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b-lattice of nil-extensions of rectangular skew-rings
Sunil Kumar Maity and Rumpa Chatterjee

Abstract. Every quasi completely regular semiring is a b-lattice of completely Archimedean
semirings, i.e., a b-lattice of nil-extensions of completely simple semirings. In this paper we con-
sider the semiring which is a b-lattice of nil-extensions of orthodox completely simple semirings.

1. Introduction

Semiring is one of the many concepts of universal algebra which is an established
and recognized area of study. The structure of semirings has been studied by
many authors, for example, by F. Pastijn, Y. Q. Guo, M. K. Sen, K. P. Shum and
others ([7], [9])- In [4] the authors studied properties of quasi completely regular
semirings. They proved that a semiring is a quasi completely regular semiring if
and only if it is a b-lattice of completely Archimedean semirings. In [5], the authors
proved that a semiring is a completely Archimedean semiring if and only if it is
nil-extension of a completely simple semiring. In this paper we intend to study
the semirings which are b-lattices of orthodox completely Archimedean semirings.
The preliminaries and prerequisites we need for this article are discussed in section
2. In section 3, we discuss our main result.

2. Preliminaries

A semiring (S,+,-) is a type (2, 2)-algebra whose semigroup reducts (S, +) and
(S,-) are connected by ring like distributivity, that is, a(b + ¢) = ab + ac and
(b+ ¢)a = ba + ca for all a,b,c € S. An element p in a semiring S is said to be
infinite [2] if and only if p+ a2 = p = 2 + p for all x € S. Infinite element in a
semiring is unique and is denoted by co. An infinite element co in a semiring S
having the property that = - 0o = 00 = oo - « for all z(# 0) € S is called strongly
infinite [2]. An element @ in a semiring (5,4, ) is said to be additively regular
if there exists an element x € S such that a = a +  + a. An element a in a
semiring (S, +, ) is called completely regular [9] if there exists an element x € S
such that a =a+2+a, a+2 =z +a and a(a+z) = a+x. We call a semiring S
completely regular if every element of S is completely regular. A semiring (S, +,-)
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is called a skew-ring if its additive reduct (S, +) is a group. A semiring (S, +, ) is
called a b-lattice if (S,-) is a band and (S, +) is a semilattice. If both the reducts
(S,+) and (S, -) are bands, then the semiring (S, +,-) is said to be an idempotent
semiring. An element a in a semiring (S, +, -) is said to be additively quasi regular
if there exists a positive integer n such that na is additively regular. An element
a in a semiring (S, +,-) is said to be quasi completely regular [4] if there exists a
positive integer n such that na is completely regular. Naturally, a semiring S is
said to be quasi completely regular if all the elements of S are quasi completely
regular.

A semigroup S is a rectangular band if it satisfies the identity a = axa for all
a,r € S. An element x in a semigroup S is a left zero of S if xa =z for all a € S.
A semigroup all of whose elements are left zeros is said to be a left zero semigroup.
A rectangular group is isomorphic to a direct product of a rectangular band and a
group. Again a left group is isomorphic to a direct product of a left zero semigroup
and a group. A semigroup S in which the idempotents form a subsemigroup is
orthodox. A completely simple orthodox semigroup is a rectangular group, and
conversely. In this article, our aim is to extend the concepts of nil extensions of
rectangular groups and left groups to semirings.

Throughout this paper, we always let ET(S) and Reg™S respectively be the
set of all additive idempotents and the set of all additively regular elements of
the semiring S. Also we denote the set of all additive inverse elements of an
additively regular element a in a semiring (S, +, ) by V*(a). As usual, we denote
the Green’s relations .2, #, 2, # and S on the additive reduct (S,+) of a
semiring (S, +,-) by £+, Z*, 2%, #* and S respectively. It follows from
the definition that every # € { L+, 2", 2%, 71,7} is a congruence on the
multiplicative reduct (S, -), and hence is a congruence on the semiring (.5, 4+, -) if
and only if it is a congruence on (5, +). For other notations and terminologies not
given in this paper, the reader is referred to the texts of Howie [3] & Golan [2].

Definition 2.1. (cf. [9]) A completely regular semiring (S, +,-) is called a com-
pletely simple semiring if #+ =5 xS.

Theorem 2.2. (cf. [10]) Let R be a skew-ring, (I,-) and (A,-) are bands such
that INA = {o}. Let P = (p, ,) be a matriz over R, i € I, A\ € A and assume

1. Pxo = Po,i = 0;

2. Papkj = Papyij — Pupij + Popkjs
PuX,jk = Pu,ji — Puv,ji + Puv,jk;
apx; = pria =0,

ab + Popio = Pop,io + ab,

A o

ab + Pro,0j = Dro,oj +ab, foralli,j ke l, A\ pu,ve A anda,be R.

On # =1 x R x A, we define operations ‘+’ and “’ on .# by
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(i,a,A) + (4,6, 1) = (i,a + paj + b, 1)
(i7 a, )‘) : (]7 b7 /1’) = (7'.77 _pku,ij + ab7 )‘:U/)

and

Then (A ,+,") is a completely simple semiring. Conversely, every completely
simple semiring is isomorphic to such a semiring.

The semiring constructed in the above theorem is denoted by .# (I, R, A; P)
and is called a Rees matriz semiring.

Corollary 2.3. (cf. [10]) Let .# (I, R,A; P) be a Rees matriz semiring. Then
Dapij = Pro,oj T Pop,io holds for all i,j € I; A, € A. This yields px; = Pro,oi +
Pox,io and hence by assumption (5) and (6) stated in Theorem 2.2, ab+ pr; =
Dai+ab forallieI; € A and a,b € R.

Definition 2.4. Let (S, +, ) be an additively quasi regular semiring. We consider
the relations £*", Z*, g, #*" and 2*" on S defined by: for a,b € S;

a.#* b if and only if ma.Z* nb,
a%*" b if and only if ma %2+ nb,
a/*+ b if and only if ma ¢ nb,
=2 @ and 977 =2 o,

where m and n are the smallest positive integers such that ma and nb respectively
are additively regular.

Definition 2.5. (cf. [4]) A quasi completely regular semiring (S, +,-) is called
completely Archimedean if /*+ =5 xS.

Definition 2.6. (cf. [4]) A semiring S is said to be a quasi skew-ring if S has a
subskew-ring R such that for every a € S, there exists a positive integer n with
na € R.

Definition 2.7. A congruence p on a semiring S is called a b-lattice congruence
(idempotent semiring congruence) if S/p is a b-lattice (respectively, an idempotent
semiring). A semiring S is called a b-lattice (idempotent semiring) Y of semirings
So(a € Y)if S admits a b-lattice congruence (respectively, an idempotent semiring
congruence) p on S such that Y = S/p and each S, is a p-class.

Theorem 2.8. (cf. [4]) The following conditions on a semiring (S, +,-) are equiv-
alent.

1. S is a quasi completely regular semiring.

2. Every A% ~class is a quasi skew-ring.

w

. S is (disjoint) union of quasi skew-rings.

4. S is a b-lattice of completely Archimedean semirings.
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5. S is an idempotent semiring of quasi skew-rings.

Definition 2.9. (cf. [5]) Let (S, +,-) be a semiring. A nonempty subset I of S is
said to be a bi-ideal of S if a € I and x € S imply that a + z, z 4+ a, ax, za € I.

Definition 2.10. (cf. [5]) Let I be a bi-ideal of a semiring S. We define a
relation p, on S by ap, b if and only if either a,b € I or a = b where a,b € S. It
is easy to verify that p, is a congruence on S. This congruence is said to be the
Rees congruence on S and the quotient semiring S/p, contains a strongly infinite
element, namely I. This quotient semiring S/p, is said to be the Rees quotient
semiring and is denoted by S/I. In this case the semiring S is said to be an ideal
extension or simply an exztension of I by the semiring S/I. An ideal extension S
of a semiring I is said to be a nil-extension of I if for any a € S there exists a
positive integer n such that na € I.

Theorem 2.11. (cf. [5]) A semiring S is a quasi skew-ring if and only if S is a
nil-extension of a skew-ring.

Theorem 2.12. (cf. [5]) The following conditions on a semiring are equivalent:
1. S is a completely Archimedean semiring.
2. S is a nil-extension of a completely simple semiring.

3. S is Archimedean and quasi completely regular.

3. Main results

In this section we characterize b-lattice of nil-extensions of rectangular skew-rings.

Definition 3.1. An idempotent semiring (S, +, -) is said to be a rectangular band
semiring if (S, +) is a rectangular band.

Definition 3.2. A semiring (5, +, -) is said to be a rectangular skew-ring if it is a
completely simple semiring and (S, +) is an orthodox semigroup, i.e., E*(S5) is a
subsemigroup of the semigroup (5, +).

Theorem 3.3. A semiring is a rectangular skew-ring if and only if it is isomorphic
to direct product of a rectangular band semiring and a skew-ring.

Proof. Let (S,+,-) be a rectangular skew-ring. Then by definition (5,4+,-) is a
completely simple semiring and ET(S) is a subsemigroup of the semigroup (S, +).
Let S = #(I,R,A;P). As E*(S) is a subsemigroup of (S,+) then we have
(4, =Px,is A) + (J, =Pp,j» 1) = (4, =Pp,i» ). This implies —px i +pxj —Ppj = —Pp.is
ie., i —Dui +Du; = pry- Putting j = o, we get py; = p,i. Similarly, putting
i =o0 we get px; = pp,;. Obviously, E*(S) is a rectangular band semiring.

Now we define a mapping ¢ : S — ET(S) x R by
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o(i,a,\) = ((z, —Dris A), Pai + a) for all (i,a,)) € S.

Now,
SD(LG'?)‘) +90(Ja ba :U') = (Zv —Px, za pAz +CL) + ((.77 *p,u,jaﬂ)ap,u,j + b)
= (4, =pri, A (J7_pujaﬂ),pAi+a+pu,j+b)
(Z, —Py, Z,/.L yPu,i +a+p)\,j +b)
= w(z a+pxj+0,p)
= (@i, a,\) + (4,b, u))
Again,

@(i,0,0) (3,6, 11) = (1 =pais N pri + @) (G =P 1), P + D)
(4 =pxis ) (s =Pugs 1) (Pai + @) (Ppj + b)
(7’]5 —PAp,ijs >\,Uz)7 CLb) .

Also,
@((Za a, >\) . (Ja bv IU/)) = (p(’L], _p)\,u,ij + aba )‘/1’)
(29, =Dap,ijr ML) s Papij — Papsij + ab)

= ( (i, —Pawis> /\u),ab).
S0 (1,0, A) - (3,b 1) = o ( (5,0, 0) - (G612 ).

Hence ¢ is a homomorphism. It is easy to show that ¢ is one-one and onto.
Consequently, ¢ is an isomorphism from a rectangular skew-ring S onto a direct
product of a rectangular band semiring £7(S) and a skew-ring R.

Converse part is obvious. O

Theorem 3.4. The following conditions on a semiring S are equivalent:
(1) S is a b-lattice of nil-extensions of rectangular skew-rings.

(i1) S is a quasi completely regular semiring and for every e, f € ET(S), there
exists n € N such that n(e + f) = (n+ 1)(e + f).

(iii) S is additively quasi regular, b> b forallb e S and a = a4z +a implies
a = a+ 2x + 2a.

Proof. (i) = (i1): Let S be a b-lattice of nil-extensions of rectangular skew-rings.
Then S is a b-lattice of nil-extensions of orthodox completely simple semirings. So
by Theorem 2.12, it follows that S is a b-lattice of completely Archimedean semir-
ings and hence by Theorem 2.8, we have S is a quasi completely regular semiring.
Again, (S, +) is a semilattice of nil-extensions of orthodox completely simple semi-
groups, i.e., (S,4) is a semilattice of nil-extensions of rectangular groups. Then
by Theorem X.2.1 [1], for every e, f € ET(S), there exists n € Z* such that
nle+ f)=n+1)(e+ f).
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(#4) = (ui1): Let (S,+,-) be a quasi completely regular semiring and for every
e, f € ET(9), there exists n € Z1 such that n(e+ f) = (n+1)(e+ f). Hence S is
an additively quasi regular semiring and b? A bforallbe S. Let a=a+z+a.
Then a is additively regular and hence by Theorem X.2.1 [1], it follows that a =
a+2x 4+ 2a.

(iii) = (i): Let S be additively quasi regular, b2.#* b for all b € S and
a = a + = + a implies a = a + 2z + 2a. Then by Theorem X.2.1 [1], (S,+) is a
semilattice of nil-extensions of rectangular groups. This implies (S, +) is a GV-
semigroup. To complete the proof, it suffices to show that every additively regular
element of S is completely regular. For this let a = a+x+a. Then a is regular and
hence a is completely regular in the semigroup (S, +). So there exists an element
y € S such that @ = a+y+a and a+y = y+a. Now since 2+ isa congruence on
(S,-) and (a+vy) " a, it follows that ala+y) A a2 o (a+y). Since
each " -class contains a unique additive idempotent and a(a + y) " (a+y),
it follows that a(a + y) = a + y. Hence S is a quasi completely regular semiring.
Consequently, S is a b-lattice of nil-extensions of rectangular skew-rings. O

Theorem 3.5. A semiring S is a nil-extension of a rectangular skew-ring if and
only if S is a completely Archimedean semiring and ET(S) is a subsemigroup of

(S, +).

Proof. Let (S,+,-) be a nil-extension of a rectangular skew-ring (K, +,-). Then
(K, +,-) is a completely simple semiring and E*(K) is a subsemigroup of (K, +).
Hence S is a completely Archimedean semiring. Clearly, E(S) = E*(K) and
thus ET(9) is a subsemigroup of (S, +).

Conversely, let (S,+,-) be a completely Archimedean semiring and E+(S) be
a subsemigroup of (S,4). Then (S,+,-) is a nil-extension of a completely simple
semiring (K, +,-). Also, E*(S) = ET(K) implies (K, +,-) is a completely simple
semiring such that (K,+) is orthodox. Thus K is a rectangular skew-ring and
hence S is nil-extension of a rectangular skew-ring K. O

Theorem 3.6. The following conditions are equivalent on a semiring (S,+,-) :

(i) S is a quasi completely reqular semiring and ET(S) is a subsemigroup of
(S,+)-

(ii) S is additively quasi regular, b? b forallbe S, a=a+x+ a implies
a=a+2x+ 2a and Reg™S is a subsemigroup of (S, +).

(#5i) S is a b-lattice of nil-extensions of rectangular skew-rings and ET(S) is a
subsemigroup of (S, +).

Proof. (i) = (ii): Let S be a quasi completely regular semiring and E+(S) be a
subsemigroup of (S,4). Then clearly S is a b-lattice of nil-extensions of rectangular
skew-rings. Hence by Theorem 3.4, it follows that S is additively quasi regular,
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W+ borallbeSand a=a+x+aimplies a = a+ 2z + 2a. Also ET(S)
is a subsemigroup of (S, +). Then by Proposition X.2.1 [1], for any a,b,z,y € S,
a=a+zx+aandb=b+y+bimplya+b=a+b+y+z+a+b,ie., abec Reg™S
implies a + b € Reg™S. Hence Reg™S is a subsemigroup of (S, +).

(ii) = (iii): Let S be additively quasi regular, b2 % b for all b € S, a =
a+ r + a implies a = a + 2x + 2a and Reg™S is a subsemigroup of (S, +). Then
by Theorem 3.4, S is a b-lattice of nil-extensions of rectangular skew-rings. Let
e,f € ET(S) C Reg'(S). Then e + f € Regt(S) and let z € S be an additive
inverse of e+ f. Then f+z+e=f+(x+e+ f+z)+e=2(f+x+¢). Now
(e+f)+(f+azt+e)+(e+f)=etf+atet+f=e+[impliesetf = (et+f)+2(f+
zte)+2(e+f) = (e+f)+(f+ate)+(e+f)+(etf) = (e+f)+(e+f) =2(e+f).
Hence we have ET(S) is a subsemigroup of (.9, +).

(#i1) = (4): It is obvious by Theorem 3.4. O

Theorem 3.7. The following conditions are equivalent on a semiring (S,+,-) :

(1) S is a quasi completely regqular semiring and for every e, f € E1(S), e+ f =
f+e.

(i1) S is a b-lattice of quasi skew-rings and for every e, f € ET(S), e+ f = f+e.

(#5i) S is additively quasi reqular and Reg™S is a subsemigroup of (S,+) which
is a b-lattice of skew-rings.

Proof. (i) = (i#i): Let S be a quasi completely regular semiring and for every
e,f € EY(S), e+ f = f+e Then s#*" is a b-lattice congruence on S. Hence S
is a b-lattice of quasi skew-rings and for every e, f € EY(S), e+ f = f +e.

(#4) = (¢): This part is obvious.

(i) = (i4i): Let S be a quasi completely regular semiring such that for every
e,f € ET(S), e+ f = f+e. Then obviously S is additively quasi regular. Now let
a,b € Reg™S. Then there exist 2,y € S such that a = a+x+a and b = b+y+b. So
a+xz,z+a,b+y,y+b € ET(S). Now, a+b = at+z+a+b+y+b=a+b+y+z+a+b
implies a + b € RegtS. Hence Reg™S is a subsemigroup of (S,+). Since in a
quasi completely regular semiring, every additively regular element is completely
regular, it follows that Reg™ S is a completely regular semiring. Thus by Theorem
3.6 |9], RegtS can be regarded as a b-lattice Y of completely simple semirings R,
(¢ €Y), where Y = S/ #* and each R, is a # T-class in S. Let e and f be
two additive idempotents in R,. Then e + f = f+e and e #* f. Since R, is
a completely simple semiring then (R,,+) is a completely simple semigroup and
so e 2T f and thus we have e = f. This shows that each R, contains a single
additive idempotent, so that (R, +) is a group and hence (R, +, -) is a skew-ring.
In other words, we have shown that Reg™S is a b-lattice Y of skew-rings R,.

(i14) = (i): Let S be an additively quasi regular semiring and Reg™S be a
subsemigroup of (S, +) which is a b-lattice of skew-rings. Then clearly S is a quasi
completely regular semiring. Moreover, (Regt(S),+) is a Clifford semigroup.
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Let e, f € E*(S). Then e and f are two idempotents in the Clifford semigroup
(Reg™(S),+). Hence e + f = f +e. »

Definition 3.8. An idempotent semiring (S, +, -) is said to be a left zero semiring
if (S, +) is a left zero band.

Definition 3.9. A semiring S is said to be a left skew-ring if it is isomorphic to
a direct product of a left zero semiring and a skew-ring.

We recall that a left group is isomorphic to a direct product of a left zero
semigroup and a group. Thus, if a semiring (S, +,-) is a left skew-ring then the
semiring (.S, +, -) is a rectangular skew-ring and the semigroup (S, +) is a left group
and conversely.

Theorem 3.10. The following conditions are equivalent on a semiring (S,+,-) :
(i) S is a b-lattice of nil-extensions of left skew-rings.

(it) S is a quasi completely reqular semiring and for every e, f € ET(S), there
exists n € N such that n(e + f) =n(e + f +e).

(iii) S is additively quasi regular, b> b forallb € S and a = a4z +a implies
at+zr=a+2z+a.

Proof. (i) = (ii): Let S be a b-lattice Y of nil-extensions of left skew-rings S,
(e € Y). Then S is a b-lattice of nil-extensions of rectangular skew-rings. Hence
by Theorem 3.4, S is a quasi completely regular semiring. Again (S,+) is a
semilattice of nil-extensions of left groups (S.,+) (o € Y). Hence by Theorem
X.2.2 [1], it follows that for every e, f € ET(S), there exists a positive integer n
such that n(e+ f) = n(e+ f +e).

(#6) = (d#i1): Let S be a quasi completely regular semiring and for every
e,f € ET(S), there exists n € N such that n(e + f) = n(e + f + ). Then
clearly S is additively quasi regular and b2 2+ bfor all b € S. Again (S, +) is
a GV-semigroup such that for every e, f € E1(S), there exists n € N such that
n(e+ f) =n(e+ f +e). Hence by Theorem X.2.2 [1], it follows that a = a+ 2 +a
implies a + r = a + 2z + a.

(iii) = (i): Let S be an additively quasi regular semiring such that b2 #*" b
forallbe Sanda=a+x+aimpliessa+x=a+2x+a. Thena=a+z+a=
(a+z)+a=(a+2x+a)+a=a+2x+ 2a. So by Theorem 3.4, it follows that
S is a b-lattice Y of nil-extensions of rectangular skew-rings S, (o € Y') and, by
Theorem X.2.2 [1], we have (S,,+) is a left group. Hence S, is a left skew-ring.
Consequently, S is a b-lattice of nil-extensions of left skew-rings. O

Theorem 3.11. The following conditions are equivalent on a semiring (S, +, ) :

(i) S is a b-lattice of nil-extensions of left skew-rings and ET(S) is a subsemi-
group of (S,+).
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(i1) S is a quasi completely regular semiring and for every e, f € ET(S), e+ f =
e+ f+e.

Proof. (i) = (ii): Let S be a b-lattice of nil-extensions of left skew-rings and E*(S)
is a subsemigroup of (S,+). Then by Theorem 3.10, it follows that S is a quasi
completely regular semiring and for every e, f € ET(S), there exists a positive
integer n such that n(e+ f) = n(e+ f +e¢). Now since E*(5) is a subsemigroup of
(S,+), wehave e+ f,e+ f+e € ET(S). Hence e+ f =n(e+ f) =nle+ f+e) =
e+ f+e.

(ii) = (1): Let S be a quasi completely regular semiring and for every e, f €
E*(S), e+ f=e+ f+e. Then by Theorem 3.10, we have S is a b-lattice of nil-
extensions of left skew-rings. Also for every e, f € ET(S), 2(e+f) = e+ f+e+f =
e+ f+ f = e+ f which implies that e+ f € ET(S), i.e., ET(S) is a subsemigroup
of (S,+). O
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