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Retractable finitely supported Cb-sets

Khadijeh Keshvardoost

Abstract. A construction for retractable state-finite automata without outputs has been given
by Nagy. Retractable automata are automata all whose sub automata are retracts of it, and
retracts are the subobjects whose related inclusion morphism have a left inverse. Studying
retracts is an important subject in different branches of mathematics as well as computer science.
In this paper, following Nagy’s works, we study retractable finitely supported Cb-sets. The
category of finitely supported Cb-sets introduced by Pitts is equivalent to one of the presheaf
categories of Bazem, Coquand, and Huber. We characterize retractable finitely supported Cb-
sets as ones which have a decomposition into retractable components. We also give a description
of retractable cyclic finitely supported Cb-sets. Furthermore, recalling the notion of s-separated
finitely supported Cb-sets, and support maps, we construct a subcategory of finitely supported
Cb-sets consisted of s-separated finitely supported Cb-sets with 2-equivariant support maps, and
characterize its retractable objects.

1. Introduction

Let D be a countable infinite set. A permutation 7 on D is said to be finitary if it
changes only a finite number of elements of D. Consider the group G = Perm¢(D)
of finitary permutations on D, and take a set X with an action of G on it, that is,
a G-set. An element x € X is said to have a finite support C' C D if it is invariant
(fixed) under the action of each element 7 of G which fixes all the elements of C
(that is, if mc = ¢, for all ¢ € C, then 7z = x).

A G-set X every element of which has a finite support is said to be a nominal
set. The notion of a nominal set was introduced by Fraenkel in 1922, and developed
by Mostowski in the 1930s under the name of Fraenkel-Mostowski hierarchy or
briefly FM-sets. The FM-sets were used to prove the independence of the axiom
of choice from the other axioms (in the classical Zermelo-Fraenkel (ZF) set theory).

In 2001, Gabbay and Pitts rediscovered those sets in the context of name
abstraction. They called them nominal sets, and applied this notion to properly
model the syntax of formal systems involving variable binding operations (see [5]).
Nominal techniques have also been used in game theory [1], in logic ([4], [9]), in
domain theory [11], and in proof theory [12].

In [10], Pitts generalized the notion of nominal sets, by first adding two ele-
ments 0,1 to D, then generalizing the notion of a finitary permutation to finite
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substitution, and considering the monoid Cb instead of the group G. Then he
defined the notion of a support for Cb-sets, sets with an action of Cb on them, and
invented the notion of finitely supported Cb-sets, as a generalization of nominal
sets.

On the other hand, an equivariant map of a Cb-set X onto a sub Cb-set Y of
X is called retraction if it leaves the elements of YV fixed. A Cb-set X is called
retractable, if for every sub Cb-set Y, there exists a retraction of X onto Y. The
notion of retractable plays a crucial role in many areas of mathematics, such as
homological algebra, topological spaces, ordered algebraic structures, etc.

The main contribution of this paper is at giving a characterization of retractable
finitely supported Cb-sets. In [8], Nagy showed that every retractable cyclic state-
finite automaton has a sub automaton with no proper sub automaton called min-
imal automaton and then in Theorem 2 of [8], he characterized retractable state-
finite automata without outputs. We found that every retractable cyclic finitely
supported Cb-set has a unique fix-simple sub Cb-set with a unique zero element. In
[3], we introduced fix-simple finitely supported Cb-sets with a unique zero element
as finitely supported Cb-sets with no proper non-singleton sub Cb-sets. In fact,
our fix-simple finitely supported Cb-sets with unique zero palys the role of Nagy’s
minimal automaton. In Section 4, in Theorem 4.12, by the same scheme of Nagy
but different in details and proofs, we characterize retractable finitely supported
Cb-sets.

In the following, to have a better scenery of the structure of this paper, we bring
a summary of the results of each section. After a brief introduction in Section 1, we
bring the basic notions and results about M-sets, sets with an action of a monoid
M, and the monoid Cb in Section 2, needed in this paper. Then Section 3 is
about retractions of M-sets and a description of decomposable finitely supported
Cb-sets is given. Section 4 is devoted to retractable finitely supported Cb-sets and
we characterize them. In Section 5, a subcategory of finitely supported Cb-sets is
introduced, and its retractable objects are characterized.

2. Preliminaries

This section has devoted to give some basic notions needed in this paper. For
more information one can see [2, 3, 7, 10].

2.1. M-sets

A (left) M-set for a monoid M with identity e is a set X equipped with a map
M x X — X, (m,z) — mx, called an action of M on X, such that ex = z and
m(m’z) = (mm/)z, for all z € X and m,m’ € M. An equivariant map from
an M-set X to an M-set Y is amap f : X — Y with f(ma) = mf(z), for all
reX,meM.
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An element z of an M-set X is called a zero (or a fized) element if ma = z,
for all m € M. We denote the set of all zero elements of an M-set X by Z(X).

The M-set X all of whose elements are zero is called a discrete M-set, or an
M-set with identity action.

A subset Y of an M-set X is a sub M-set (or M-subset) of Y if for all m € M
and y € Y we have my € Y. The subset Z(X) of X is in fact a sub M-set.

An M-set X is said to be zero-decomposable if there exists a collection {X, },_,
of sub M-sets of X such that X = {J _, X,, and X, N X, = {0} € Z(X) or
X, NX, =0, for all i # j. In this case, we say X has a zero-decomposition of X,’s
and call X,’s the components of X.

Note. If for all i # j we have X, N X, = (), then we call X decomposable.

2.2. The monoid Cb

Let D be an infinite countable set, whose elements are sometimes called directions
(atomic names or data values) and PermD be the group of all permutations
(bijection maps) on D. A permutation = € PermD is said to be finitary if the set
{d € D | w(d) # d} is finite. Clearly the set Perm¢DD of all finitary permutations is
a subgroup of PermDD.

Also, we take 2 = {0,1} with 0,1 ¢ D.

Definition 2.1. (a) A finite substitution is a map o : D — D U 2 for which
Dom¢o = {d € D | o(d) # d} is finite.
(b) A finite substitution satisfies injectivity condition, if

(Vd,d' €D), o(d)=o(d)¢2=d=d.

(c) If d € D and b € 2, we write (b/d) for the finite substitution which maps
d to b, and is the identity mapping on all the other elements of D. Each (b/d) is
called a basic substitution.

(d) If d,d’ € D then we write (dd') for the finite substitution that transposes
d and d’, and keeps fixed all other elements. Each (dd') is called a transposition
substitution.

Definition 2.2. (a) Let Cb be the monoid whose elements are finite substitutions
satisfying injectivity condition, with the monoid operation given by o - ¢/ = 60,
where 6 : DU2 — DU2 maps 0 to 0, 1 to 1, and on D is defined the same as o.
The identity element of Cb is the inclusion ¢ : D < DU 2.

(b) Take S to be the subsemigroup of Cb generated by basic substitutions. The
members of S are of the form 6 = (b1/dy)--- (bx/dx) € S for some d; € D and
b; € 2, and we denote the set {dy, - ,di} by D,.

Remark 2.3. (1) Notice that each finite permutation 7 on D, can be considered
as a finite substitution t o7 : D — D U 2. Doing so, throughout this paper, we
consider the group Perm;DD as a submonoid of Cb, and denote ¢ o 7w with the same
notation 7.
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(2) Let 6 € S, and 7 € Perm¢(D). Then, 7§ = ¢'w, and dn = 76", where
D, ={nd:decD,}, and D,, = {r7'd:d eD,}.
(3) Let d # d' € D and b,V € 2. Then

(b/d)(t'/d") = (b'/d')(b/d).
But, (1/d)(0/d) = (0/d) and (0/d)(1/d) = (1/d), and hence (1/d)(0/d) # (0/d)(1/d).
Theorem 2.4. [3] For the monoid Cb, we have
Cb = Perm¢(D)S",

where S* = S U {¢}.

2.3. Finitely supported Cb-sets

In this subsection, basic notions about finitely supported Cb-sets which is needed
in the sequel are given, some of which [3, 10].

The following definition introduces the notion of a, so called, support, which is
the central notion to define finitely supported Cb-sets.

Definition 2.5. (a) Suppose X is a Cb-set. A subset C' C D supports an element
x of X if, for every o,0’ € Cb,

(o(c) =0'(c), (Ve e C)) = oz =0'x

If there is a finite (possibly empty) support C' then we say that x is finitely sup-
ported.

(b) A Cb-set X whose all elements have finite supports, is called a finitely
supported Cb-set.

We denote the category of all Cb-sets with equivariant maps between them by
Cb-Set, and its full subcategory of all finitely supported Cb-sets by (Cb-Set)gs.

Remark 2.6. Let X be a Cb-set and =z € X.

(1) If X is finitely supported, then the set {d € D | (0/d)z # x} is in fact the
least finite support of z. From now on, we call the least finite support for x the
support for x, and denote it by supp z.

(2)  is a zero element if and only if suppx = () if and only if é z = z, for all
des.

Example 2.7. (1) The set DU?2 is a finitely supported Cb-set, with the canonical
action given by evaluation; that is,

Vo e Cb, x e DU2, ox =5(x),

in which ¢ is defined as in Definition 2.2(a). Also, for each d € D, suppd = {d},
and supp 0 = supp 1 = 0, since both of 0,1 are zero elements.
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(2) The set DU {0} is a finitely supported Cb-set with the action is given by
VYo € Cb, x € DU{0}, ox = 5(x).

Also, for each d € D, suppd = {d}, and supp0 = {, since 0 is a zero element.
(3) All discrete Cb-sets are clearly finitely supported Cb-sets, because of Re-
mark 2.6(2).

Remark 2.8. [3] (1) Every finitely supported Cb-set has a zero element.
(2) Every finite finitely supported Cb-set is discrete.

Lemma 2.9. [3] Let X be a non-empty finitely supported Cb-set, and v € X.
Then

(i) 6z =z if and only if D, Nsuppz = 0.

(ii) If 6 € S, then supp éx C suppz \ D;.

(iii) For m € Perm¢(D), we have supp 7z = wsupp x. In particular,

|supp mz| = [msupp z| = [supp z|.
Remark 2.10. [3] For a finitely supported Cb-set X and xz € X, we have
Sy ={6€S|dx=xa}, S,=5\S.={5€S|dzx+#z},
which they are two subsemigroups of S.

The following lemma is useful in Theorem 2.14.

Lemma 2.11. Let X be a finitely supported Cb-set, and x a non-zero element of
X. Then, S’ is an ideal of S.

Proof. Suppose 6 € S and 6, € S’. We show that dd1,d:0 € S’. Notice that, since
01 € §', we get 61 # x and so using part (i) of Lemma 2. 9 D, Nsuppz # 0.
On the other hand, since D, , = D;, =D, UD,, we get D, ﬂ suppx # 0 and
D, s Nsuppx £ . Thus 61(596 #*x and (5(5135 75 2 which means 516 601 € Si O

Definition 2.12. A cyclic finitely supported Cb-set X is a finitely supported Cb-
set which is generated by only one element. That means, it is of the form Cbzx,
for some x € X.

Remark 2.13. [3] If Cbz is a non-singleton cyclic finitely supported Cb-set, then
Cbzx = Permg(D)S, 2 U Perm¢(D)z, Permg(D)S,z N Permg(D)z = ().

Theorem 2.14. Let Cbx be a non-singleton cyclic finitely supported Cb-set. Then,
(i) Perm¢(D)S’ x is a sub Cb-set of Cbu.
(ii) If suppx = {dy,--- ,dp}, then Permy(D)S’ x = UL Cb(b;/d;)x.
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Proof. First, notice that, since Cbz is non-singleton, we get that suppx # (). So,
for all d € suppz, we have (0/d)z € S’z which means that Perm¢(D)S’z is a
non-empty set.

(i) Let md12 € Perm¢(D)S’x and o € Cb. Then, by Theorem 2.4, we have
o € Perm¢(D) or 0 = w6 with 7 € Perms(D) and § € S. If 0 € Perm¢(D), then
omdix € Perm¢(D)S! z. Let o = m0. Then, applying Remark 2.3(2) and Lemma
2.11, we get that

omoie = wémdiz = 7m 881z € Permg(D)S’ .

(ii) If d € suppz, then by Lemma 2.9(i), (b/d) € S, and so applying (i),
Cb(b/d)z C Perm, (D)S’ . Thus, (J*  Cb(b;/d;)x C Perm, (D)S’ x.

To prove the reverse inclusion, let a € Perm, (D)S” 2. Then, there exist 6 € S’
and 7 € Perm¢(D) with a = méz. Since § € S!, by Lemma 2.9(i), we get that
D, Nsupp z # (). Let d € suppanD,. Then, éz :51(b/d)x where 6; € Sand b € 2.
Thus, Cbdz C Cb(b/d)x which means that Perm,(ID)S” 2 C Ule Cb(b;/di)x. O

3. Retractions of finitely supported Cb-sets

In this section, we show that a retract of an indecomposable M-set is indecompos-
able. Theorem 3.6 gives a characterization of retracts of a decomposable finitely
supported Cb-set. As a result of this theorem, for finding retractions of a de-
composable finitely supported Cb-set, it is sufficient to obtain retractions of its
indecomposable sub Cb-sets.

Definition 3.1. Let Y be a (finitely supported) M-set and X a sub M-set of it.
Then, X is called a retract of Y if there exists an equivariant map g : ¥ — X,
called retraction, such that g(z) = z, for all z € X.

Lemma 3.2. ([7], Lemma 1.5.36) Let X be an indecomposable M-set, and ¢ :
X =Y an equivariant map. Then, o(X) is an indecomposable sub M-set of Y.

Proposition 3.3. A retract of an indecomposable M -set is indecomposable.

Proof. Let Y be a retract of an indecomposable M-set X. Then, there exists a
retraction ¢ : X — Y. We show that Y is indecomposable. On the contrary,
suppose Y = Y; U Y5 is a decomposition of Y. Since X is indecomposable, by
Lemma 3.2, ¢(X) is indecomposable. So, ¢(X) C Y7 or ¢(X) C Y2. Assume
©(X) C Y. Since ¢ is a retraction and Y C X, we get that

Y =p(Y) Cp(X)CY,

which is impossible. Similarly, the case p(X) C Y, is impossible. Thus, Y is
indecomposable. O
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Theorem 3.4. ([7], Theorem 1.5.10 ) Every M -set has a decomposition into in-
decomposable sub M -sets.

Remark 3.5. Let X be a finitely supported Cb-set and Y a sub Cb-set of X.
Then, by Theorem 3.4, X has a decomposition into its indecomposable sub Cb-
sets. Take X =(J X_. Then,

Y=YnX=YnU X,)=U(Ynx,)=U_Y,,

o

where Y =Y NX,.

Theorem 3.6. Let X be a decomposable finitely supported Cb-set, and Y a sub
Cb-set of it considered in Remark 3.5. Then, Y is a retract of X if and only if

Va (Y, #0=Y, is aretract of X ).

Proof. Suppose X = J X, andY = Y,. Let ¢ : X — Y be a retraction.
Then, <p|Xa : X, — Y is an equivariant map. Suppose Y, # (). Now, since
Y, C X_ and ¢ is a retraction, we get Y., C ¢(X_). On the other hand, by Lemma
3.2, ¢l (X,) = ¢(X,) is indecomposable, and so, p(X,) = Y,. Therefore,
¢l +X,— Y isa retraction.

To prove the other part, let Y be a sub Cb-set of X. Then, we show that Y
is a retract of X. If Y, # (), then since Y, is a retract of X_, we get a retraction
p, X, — Y . Now, the assignment ¢ : X — Y defined by

() = o (z), if zeX_ andY, #10
AT dey, if zeX, andY, =0

is a retraction. O

4. Retractable finitely supported Cb-sets

In this section, we study retractable finitely supported Cb-sets. Discrete finitely
supported Cb-sets are retractable. So, we focus on non-discrete finitely supported
Cb-sets. As a result of Lemma 4.3, a retractable indecomposable finitely supported
Cb-set has a unique zero element. In Theorem 4.12; we give a characterization of
a non-discrete retractable finitely supported Cb-set.

Definition 4.1. Let X be a (finitely supported) M-set. Then, X is called re-
tractable if every non-empty sub M-set of X is a retract of it.

Remark 4.2. (1) Every sub M-set of a retractable M-set is retractable.

(2) Retracts of a cyclic M-set are cyclic. This is because, if A is a retract of
Mz, then there exists a retraction ¢ : Mz — A. Notice that, since ¢ is surjective,
we get p(Mz) = A. On the other hand, since ¢ is equivariant, we get that
o(Mx) = My(x). Therefore, A = Mp(x) which means that A is cyclic.
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Lemma 4.3. Let X be an indecomposable retractable M-set with Z(X) # 0.
Then, X has a unique zero element.

Proof. If 0, # 05 € Z(X), then the sub M-set {0,0-} is a retract of X, and so,
there exists a retraction ¢ : X — {61,0>}. Notice that, since X is indecomposable,
by Lemma 3.2, ¢(X) is indecomposable, and so, ¢(X) = 01 or p(X) = 6. If
©(X) = 61, then 63 = ¢(62) = 67 which is a contradiction. Similarly, ¢(X) = 6
is impossible. O

Corollary 4.4. A retractable indecomposable finitely supported Cb-set has a unique
zero element.

Proof. Tt follows by Remark 2.8(1) and Lemma 4.3. O

In characterizing retractable finitely supported Cb-sets, we apply the notion
of fix-simple finitely supported Cb-sets with unique zero element introduced and
characterized in [3]. A fix-simple finitely supported Cb-set with a unique zero
element has no proper non-singleton sub Cb-sets. We called them 6#-simple where
0 is a notation for a zero element.

First, we recall needed facts of [3]

Theorem 4.5. [3] For a non-discrete finitely supported Cb-set X with a unique
zero element 0, the followings are equivalent:

(i) X is 0-simple;

(i) X is a cyclic finitely supported Cb-set of the form of Perm¢(D) 2 U {6}, for
some non-zero element x € X. Furthermore, (b/d)x = 0, for all d € supp x.

Remark 4.6. [3] Let X be an infinite finitely supported Cb-set with a unique
zero element 0, and x € X. Then,

(1) X has a 0-simple sub Cb-set.

(2) If X is simple, then X is f-simple.

(3) If X = Cbx is cyclic with |supp x| = 1, then X simple.

(4) X is simple if and only if X is 6-simple, and suppx # suppz’, for all
non-zero elements x # x'.

As a result of Theorem 4.5, we get the following corollary.
Corollary 4.7. All 0-simple (simple) finitely supported Cb-sets are retractable.

Lemma 4.8. A retractable non-singleton cyclic finitely supported Cb-set has a
unique 0-simple sub Cb-set.

Proof. Let X = Cbx be retractable with a non-zero element x. Then, by Corollary
4.4, X has a unique zero element 6. Also, by Remark 4.6(1), X has a 6-simple sub
Cb-set. Suppose X has two 6-simple sub Cb-sets X; and X5. Applying Theorem
4.5, we get that X; = Perm¢(D)zy U {0} and X5 = Perm¢(D)x2 U {0}. Since X is
retractable, by Remark 4.2, X; U X5 is a retract of X, and so is cyclic. Therefore,
X7 = Xo. O
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Proposition 4.9. Suppose that X is a non-discrete retractable finitely supported
Cb-set. Also, suppose {B,},_, is the collection of all distinct 0-simple sub Cb-sets
of X. Take X, =, _ {Cbx: B, C Cbzx}. Then,

(i) every X, is a retracteble sub Cb-set of X.

(i) every X, is indecomposable, and has a unique zero element.

(iii) foralli #j, X, N X; =0 or X; N X; = {6}.

(iv) X = Uiel X,.
Proof. (i) Let x € X; and ¢ € Cb. Then, we show that cx € X;. Notice that
B, C Cbz. Since X is retractable, by Remark 4.2(1), Cbx is retractable, and so,
by Lemma 4.8, C'bx has a unique @-simple sub Cb-set B,. Also, since Cbox C Chz,
we get that B, C Cboz, and so, ox € X;. Now, applying Remark 4.2(1), X,’s are
retractable.

(ii) Since N{Cbz : B, C Cbx} = B,, we get X, is indecomposable. Now, since
X is retractable, by Remark 4.2(1), X, is retractable, and so, by Lemma 4.3, has
a unique zero element.

(111) Let x € X; N Xj with x # 6. Then, Cbx C X; N Xj and so Bi,Bj C Cbx
which contradicts Lemma 4.8 that states Cbx has a unique #-simple sub Cb-set.

(iv) To prove the non-trivial part, let € X. Then, since X is retractable,
by Remark 4.2(1), Cbz is retractable. Applying Lemma 4.8, there exists a unique
f-simple sub Cb-set B; with B; C Cbz. Thus by the assumption = € X,. O

Lemma 4.10. Let X be a finitely supported Cb-set with a zero-decomposition of
retractable components. Then, X is retractable.

Proof. Suppose X = |J X, is a zero-decomposition of retractable finitely supported
Chb-sets X,. Let Y be a sub Cb-set of X. Then, we show that Y is a retract of
X. Take Y, = Y N X,. Notice that Y, is a (possibly empty) sub Cb-set of Y. If
Y, # 0, then since X, is retractable, we get a retraction ¢, : X, — Y,. Now, the
assignment ¢ : X — Y defined by

() = o, (x), if ze€X, andY, #0
ATV oey, if zeX andY, =0

is a retraction. O

Corollary 4.11. Disjoint union of two retractable finitely supported Cb-sets is
retractable.

In the following theorem, we give a charatcterization of retractable finitely
supported Cb-sets.

Theorem 4.12. Let X be a finitely supported Cb-set. Then, X is retractable if
and only if X has a zero-decomposition of retractable components.
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Proof. If X is discrete, then X is retractable and has a zero-decomposition of
retractable components. Suppose X is non-discrete and retractable. Also, suppose
{B,},., is the collection of all distinct #-simple sub Cb-sets of X which exist by
Lemma 4.8. Take X, = |J _ {Cbz : B, C Cbx}. Then, by Proposition 4.9,
X = X, is a zero-decomposition of retractable X,.

The other part holds by Lemma 4.10. O

The following lemma is needed in Theorem 4.14 which gives a necessary con-
dition for a cyclic finitely supported Cb-set to be retractable.

Lemma 4.13. If Cbzx is a non-singleton retractable cyclic finitely supported Cb-
set, then there exists d € supp x with Perm¢(D)S’ 2 = Cb(b/d)x, where b € 2.

Proof. Let suppx = {di,--- ,di}. Then, applying Theorem 2.14(ii), we get that
Perm;(ID)S’ z = Ufﬂ Cb(b;/d;)x. Since Permg(ID)S’ z is a sub Cb-set of Cbx, and
Chbz is retractable, by Remark 4.2, we get that Perm; (D)S” x is cyclic. So, there
exists a € Perm¢(D)S’x with Perm¢(D)S’x = Cba. Since a € Perm¢(D)S’ x,
there exist i = 1,--- ,k and ¢ € Cb with a = o(b;/d;)x. Applying Theorem
2.4, 0 € Perm,(D) or ¢ = w0, where 7 € Permy(D) and 6 € S. If 0 = w6 and
then Cba = Cbd(b;/d;)x which is a proper sub Cb-set of Cb(b;/d;)x.

contradiction. Therefore, 0 = 7 or ¢ = wd with § € S<bi Ja;) and hence, we get
that Cba = Cb(b;/d;)x. O

In Theorem 4.14, we give a description of a retractable cyclic finitely supported
Cb-set.

Theorem 4.14. Suppose Cbzx is a cyclic finitely supported Cb-set. Also, suppose
suppx = {dy,- -+ ,dr}. If Cbx is retractable, then

l
Cba = Perm¢(D)z U | Perme (D) (b;/d;) - - - (b1 /dy ) U {6},

i=1
where l € {1,--- k} and d; € supp (b,_, /d,_,)--- (b, /d,)x, for all j = 2,--- ,I.

Proof. Suppose Cbx is retractable. If Perms(D)S’z = {6}, then by Remark 2.13
we get that Cbr = Perm¢(D)z U {0}. Suppose there exists § € S’ with dx # 0.
By Lemma 4.13, there exist d € suppx and b € 2, say d = dl; b = by, with
Perm;(ID)S’ 2 = Cb(by/dy)x. So applying Remark 2.13, we have

Cbx = Permg(D)x U Cb(by /dy)x.

By the assumption, Cbzx is retractable. So, by Remark 4.2(1), Cb(b1/d1)x is
retractable. Now, if Perm¢(D)S’ (by/dy)x = {6}, then

(b1/d1)

Cbx = Permg(D)z U Permg(D)(by /dy)x U {6}.
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Otherwise, we show that Permg(D)S’ (b1/d1)x = Cb(be/d3)(b1/d1)z, with

(by/dy)

dy € supp (by/dy)x. Similar to the proof of Theorem 2.14,
Perms(D)S/, . (b1/dv)z = | JCb(bs/d;)(br/dy)a,

J

where for all j, d; € supp (b1/d1)z. On the other hand, Cb(b;/d;)x is retractable,
and so applying Lemma 4.13, Permf(]]]))Sgbl/dl) (by/dy)x is cyclic. Therefore, there

exist dy € supp (by/d1)x and be € 2 such that
Cb(bl/dl)it = Permf(]D))(bl/dl)x U Cb(bg/dg)(bl/dl)l'

By continuing this process, we get

!
Cbx = Perm¢(D)z U U Perm¢ (D) (b;/d;) - - - (b1 /dy )z U {0},

i=1

where Il =1,--- k. O

5. 2-s-separated finitely supported Ch-sets

In this section, we consider s-separated finitely supported Cb-sets with 2-equivariant
support maps (briefly 2-s-separated finitely supported Cb-set) introduced in [6],
and characterize retractable objects in this category.

To find retractable s-separated finitely supported Cb-sets with 2-equivariant
support maps, first, in Theorem 5.8, we give a description of them. Thereafter,
in Theorem 5.10, we prove that retractable s-separated finitely supported Cb-sets
with 2-equivariant support maps are discrete or simple or are a disjoint union of a
simple sub Cb-set and a discrete sub Cb-set. Also, we give a description of cyclic
s-separated finitely supported Cb-sets with 2-equivariant support maps.

First, we recall our definitions of the support map and 2-equivariant support
map of [6].

Definition 5.1. Let X be a finitely supported Cb-set, and = € X. Then,
(a) the map
supp : X — P, (DU2),z — suppz

is called the support map of X.
(b) the support map of X is 2-equivariant if suppox = (osuppz) \ 2, for all
o€ Cbh.

Definition 5.2. [6] (a) A finitely supported Cb-set X is called an stabilizer-
separated or briefly s-separated if supp x # supp x’, for all non-zero elements x #
e X.

(b) A finitely supported Cb-set X is called an s-separated with 2-equivariant
support map or briefly 2-s-separated if X is s-separated and the support map of
X is 2-equivariant.
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Remark 5.3. Applying Definition 5.2 and Remark 4.6(4), we get that all s-
separated -simple finitely supported Cb-sets are simple.

Lemma 5.4. [6] Suppose X is a finitely supported Cb-set, and x € X .

(i) Let X be s-separated and x' # x be two non-zero elements of X. Then,
|[supp x| = |supp 2’| if and only if Cbx = Cba’.

(ii) The support map of X is 2-equivariant if and only if supp dx = (supp z)\D;,,
forall6 € S’.

Corollary 5.5. Suppose X is an s-separated finitely supported Cb-set with 2-
equivariant support map. Let x € X with |[supp x| > 1. Then,

(1) For all d € supp x, we have (0/d)z = (1/d)z.

(2) For all 61,02 € S', we have 61027 = 6201,

(3) For all d # d' € supp x, we have Cb(0/d)x = Cb(0/d')x.

(4) If X is a non-singleton cyclic, then X has a unique zero element.

Proof. (1) Since the support map of X is 2-equivariant, and |suppz| > 1, by
Lemma 5.4(ii), we get that supp (1/d)z = supp (0/d)z = suppz \ {d} # (. Now,
by Definition 5.2, we have (0/d)z = (1/d)z.

(2) By (1), we have

(0/d)(1/d)x = (0/d)(0/d)x = (0/d)x
— (1/d)e = (1/d)(1/d)a = (1/d)(0/d)a.

Now, applying Remark 2.3, we get that d1022 = d201x.

(3) Let d,d’ € suppz. Then, since supp (0/d)x = suppzx \ {d} # 0 and
supp (0/d" )z = suppx \ {d'} # 0, we get that |supp (0/d)z| = |supp (0/d')x|.
Therefore, applying Lemma 5.4(i), Cb(0/d)x = Cb(0/d)x.

(4) Suppose X = Cbzx, for some non-zero element x € X. If 6y # 6, € Z(Cbx),
then there exist 61,02 € S’ with 6; = 6,z and 6 = dx. Now, by (2),

01 = 6201 = 525117 = 51521‘ = 5192 = 92,
which is a contradiction. O

In the following lemma, for an s-separated finitely supported Cb-set, by Corol-
lary 5.5, we show that the sub Cb-set Perm;(ID)S’xz of a cyclic Cb-set Cbx is
cyclic.

Lemma 5.6. Suppose X is an s-separated finitely supported Cb-set with 2-equivariant

support map. Let © € X with [suppx| > 1. Then, there exists d € supp x with
Perm;(ID)S’ z = Cb(0/d)z.

Proof. Let suppx = {dy,--- ,d} with k > 1. Then, applying Theorem 2.14, we
get that Perm;(D)S’z = Ufﬂ Cb(b;/d;)x is a sub Cb-set of Cbx where b; € 2.
Now, by Corollary 5.5(1,3), we get that Perm;(D)S’ z is cyclic. Therefore, there
exists d € supp x such that Perm;(D)S’ z = Cb(0/d)z. O
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Remark 5.7. Suppose X is an s-separated finitely supported Cb-set and x # z’
are two non-zero elements of X. Let the support map of X be 2-equivariant. Then,
Case (1): If |supp x| = [supp 2’|, then by Lemma 5.4(i), Cbx = Cbz’.
Case (2): If |supp | < [supp |, then Cbx C Cbz’ and if |supp 2’| < |supp x|,
then Cbz’ C Cbx. To prove this, let |[suppz| = k and |suppz’| = I. Assuming
k < I, we show that Cbx C Cbz’. The other part is proved similarly. Take

suppz’ = {dy, - ,dk,dk+1,- - ,d;}. Since the support map of X is 2-equivariant,
we get that
supp (0/d;) -+ (0/d,,,)a" = suppa’\{dy, -~ ,d,,}
= {di, -, di}.

Thus, [supp (0/d;)---(0/d,,)x'| = k. Now, applying Lemma 5.4(i), we get that
Cb(0/dy)---(0/d,,,)z" = Cbx and so x € Cbx'.

Theorem 5.8. Suppose X is an s-separated finitely supported Cb-set. Let the
support map of X be 2-equivariant. Then, X is decomposable if and only if X is
discrete or X =Y U Z is a disjoint union of a non-singleton indecomposable sub
Cb-set of Y and a discrete sub Cb-set Z.

Proof. To prove the non-trivial part, suppose X is non-discrete. Take X = ]_[Q X,
to be a decomposition of X into indecomposable sub Cb-sets. We show that all the
non-zero elements of X belong to exactly one component of X. On the contrary,
let z, € X, and z, € X, be two non-zero elements. Then, [suppz,| < |[suppz,|
or [suppz,| < |[suppz,|. Now, applying Remark 5.7, Cbx, C Cbx, C X, or
Cbx, C Cbx, C X, which is a contradiction. Thus, there exists a unique «, with
X\ Z(X) C X, which means that X can be written as a disjoint union of a
non-singleton indoecomposable sub Cb-set and a discrete sub Cb-set. O

Now, we are ready to characterize retractable s-separated finitely supported
Cb-sets with 2-equivariant support maps.

In the following lemma, we characterize retractable s-separated cyclic finitely
supported Cb-sets with 2-equivariant support maps.

Lemma 5.9. Suppose X is an s-separated cyclic finitely supported Cb-set. Let
the support map of X be 2-equivariant. Then, X is retractable if and only if X is
simple.

Proof. If X is singleton, then it is clear that X is retractable and simple. Suppose
X = Cbzx is cyclic with a non-zero element x of X. Also, let X be retractable.
Then, by Corollary 4.4, X has a unique zero element 6. Notice that, by Remark
4.6(1), X has a #-simple sub Cb-set, say Cbx, = Perm¢(D)x,U{#}. Thus, applying
Remark 5.3, Cbx, is simple. Since x, € Cbx, by Theorem 2.4, we get that z, = 7z
or x, = mo,x. If x, = mx, then Cbx = Cbz,, and so, X is simple. Suppose
z, = md,xz. In this case, we also show that 6, € S,, and so, Cbzx, = Cbzx. On the
contrary, let 0, € S’. Then, by Lemma 2.9(i), §,2 # z, and so, Cbz, is a proper sub
Cb-set of Cbz. Since X is retractable, there exists a retraction ¢ : Cbx — Cbd, x.
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First, we show that ¢(x) = dox. Since ¢p(x) € Cbdpx, by Remark 2.13, we have
p(z) € Permf(D)S(’somégx or p(z) € Perms(D)Joz. If p(x) € Permf(D)S(’soméom,
then () = 7’8’ dpx where 0’ € Sgom and 7’ € Perm¢(ID). Since ¢ is a retraction
and dox € Chdpx, we get that oz = p(dpx) = dpp(x) = do’'d dox.

Now, applying Lemma 2.9, we get that [supp dox| = |[supp do7’d’dox| < |supp oz,
which is impossible. Therefore, p(z) € Perm¢(D)dpz, and so there exists ' €
Perm; (D) with p(x) = n'dpz. Also, since ¢ is a retraction and doz € Cbdpx, we
get that

S0z = ¢(dox) = dop(z) = Som’'Sox = 7' 5 d0x.

where the last equality is true by Remark 2.3(2). Now, §; € S
if o € Sgou then by Lemma 2.9

500 SIICE Otherwise,

|supp dpz| = |supp 7' 8(,dox| = |supp d,dox| < |supp doz|,

which is impossible. Thus, d; € S, , and so dox = 7'dydpx = 7'dpz. Therefore,
p(z) = dox.

Now, take d € (suppz) \ suppd,z, and d' € suppd,x. Then, since X is s-
separated, we have (d d')x = x. Also, since ¢ is a retraction, we get that

(d d)o,x = (d d)p(x) = p((d d)x) = p(x) = 5,

Thus,
d=(d d")d € (d d)suppd,z = supp (d d')§,z = suppd,z,

which is impossible.
The other part follows by Corollary 4.7. O

Theorem 5.10. Suppose X is an s-separated finitely supported Cb-set. Let the
support map of X be 2-equivariant. Then, X is retractable if and only if X is
discrete or simple or X is a disjoint union of a simple sub Cb-set and a discrete
sub Cb-set.

Proof. Discrete Cb-sets are retractable. Also, by Corollary 4.7, simple finitely
supported Cb-sets are retractable.

To prove the other part, let X be non-discrete and retractable. Then, by
Theorem 5.8, X = Y U Z is a disjoint union of a discrete sub Cb-set Z, and an
indecomposable sub Cb-set Y. Notice that, by Remark 4.2(1), Y is retractable. So,
applying Corollary 4.4, we get that Y has a unique zero element §. We show that
Y is simple. To show this, first, we prove that Y has a unique simple sub Cb-set.
By Remark 4.6(1), Y has a 6-simple sub Cb-set. Since Y is s-separated, by Remark
5.3, we get that Y has a simple sub Cb-set. Now, suppose B and B; are two simple
sub Cb-sets of Y. So, applying Theorem 4.5, By = Cby; and By = Cbys are cyclic.
Assuming B; = Cby;, we show that |supp y1| = 1. Notice that, (0/d)y; = 0, for all
d € suppy;. Since Y is s-separated with 2-equivariant support map, we get that

0 = supp (0/d)y: = (suppyi) \ {d}. Thus suppy; = {d}, and so, |[suppy;| = 1.
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Similarly, |[suppy2| = 1. Thus, since |suppyi| = |suppy2| = 1, by Remark 5.7, we
get that By = Bs. Hence, Y has a unique simple sub Cb-set, say B.

Now, we prove that Y = B. Let y € Y. Then, since Y is retractable, by
Remark 4.6(1), we get that Cby is retractable. Now, applying Lemma 5.9, Cby is
simple. Thus, Cby = B, and so, y € B. Therefore, B CY C B which means that
Y = B is simple. O

In Theorem 5.11, we give a description of a cyclic s-separated finitely supported
Cb-set with 2-equivariant support map.

Theorem 5.11. If Cbx is an s-separated finitely supported Cb-set with 2-equivariant
support map and suppx = {dy,--- ,di}, then

k
Cbx = Perm¢(D)z U | Perme(D)(0/d;) - - (0/d ),

i=1
where d; € supp (O/djfl) - (0/d )z, for j=2,--- k.

Proof. Let suppx = {dy, - ,di}. Then, applying Lemma 5.6, there exists some
d; € suppw, say d; = dy, with Perm¢(D)S’ 2 = Cb(0/d;)x. Now, we show that
Permf(D)S('O/dl)(O/dl)x = Cb(0/d2)(0/dy)x, where dy € supp (0/dy)z. Similar to
the proof of Theorem 2.14,

Perms(D)S/, , (0/d1)x = |_JCb(0/d;)(0/d)z,

J

where for all j, d; € supp (0/d;)x.
On the other hand, for all j, we have supp (0/d;)(0/d,)x = supp z\{d;, d1 }. So,
for all r # s, we get |supp (0/d,.)(0/dy)x| = |supp (0/ds)(0/d1)z|. Now, applying

Lemma 5.4, Cb(0/d,)(0/dy)x = Cb(0/ds)(0/dy)x. Thus, Permf(D)SZO/dl)(O/dl)x
is cyclic. So, there exists d € supp (0/d;)x, say d = ds with
Cb(0/dy)x = Perm¢(ID)(0/dy )z U Cb(0/d2)(0/dy)x.
By continuing this process, we get
k
Cbz = Permg(D)x U U Perm¢(D)(0/d;) - - - (0/dy)x.
O

Acknowledgement. The author would like to thank the referees and the editor
for their positive and useful comments. Also, the author gratefully thanks to
Professor Mojgan Mahmoudi for her insightful comments on the paper.



166

Kh. Keshvardoost

References

(1

2
3]
14
5]
6]
7
8]
19
[10]
[11]

[12]

S. Abramsky, D.R. Ghica, C.H. Luke Ong, A.S. Murawski and 1.D.B.
Stark, Nominal games and full abstraction for the nu-calculus, 19th Symposium on
Logic in Computer Science, (2004), 150 — 159.

M.M. Ebrahimi and M. Mahmoudi, The category of M-sets, Ital. J. Pure Appl.
Math. 9 (2001), 123 — 132.

M.M. Ebrahimi, Kh. Keshvardoost and M. Mahmoudi, Simple and subdi-
rectly irreducible finitely supported Cb-sets, Theor. Comput. Sci., 706 (2018), 1 —21.

M. Gabbay and A. Mathijssen, One-and-a-halfth-order logic, J. Logic Comput.
18 (2008), 521 — 562.

M. Gabbay and A. Pitts, A new approach to abstract syntax with variable binding,
Form. Asp. Comput. 13 (3-5) (2002), 341 — 363.

Kh. Keshvardoost and M. Mahmoudi, Separated finitely supported Cb-sets,
submitted.

M. Kilp, U. Knauer and A. Mikhalev, Monoids, Acts and Categories, Walter
de Gruyter, Berlin, New York, 2000.

A. Nagy, Retractable state-finite automata without outputs, Acta Cybernet. 16
(2004), 399 — 409.

A. Pitts, Nominal logic, a first order theory of names and binding, Inform. and
Comput. 186 (2003), 165 — 193.

A. Pitts, Nominal presentations of the cubical sets model of type theory, LIPIcs.
Leibniz Int. Proc. Inform. (2015), 202 — 220.

D. Turner and G. Winskel, Nominal domain theory for concurrency, Lecture
Notes in Comput. Sci. (2009), 546 — 560.

C. Urban, Nominal techniques in isabelle/HOL, J. Automat. Reason. 40 (2008),
327 — 356.

Received November 03, 2018

Department of Mathematics
Velayat University
Iranshahr

Sistan and Balouchestan

Iran

E-mails: khadijeh.keshvardoost@gmail.com, kh keshvardoost@sbu.ac.ir



