ni,...,n,)) = <Zn> —r?

(2) If ny =ng =--- =n, =n, then

f(n,r) ris even,
GP(CAT(n,...,n)) =
g(n,r) ris odd,

1 1 1 1 1
where f(n,r) = (Srs + r2> n? + (2r2 + 4r3> n— §r2 + gr?’ and

1 1 3 1 1 5 1
g(n,r) = <8r3 + 72— ST) n? + (—47“ + §r2 + 4r3> n—gre 57“2 + §T3'

Proof. Set L = CAT(ny,...,n,) and P is the induced subgraph of A. It is easy
to see that Sa, < Aut(L), 1 < i <r. Since A;NA; =0,1<i+#j<r, one
can easily seen that Sa,S4,...54, =S4, X Sa, X -+ x Sa, and so Aut(L) has a
subgroup H isomorphic to Sa, X S4, X --- x S4,. Our main proof will consider
two separate cases as follows:
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1. Suppose for some i and j with ¢ + j = r + 1, we have n; # n;. From Figure
3, one can easily seen that H = Aut(£) and H has exactly 2r orbits under
its natural action on V(L£). These orbits are {v1}, {va}, ..., {v,} and Ay,
ooy Ap. Since W(A;) =n2 —ny, |[Ail =n;and [V =r+ >0 n,

2. ng =ng =--- =n, = n. Choose f to be the automorphism of order 2 in
Aut(P) and extend f to an automorphism f of £ by defining f(z) = z, for
each z € |J;_, A;. If ris even then Aut(£) = HUfH and so Aut(L) = (Sa, X
Sa, X o+ x S4,.): Zy. Furthermore, Aut(L) can be generated by (v;1 v;2),
(vi1 viz), -+, (Vi1 Unm) and H(Uz Uj)(vﬂ Uj1)(vz‘2 sz)(vz‘:a Uj3) cee (Umi ani),
where 1 <i< 5, 5 +1<j<nandi+j=r+1 Therefore, Aut(L) has
exactly r orbits such that 3 of them have length 2 and others have length 2n.

These are Vz = {1},‘,1}]'} and Vi/ = {1]1‘1,112'2,’02'3, <oy Uin, V41, V52,053, . . .,an},
where 1 <7 < %, % +1<j<randi+j=r+1 Our calculations show
that, W(V;) € {1,3,5,7,...,r — 1} and W(V/) € {5n? — 2n,5n? — 2n +
2n?, ..., (r + 3)n? — 2n}, where 1 < i < . Therefore,

GP) = VI3

1 -1 2_9 2_9
:(n—l—l)r{ +3+- -+ +5n n+---+(r+3)n n}
2 2n
(13, 2\ 2 1o 13\ 15 153
—(Sr +r)n +(2r +4r)n 2r +8r.

If r is odd then S4,,, will be a characteristic subgroup and

2

%4

Aut(L) = KSAl x Sa, X "-XSA%l xSA# X oo XSAT) :Zz} ><SA%1

1%

(Sn X Sp X+ XSy XSy XX 8Sp):Za| X Sn.

r-1 times
Moreover, Aut(L) can be generated by (v;1 vi2), ..., (Vi1 Vin,) and [[(v; v;)

(Vi1 V1) (Vin; Vjn,), where 1 <i < 251, 22 Cj<nandi+j=r+1.
On the other hand, Aut(L) has exactly r + 1 orbits, one orbit of length 1,
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one orbit of length n, Tgl orbits of length 2, and Tgl orbits of length 2n.

These are Uy = {v%}, Us = {U%l,v%w ,v%n}, U; = {v;,v;} and
/I _ . r—1 r+43 .
Ui - {’Uilavi2)---;Uinavj17vj25"'7vjn}7 where 1 <t < ) < J <r

and ¢ +j = r + 1. By our calculations, W(U;) = 0, W(Usz) = n(n — 1),
W(U;) € {2,4,...,r—1} and W (U}) € {6n*—2n,8n*—2n, ..., (r+3)n>—2n}.
Therefore,

r+1 -
aP() = VI3 WW

il
n(n—1)+2+4+---+r—1

= 1
o+ 1 | :
6n2—2n+~~~+(r+3)n2—2n}
+
2n
(L2 LN (L3 e s), 5, L L
(87" +r 8r>n —|—< 4T—|—27" +4r n 87" 27“ +8r.
This completes our argument. O

Note that our previous theorem covers the case when for some ¢, j with i +j =
r + 1, n; is not equal to n; and another case when all n; are the same. It is
easy to see that Aut(L) = H or H : Zy. For example, we do not cover the
case that CAT(2,3,4,3,2). Our method shows that Aut(CAT(2,3,4,3,2)) =
(Z9 x S5 x Sy x S3 X Zs) : Zy and a simple GAP program shows that in this case
GP(L) = 399.

Suppose G and H are two graphs. The corona product G o H is a graph
constructed from G and |V (G)| copies of H by connecting the i*" vertex of G to
each vertex of the i'" copy of H, 1 <i < |V(G)|.

Vi Vi Vn

ANEVANRRVAN

Vi1 Vi2 Vil Viz Vnl Vi2

Figure 4: The corona product P, o Ps.

Theorem 2.4. The Graovac-Pisanski index of Py, o Py, Figure 4, can be computed
by the following formula:

%n?’ + %nQ n s even,
GP(P,o P) = %nﬁ + 15p2 %n n s odd,
3 n=1.
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Proof. Depending on whether n is an even or odd number, our proof will consider
two cases.

1. niseven. In this case, the generators of Aut(P oPy) are (vk1 vg2), 1 < k < n,
and J](vi v;)(vi1 vj1)(Viz vj2), 1 <i< §, §+1<j<nandi+j=n+1
Our calculations show that the orbits of this action are V; = {v;,v;} and
V! = {vi1,vi2,v;1, vj2}. Furthermore, W (Vi) =n—1, W(V3) =n -3, ...,
W(Vy) =1, W(V/) =4n+6, W(V3) =4n—2, ..., W(Vy) = 14. Therefore,

IVI
1—|—3—|—~~-+n—1 14+224+30+---4+4n+6
=3n +
2 4
. 1
:§n3+z5n2.

2. n is odd. The generators of Aut(P, o ng are (Vg1 vk2), 1 < k < n and
H(UZ‘ vj)(vﬂ vﬂ)(vig ’sz), 1 g 7 g anl e g j g n and Z+] =n-+1. This
group has exactly n + 1 orbits under its natural action. These orbits are
U={vnp}, U = {1y, vnp1,}, 25 orbits U; = {vs,v;} of size 2 and 25+
orbits U’ = {Uzl,UzQ,Ujl7UJQ} of size 4 Moreover, W(U) = 0, W(U’) = 1,
WU) =n—-1, WU) =n-3, ... W(UWT_l) =2, W(U]) = 4n + 6,
W(Uj}) =4n—2, ..., W(U!_,) = 18. Therefore,

2

n+l
GP(P, o P,)
=3n {0+ +2+4+ -1 18426+ +dn+6
2 2 1
93y B2 20,
3 4 g8
This completes the proof. .

Theorem 2.5. The Graovac-Pisanski index of an ortho-chain O,,, Figures 5 — 17,
of length n is computed as follows:

GP(0,) % 3+ 383n2 + 17n +1 n s even,
" I+ 3Bn?2 4+ Ut 2 nis odd.
Proof. There are two possible cases, depending on whether n is even or odd.

1. n is even. It can be proved that the automorphism group Aut(O,,) is gen-
erated by the permutations (1 az2), (n+ 1 b,—1) and (a1 b,)(1 by—1)(az n+
1)(2n) (b an)(as bn—2)(3 n—1) (b2 an—1)(as bn—3)--- (5 §+2)(bz-1 az42)
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(azy1 bz). Moreover, the group has exactly 3 3% orbits. These orbits are

U1 = {n + 1}, U2 = {a"+1,b }, U3 = {2,5 2}, U4 = {ag,b%H},
U5 = 5 — ].,2 +3} U@ = {bn 17an+2} U7 = {CL 1,b%+2}, Ug =
{n — 2, n +4} Ug = {bn 2, a”+3} Uw {ag, n,Q}, U# =
{2,n}, ULZG = {b,an-1}, U¥ = {bl,an}, U3n2—2 = {a1,b,} and Usp =
{1,a2,b,_1,n + 1}. On the other hand, W (Uy) = 0, W(Uz) = W(Us) = 2,
WU = W(Us) = W (Us) = 4, W(Us) = W(Us) = W(Uy) = 6, W (Usamse)
= W(UL;S) = W(UMQ;G) =n-2, W(U%) =n, W(U37L2—2) =n+2 and
W(U:%n) = 4n + 4.

Therefore,
STH
W (V;
GP(On) = VY (Vi)
= vl
[0 242 444+4 6+6+6
= Bn+1)|-
(3n+ )_1+ 2 2 2
n—24n—-24+n—-2 n n+2 4n+4
ot 2 tot 4
3 2
= Bnt1) |0+2+4 5 [446+ - Fn 5 nt
—_——
n—4
L 2
9 5. 33 5
= = — 1.
i + = 3 + n+
a] a a3 ap/2 A14n/2 an
1
1 2—3 n/o—1+n/p—2+n/> —1+n
2 n
p J
b, by bon-1 b b1 by b1 by

Figure 5: An ortho-chain of length n, n is even.

2. nisodd. The generators of Aut(O,) are (1 1+n)(2n)--- (X2 352) (4 a14n)

(a2 an) cee (aurTn (Z#Tn) (b1 bn—l) (b2 bn_g) s (bnT—l b%), (1 (J,Q) and
(14n ay,). Furthermore, the number of orbits of this group under its natural
action is 22=1 and the orbits are Vi={ans,anis}, Vo = {ngd i3 vy =

(b, busn}, Vi = {755,252}, Vs = {an an+s}, Vo = {32, 1}, vr =
{bnT—i?»,bnT-l—B}7 Vg = {anT—s. anT+7} Vg {n 5 n+9} Vl() = {bn 5 bn+5}

s V:mz;n = {ag,an_l}, V¥ = {Z,n}, V3n277 = {bg, n— 2} V¥ =
{b1,bn-1}, V% ={a1,an4+1} and V¥ ={1,a2,1+n,a,}.
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a) ay a A(14n)/2 A3+n)/2 ap A4n
1 2 3 (1+n)/o——(3+n)/2 n 1+n
N
by by ba-nz bmsiye bno bo-1

Figure 6: An ortho-chain of length n, nz1.

aj a a3 A(1+n)2 A(3+n)/2 an Al4n

1 2—38 (1+n)/2—=(3+n)/» n—1+n
m r—l
b L
1 by ba-ny2 by byo  bne

Figure 7: An ortho-chain of length n, n=3.

To compute the Graovac-Pisanski index of this graph, n # 3, we note that
W(Vs) =W(Ve) =W (V7) =5 W(Vs) = W(Vo) = W(Vig) =7, W(Van_n1) =
W(V#) = W(V%) =n—2, W(V%) =n, W(V%) =n+2, W(V%)
= 4n + 4. Finally, if n=1 then W) =W((Vs) =1, W(V3) =W (V) =3,
and if n=3 then W (Va) = W (V3) = 1 and W (V) = W(Vy) = 3.

Therefore,

z W (V;)
P(On) = 1|V| Z
=1 IVl

141 3+3 54+54+5 TH+TH+T

= (3 1
(3n + ){ 2 T3 2 2

n—24n—-24+n—-2 n n+2 4n+4
+ ot 5 ot T }

2
=(3n+1)[1+3+ (B+7+-+n—-2) g ";r }
_ 95,33 5
= 3" + = 3 + +8.
This completes the proof of our theorem. O

In the next theorem the Graovac-Pisanski index of ladder graph L,,, Figures
8 — 9, which is also known as the linear polyomino is computed [6].
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Theorem 2.6. The Graovac-Pisanski index of the ladder graph L, can be com-
puted as follows:

"73—%%—1—371—&—1 n 1S even,
GP(L,) = i )

L4+ g3 s odd.
Proof. We first note that Aut(L,) = Dg and Aut(L,,) = Zy x Zy, forn # 1. If n is
even, then Aut(L,) can be generated by [[iF] (ax by) and [T, (a; aiv1)(bi bit1),
i is odd. If n is odd, then the permutations [[}~; (a; b;) and [T5-1(a; aj41)
(bj bj+1) will generate the group Aut(L, ), where j is odd positive integer.

dn+1
aq as an -1 an aq do

RS ~| |
bi——bs b -1 bn by ——b>
bn+l

Figure 8: The graph L,,, when n is even.

If n is even, then this group has 5 + 1 orbits, and the orbits are V; =
{@n+1,bn+1} of length 2 and other orbits which have length 4 are Vo ={a1, b1, az, b2},
V3 = {ag, bg, ayq, b4}, ceey Vg+1 = {an_l, bn—17 Ay, bn} On the other hand, W(Vl)
L W(Vayy) =12, W(Ve) =20, W(Va_y) =28, ..., W(V2) = 4n + 4. Therefore,

2+1

W(Vi)
GP(L) = VI Y- =
i=1 v
1 12+ 2 2 -4+ 4 4
Y +20+28+---+4n+
2 4
n®  5n?
aq as An™ aAn+1 s az
E R
by ba Pr—bn.1 by by

Figure 9: The graph L,,, when n is odd.

If n is odd, then this group has ”7“ orbits of length 4, and the orbits are V; =
{a1,b1,a2,b2}, Vo = {as, bs, a4,b4}, ..., Viss = {an, bn, any1,bnya}. Furthermore,
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W (Vi) =8 W(Vazs) =16, W(Vizs) = 24, .., W(Vi) = 4n + 4. Therefore,
n+1

i=1

w(Vi)
Vil

:(2n+2)(

_nt e T 3
T2 2 2 92

which completes our argument. O

8+16+24+-~-+4n+4)
4

We end this paper by computing the Graovac-Pisanski index of a 2-connected
linear polymer with triangular faces R,,.

Theorem 2.7. The Graovac-Pisanski index of a 2—connected linear polymer with
triangular faces R,,, Figure 10, is computed as

3 2
O 1 S | n is even,
GP(Rn)Z{ 16T 2 4

n 3n® | 1ln | 3 :
E+Y+T6+§ nlsodd.

Bty —anetye——

by . . .

DBr/241

Figure 10: (a) R,, nis odd; (b) R,, n is even.

Proof. 1t is clear that Aut(R;) = Ss, Aut(Rz2) = Zy X Zy and Aut(R,,) = Zs, when
n > 3. To compute the Graovac-Pisanski index, we first assume that n is even.
Then V; = {a;,bi}, 1 <i< 5 +1, W(Vi)) =5 +1, W(la) =3, ..., W(Va) =2
and W(Vz ) = 1. Therefore,

Sww)
GP(R,) =|V] ) |V|l
i=1 v

(n+2)< +243+-- 4+ 2+ )
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If n iS Odd then ‘/J = {aj,bj}, 1 g j S ntl Vn+3 = {C}7 W(Vl) = n+1

2
W) =21 ., W(V%) =2, W(VWTH) =1 and W (Vass) = 0. Therefore,

0 1+2+43+4. 428
1 2

Il
E)
+
=
/™~

n3 3n? 11n §

678 T16 Ty
O
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