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Translatable quadratical quasigroups

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. The concept of a k-translatable groupoid is introduced. Those k-translatable
quadratical quasigroups induced by the additive group of integers modulo m, where k < 40, are
listed for m < 1200. The fine structure of quadratical quasigroups is explored in detail and the
Cayley tables of quadratical quasigroups of orders 5, 9, 13 and 17 are produced. All but those of
order 9 are k-translatable, for some k. Quadratical quasigroups induced by the additive group
of integers modulo m are proved to be k-translatable, for some k. Open questions and thoughts

about future research in this area are given.

1. Introduction

Geometrical motivations for the study of quadratical quasigroups have been given
in [9, 10, 11, 12]. In particular Volenec [9, 10| defined a product * on C, the
complex numbers, that defines a quadratical quasigroup. The product x *y of two
distinct elements is the third vertex of a positively oriented, isosceles right triangle
in the complex plane, at which the right angle occurs.

The main aim of this paper is to give insight into the fine algebraic structure
of quadratical quasigroups, in order to set the stage for, and to stimulate, further
development of the general theory that is still in its relative infancy. This is the
second of a series of four papers that advance this theory. We concern ourselves
here mainly with the fine algebraic structure, rather than with the geometrical
representations, of quadratical quasigroups. However, as noted by Volenec, each
algebraic identity valid in the quadratical quasigroup (C, *) can be interpreted as
a geometrical theorem and the theory of quadratical quasigroups gives a better
insight into the mutual relations of such theorems ([9], page 108).

Volenec [9] proved that quadratical quasigroups have a number of properties,
such as idempotency, mediality and cancellativity. These properties were applied
by the authors in [3] to prove that quadratical quasigroups form a variety Q. The
spectrum of @ was proved to be contained in the set of all integers equal to 1
plus a multiple of 4. Quadratical quasigroups are uniquely determined by certain
abelian groups and their automorphisms [1]. Necessary and sufficient conditions
under which Z,,, the additive group of integers modulo m, induces quadratical
quasigroups are given in [3].
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This paper builds on the authors’ work in [3], as well as the prior work of
Polonijo [7], Volenec [9] and Dudek [1]. In Sections 3, 4, 5, 6 and 7 the notion
of a four-cycle, which was introduced in [3], is used to explore in detail the fine
structure of quadratical quasigroups. The concept of a four-cycle is applied in
Sections 4 and 6 to produce Cayley tables for quadratical quasigroups of orders 5,
9, 13 and 17. These tables can be reproduced by model builders, but we would
not achieve our aim of stimulating thought about the fine algebraic structure in
that manner.

In Section 8, all of these quadratical quasigroups except those of order 9 are
proved to be k-translatable, for some k. We prove that, up to isomorphism, there
is only one quadratical quasigroup of order 9 and that it is self-dual. Quadratical
quasigroups of order 25 and 29 are found. The one of order 25 is 18-translatable,
its dual is 7-translatable, the quadratical quasigroup of order 29 is 12-translatable
and its dual is 17-translatable.

Sections 8 and 9 of this paper explore other ways of constructing k-translatable
quasigroups. We introduce the central concept of a k-translatable groupoid in
Section 8 and use it to characterize quadratical quasigroups. In Section 9 nec-
essary and sufficient conditions are found for a quasigroup induced by Z,, to be
k-translatable. We prove that a quadratical quasigroup induced by Z,, is always
k-translatable, for some k. The existence of k-translatable quadratical quasigroups
induced by some Z,, is established for each integer k, where 1 < k < 11. Values of
m for which a quadratical quasigroup induced by Z,, is (m — k)-translatable are
determined for each integer k, where 1 < k < 11.

In Section 9 lists are given for k-translatable (k < 40) quadratical quasigroups
of orders m < 1200, induced by Z,, and k-translatable quadratical quasigroups
induced by Z,, for m < 500.

In a future publication, the two different approaches to the construction of
quadratical quasigroups are united. It will be proved that a quadratical quasigroup
is translatable if and only if it is induced by some Zg,,+1. Finally, open questions
and possible future directions for research are discussed in Section 9.

2. Preliminaries

Volenec [9] defined a quadratical groupoid as a right solvable groupoid satisfying
the following condition:

TY-T = 2T - Yz. (A)

He proved that such groupoids are quasigroups and satisfy the identities listed
below.
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Theorem 2.1. A quadratical groupoid satisfies the following identities:

2

x =1z (idempotency), (1)
x-yr=ay- -z (elasticity), (2)
xryr=xy-x=yx-y (strong elasticity), (3)
yr-xzy =1z (bookend), (4)
x-yz=uay-xzz (left distributivity), (5)
xy-z=uxz-yz (right distributivity), (6)
xy-zw=xz -yw (mediality), (7)
x(y - yx) = (zy - x)y, (8)
(zy - y)z = y(z - y2), (9)
xy = zw «— yz =wzx (alterability). (10)

These identities can be used to characterize quadratical quasigroups. Namely,
the following theorem is proved in [3].

Theorem 2.2. The class of all quadratical quasigroups form a variety uniquely
defined by

e (4), (3), (4), (7), or
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Quadratical quasigroups are uniquely characterized by commutative groups
and their automorphisms. This characterization (proved in [1]) is presented below.

Theorem 2.3. A groupoid (G,-) is a quadratical quasigroup if and only if there
exists a commutative group (G, +) in which for every a € G the equation z+2z = a
has a unique solution z € G and @,v are automorphisms of (G, +) such that

zy = p(x) + P(y),

p(z) +(z) =z,
20¢(z) = @
forall x,y € G.

In this case we say that the quadratical quasigroup is induced by (G, +).
We also will need the following two results proved in [3].

Theorem 2.4. A finite quadratical groupoid has order m = 4t + 1.

So, later it will be assumed that m = 4¢ + 1 for some natural ¢.
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Theorem 2.5. A quadratical groupoid induced by the additive group Z,, has the
form

z-y=ax+(1—a)y,
where a € L., and

2a*> —2a+1=0. (11)

3. Products in quadratical quasigroups

Let @ be a quadratical quasigroup and a, b € @ be two different elements. Suppose
that C' = {x1,29,...,2,} C Q consists of n distinct elements, such that aba =
T1Ty = Tok3 = 3Ty = ... = Tp_1Zy = Tpx1. Then C will be called an (ordered)
n-cycle based on aba. Note that x, # aba, or else 1 = x5 = ... = z,, = aba. Note
also that if C' = {x1,29,23,...,2,} C @ is an n-cycle based on aba, then so is
Ci= {x% T(i41)modns L(i+2)modns - -+ » x(iJrnfl)modn}-

In [3] is proved that in a quadratical quasigroup all n-cycles have the length
n = 4. Moreover, if a,b € @ and a # b, then each element z; # aba of Q is a
member of a 4-cycle based on aba. Two 4-cycles based on aba, where a # b, are
equal or disjoint. Note that in any 4-cycle C' = {z1, 22, 3,24}, 24 = x123. Hence,
C ={x,yz,y,xy}, where x = 1 and y = x3.

Definition 3.1. Let @ be a quadratical quasigroup with {a,b} C @ and a # b.
Then {a,b, ab,ba,aba} contains five distinct elements. We will use the notation
[1,1] = a, [1,2] = ab, [1,3] = ba and [1,4] = b. We omit the commas and square
brackets in the notation, when this causes no confusion, and write 11 = a, 12 = ab,
13 = ba and 14 = b. For n > 2, by induction we define nl = (n — 1)1 - (n — 1)2,
n2=m-12-m-14,n3=mn-1)3-n—-1)1,nd=mn-14-(n—-1)3
and Hn = {nl,n2,n3,n4}. On the occasions when we need to highlight that
the element fk, f € {1,2,...,n} and k € {1,2,3,4}, is in the dual quadratical
quasigroup @Q* we will denote it by fk*. Similarly, Hn* = {nl* n2* ,n3* nd*}.
Note that the values of both fk and fk* depend on the choice of the elements a
and b.

Example 3.2. H2 ={a-ab,ab-b,ba-a,b-ba},

H3 = {(a-ab)(ab-b),(ab-b)(b-ba),(ba-a)(a-ab),(b-ba)(ba-a)},

HA = {(31-32)(32-34), (32-34)(34- 33), (33 31)(31 - 32), (34 33)(33 - 31)}, where
31 = (a-ab)(ab-b), 32 = (ab-b)(b-ba), 33 = (ba-a)(a-ab) and 34 = (b-ba)(ba - a).

Example 3.3. 11" = a, 12* = ax b, 13* = bxa, 14* = b and, for n > 2, by
induction we define n1* = (n — 1)1* % (n — 1)2*, n2* = (n — 1)2* x (n — 1)4*,
n3* = (n—1)3* x (n — 1)1* and nd* = (n — 1)4* x (n — 1)3*.

Example 3.4. H2*={ax(axb), (axb)xb, (bxa)*a, bx(bxa)} = {ba-a, b-ba,a-ab,ab-b}
and 52* = 42*-44* = (32*-34%)(34*-33*) = (((abxb) x (bxba))* ((bxba)* (baxa)))*
(((bxba)* (ba*a))* (ba*a)* (axab)), where axab = ax*(axb), abxb= (a*xb) b,
baxa=(bxa)*aand bxba=">bx*(bxa).
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Note that the expression ab, when working in the dual groupoid Q* = (Q, %),
equals a * b, which equals b - a in the original groupoid itself. This notation will
cause no problems, as we will either calculate values only using the dot product or
the star product, or when we are calculating using both products, as in Theorem
5.1, the distinction will be obvious.

The proofs of the following propositions are straightforward, using induction
on n and the properties of quadratical quasigroups, and are omitted.

Proposition 3.5. For any positive integert, tl-t4=12,12-t3 =14, t3-12=1¢1
and t4 - t1 = t3.

Proposition 3.6. Fort > 1, aba-tk = (t— 1)k for any k € {1,2,3,4}.

Proposition 3.7. Fort > 1, tl-aba = (t—1)2, t2-aba = (t—1)4, t3-aba = (t—1)1
and t4 - aba = (t — 1)3.

Proposition 3.8. For any positive integer t, Ht contains 4 distinct elements.
Proposition 3.9. For any positive integer t, Ht N {aba} = 0.

Proposition 3.10. For any positive integert, t1-t3 = t2-t1 = t3-t4 = t4-t2 = aba.
Proposition 3.11. Ht = {t1,t3,t4,t2} is a 4-cycle based on aba.

Definition 3.12. We say that a groupoid Q is of the form Qn, for some positive
n

integer n, if Q = {aba}|JHt for some {a,b} C @, where each Ht is as in
t=1

Definition 3.1.

4. Quadratical quasigroups of form Q1 and Q2

We are now in a position to examine more closely the Cayley tables of quadra-
tical quasigroups. This will aid in the construction of the tables for quadratical
quasigroups of orders 5, 9, 13 and 17. Dudek [1] gave two examples of quadratical
quasigroups of orders 5, 13 and 17 and six examples of quadratical quasigroups
of order 9. A close examination of the fine structure will aid us in proving that
all these quadratical quasigroups are of the form Qn, for some positive integer n.
Each pair of quadratical quasigroups of orders 5, 13 or 17 will be proved to be
dual groupoids. The 6 quadratical quasigroups of order 9 will be proved to be of
form @2 and self-dual. That is, up to isomorphism, there is only one quadratical
quasigroup of order 9.

A method of constructing quadratical quasigroups of the form Qn is as follows.
Proposition 3.6 implies that aba - Ht = H(t — 1) for all ¢ # 1. Since quadratical
quasigroups are cancellative, we can assume that aba- H1 = Hn. If we choose the
value of aba - 11 in Hn = {nl,n2,n3,n4} then, using the properties of quadratical
quasigroups, we can attempt to fill in the remaining unknown products in the
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Cayley table. If this can be done without contradiction, then, using Theorem 2.2,
we can check that the groupoid thus obtained is quadratical, by checking that it
is bookend and medial. Completing the Cayley table is this way is not always
possible, as shown in the following example.

Example 4.1. Suppose @ is a quadratical quasigroup of the form @2. Then
aba - 11 = aba - a € H2 = {21,22,23,24} = {a - ab,ab - b,ba - a,b - ba}. Now
aba-a = a(ba - a) and so aba - a ¢ {a - ab,ba - a}, since cancellativity, idempotency
and alterability would imply that a = b (if aba - @ = ba - a) and b = a - ab (if
aba - a = a - ab), the latter contradicting to the fact that two 4-cycles based on
aba are equal or disjoint (cf. [3]). Hence, aba - @ must be in the set {ab-b,b- ba}.
However, if aba - a = b ba, then by (10), ab = ba - aba = (b- ab)a = aba-a = b - ba,
a contradiction since H1 N H2 = ().

Example 4.1 shows that aba - @ = ab - b. Using the properties of quadratical
quasigroups, the Cayley table of the groupoid of the form 2 can only be completed
in one way, as shown below here, in Table 1.

We then need to calculate all the possible products xy - yx and xy - zw in Table
1, to prove that they are equal to y and zz - yw respectively. Then, by Theorem
2.2, Q2 would be quadratical. This proves to be the case and we omit the detailed
calculations. However, to give a flavour of the calculations we find all products
aba - x and x - aba when x € H1 and aba - a = ab - b.

Since (a-aba) (aba - a) = (a - aba) (ab - b), it follows that we have a-aba = b-ba,
aba - b = ba - a, aba - ab = (aba - a) (aba - b) = (ab-b) (ba-a) = b - ba and, simi-
larly aba - ba = a - ab. Then aba - ab = b - ba implies ba - aba = ab - b. Also,
aba = (ab- aba) (aba - ab) = (ab- aba) (b - ba) implies ab - aba = ba - a. Finally,
b-aba = (ab- aba) (ba - aba) = (ba - a) (ab-b) = a - ab.

Q2 11=a |12=ab|13=ba|14=b| aba |[21=a-ab|22=ab-b|23=0ba-a|24=>b-ba
11=a a a-ab aba ab b-ba ba b ab-b ba-a
12=ab aba ab b ab-b | ba-a b-ba a a-ab ba
13=ba ba - a a ba aba | ab-b ab b-ba b a-ab
14=b ba aba b-ba b a-ab ab-b ba-a a ab

aba ab-b | b-ba | a-ab |ba-a aba a ab ba b
21=a-ab| b-ba b ba - a a ab a-ab ba aba ab-b
22=ab-b| a-ab | ba-a ab ba b aba ab-b b-ba a
23=ba-a| ab ba ab-b | b-ba a b a-ab ba-a aba
24=b-ba b ab-b a a-ab ba ba - a aba ab b-ba

Table 1.

Proposition 4.2. A quadratical quasigroup @ of order 9 is of the form Q = Q2.

Proof. We have @ = H1 U {aba} U C, where C is a 4-cycle based on aba and
C N H1=0. We proceed to prove that C' = H2.
Consider the following part of the Cayley table: (H1U {aba}) - H1.
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Q a ab ba b
a a aba ab
ab | aba | ab b
ba a ba | aba
b ba aba b
aba

From the table, clearly, if ba - a € H1 U {aba}, then ba - a € {ab, b}.

Assume that ba - @ = ab. Then we have a = b-ba, ab-b = (ba-a)b =
(ba - b) - ab = aba - ab = a(ba - b) = (b- ba)(ba - b) = b(ba - ab) = ba and b = a - ab.
Also, aba - a = a(ba-a) = a-ab = b, aba-ab = ab- (a-ab) = ab-b = ba,
aba-b="bab-b=">b(ab-b) =b-ba = a and aba - ba = (aba - b)(aba - a) = ab. So, we
have proved that (H1U {aba}) - H1 = H1 U {aba}.

Similarly, if ba - b = b, then (H1U {aba}) - H1 = H1 U {aba}, which is not
possible because, if ¢ € C, then ¢ € C' = {ca,c- ab, ¢ - ba, cb}, a contradiction. So,
ba - a = ¢, for some ¢ € C. Then, since C = {¢,de, d, cd} for some d € C, we have
aba =c-dc=dc-d=d-cd = cd-c. So, aba = (ba-a) - de, which implies dc = b ba.
Also, aba = cd - (ba - a), which implies e¢d = a - ab. Then, aba = dc-d = (b - ba)d,
which gives d = ab - b. Hence, C = {a-ab,ab-b,ba-a,b-ba} = H2. O

So, we have proved that a quadratical quasigroup of order 9 must be the quasi-
group Q2.

Open question. Is a finite, idempotent, alterable, cancellative, elastic groupoid
of form Qn quadratical?
Note that we can prove that the answer is affirmative when n =1 or n = 2.

Now, if we calculate the Cayley table for (Q2)*, the dual of Q2, we see that the
table for the dual product * (defined as a xb =10 a) is exactly the same as Table
1, where the product is the dot product -. (For example, ((b* a) * a) x (bxa) =
(a-ab)xab=ab-(a-ab) =b-ba = (a+b)*b and, by Table 1, (ba-a)-ba = ab-b).
Hence, @2 = (Q2)*. Another way to put this is that the quadratical groupoid
@2 must be self-dual. An isomorphism 6 between @2 and (Q2)* is: fa = a,
0b =0b, 0(ab) = axb, 8(ba) = bxa, 0(a-ab) = ax (ax*b), O(ab-b) = (a*b) b,
O(ba-a) = (bxa)*a and 6(b-ba) =bx* (bxa).

Example 4.3. It is straightforward to calculate the Cayley tables of the quadra-
tical quasigroups, each of order 9, given in [1]. They are each based on the group
Zs3 x Zs of ordered pairs of integers, with product being addition (mod 3). The
products are defined as follows:

(,y) *1 (z,u) = (y + 2 + 2u,z + y + 22),
(,y) * (z,U) (2y + 2z +u, 2z + y+2),
(1) %3 (o) = (43 + 20,2+ 22+ 1),
(er9) #1 (210) = (2 + 2 + 0,20+ 2+ u)
(z,y) *5 (z,u) = 2z + y + 2z + 2u, 2z + 2y + 2z + 2u),
(x,y) %6 (z,u) = (22 + 2y + 22 + v, x + 2y+22z + 2u) .
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In each table, if we calculate ab and ba for the ordered pairs a = (1,1) and
b= (1,2) we see that Q = {aba} U H1U H2 and that aba - a = ab - b. Therefore,
these six quadratical quasigroups are isomorphic to each other and to Q2. We
already knew that there is only one quadratical quasigroup of order 9, but these
calculations clarify (and reinforce a conviction) that the quadratical quasigroups
of order 9 presented in [1] are isomorphic.

Example 4.4. We now calculate the Cayley table for a groupoid Q1 and its dual,
when aba - a € {ab, b}.

Ql| a ab | ba b | aba (@D a |bxa|laxb| b aba
a a ba | aba | ab b a a aba b axb |[bxa
ab | aba | ab b a ba bxa | axb |bxa| a aba b
ba b a ba | aba | ab axb | aba b axb| bxa a
b ba | aba | ab b a b bxa a aba b ax*xb
aba | ab b a ba aba aba b axb|bxa a aba
Table 2.

Checking these tables shows that each is medial and bookend and that, indeed,
these two quadratical quasigroups are dual.

Open question. FEzxamining Tables 1 and 2 closely, we can show that any two
distinct elements of Q1 (resp. (Q1)*, Q2) generate Q1 (resp. (Q1)*, Q2). This
will later be seen to be the case also for Q3, Q4 and their duals. We conjecture
that if Q is a quadratical quasigroup of form Qn, for some positive integer n, then
it is gemerated by any two distinct elements. Such a property does not hold in
quadratical quasigroups in general, as we shall now prove.

Example 4.5. Since @ is a variety of groupoids, the direct product of quadratical
quasigroups is quadratical. Hence, Q1 x Q1 is quadratical. If we choose a base
element, (a,b) say, then Q1 x Q1 consists of six disjoint 4-cycles based on (a,b);
namely,

{(a,a), (a,aba), (a,ab), (a,ba)}, {(b, ad), (aba, ba), (ba, a), (ab, aba)},
{(ab,b), (b,b), (aba,b), (ba,b)}, {(ab, ab), (b, ba), (aba,a), (ba, aba)},
{(ba,ba), (ab,a), (b, aba), (aba,adb)}, {(aba,aba), (ba,ab),(ab,ba),(b,a)}.

If C is any one of these six 4-cycles, then no two distinct elements x and y

of C' generates Q1 x Q1, because {z,y} C C and C is a proper subquadratical
quasigroup of Q1 x @1, isomorphic to Q1.

Example 4.6. (Q1 x Q1)* = (Q1)* x (Q1)* and (Q1 x (Q1)*)" = (Q1)* x Q1.
Note that (a,ba) and (ab,b) generate Q1 x (Q1)* and (ba,a) and (b, ab) generate
(Q1)* x Q1 while Q1 x Q1 and (Q1)* x (Q1)* are not 2-generated.
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5. The elements nk*

The following Theorem is easily proved for ¥ = 1 and, by induction on k, is
straightforward to prove for all k € {0,1,2,...} = Ny. The proof is omitted but
we proceed to give an idea of some of the calculations.

For k=0

((4+4k)4)* =44* = (34-33)* = ((24-23) - (23 - 21))*
= ((b-ba)(ba-a)- (ba-a)(a-ab))* = (ba-a)(a-ab)- (a-ab)(ab-b)
= (23-21)- (21-22) = 3331 = 43 = ((4 + 4k)3).

Note that we get the same result if we write
44* = [(bx (bxa) x ((bxa) *xa))] * [((b*a) xa) * (ax (ax*xb))].

Theorem 5.1. For all k € Ny,

(1 +4R) 1) = (1+4k)1, (1+4k)2)*=(1+4k)3, (1+4Kk)3)*=(1+4k)2, (1+4k)4)*=(1+4k)4,
(2+4k)1)*=(2+4Kk)3, (2+4k)2)*=(2+4k)4, (2+4k)3)*=(2+4k)1, ((2+4k)d)*=(2+4k)2,
(3+4k)1)*=(3+4k)4, ((3+4k)2)*=(3+4k)2, ((3+4k)3)*=(3+4k)3, ((3-+4k)d)*=(3+4k)1,
(4+4k)1)*=(4+4k)2, (4+4k)2)*=(4+4k)1, ((4-+4k)3)*=(4+4k)d, ((4+4k)4)*= (4-+4k)3.

Further, for simplicity, elements of the form (xy)* will be denoted as zy*.

Now, considering the quadratical quasigroups of form Qn, from the remarks in
the paragraph preceding Example 4.1, we see that there are at most 4 groupoids of
the form @n for any given integer n. Since the dual of a quadratical quasigroup of
the form @n must also have the form Qn, we can tell, from the following Theorem,
which values of aba - @ may yield groupoids that are duals of each other.

Theorem 5.2. For all positive integers n = 2, the following identities are valid
i a quadratical quasigroup of form Qn, depending on the value of aba - a:

aba-a|aba-ab|aba-ba | aba-b|a-aba|ab-aba | ba-aba | b-aba|nl-n2|n2-nd|n3-nl|nd-n3
nl n2 n3 n4 n2 nd nl n3 a ab ba b
n2 n4 nl n3 n4 n3 n2 nl ba a b ab
n3 nl n4 n2 nl n2 n3 n4 ab b a ba
n4 n3 n2 nl n3 nl n4 n2 b ba ab a
aba-a|11-34(23-14|34-14| 14-21

nl n3 n2 nl nl (n—1)2 =11-n1 =n2-11

n2 nl n4 n2 n2 (n—1)4 =11-n2 =n4-11

n3 n4 nl n3 n3 | (n—1)1=11-n3=nl-11

n4 n2 n3 n4 n4 (n—1)3=11-n4 =n3-11

Proof. We prove only the identities for when aba-a = n2, as the proofs of the other
three cases are similar. We have aba-n2. Then, aba = (a-aba)(aba-a) = (a-aba)-n2.
By Proposition 3.11 and Theorem 2.1, a - aba = n4 = a - bab = aba - ab. Then,
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nd = aba - ab = (aba - a)(aba - b) = n2 - (aba - b). By Proposition 3.5, aba - b = n3.
So aba - ba = (aba - b)(aba - a) = n3 -n2 = nl (by Proposition 3.5). Then,
aba = (b-aba)(aba-b) = (b-aba)-n3, which by Proposition 3.11 implies b-aba = n1.
Then, using Proposition 3.5, ab-aba = (a-aba)(b-aba) = n4-nl = n3 and ba-aba =
(b-aba)(a - aba) = nl-nd = n2. We also have nl - n2 = (aba - ba)(ba - aba) = ba,
n2-nd = (aba - a)(a - aba)) = a, n3-nl = (aba - b)(b- aba) = b and nd - n3 =
(aba - ab)(ab - aba) = ab. Now, 11-34 =a - (b-ba)(ba-a) = a(b-ba) - a(ba - a) =
(ab-aba)(aba-a) =n3-n2=nl, 34-14=(b-ba)(ba-a)-b= (b-ba)b- (ba-a)b=
(b-bad)(bab - ab) = (b- aba)(aba-ab) =nl-nd =n2, 14-21 =b(a-ab) = ba -bab =
ba - aba =n2 and 23-14 = (ba - a)b = bab - ab = aba - ab = n4.

Finally, a - n2 = a-aba-a = aba - a - aba = aba -nd = (n — 1)4 = 11 - n2 and
nd-a=a-aba-a=aba-a-aba=(n—1)4=nd-11.

This completes the proof of the validity of the identities indicated in row 3 of
the two tables in Theorem 5.2, when aba - a = n2. O

As mentioned above, Theorem 5.2 will be useful when we look for the duals
of the quadratical quasigroups that we will call @3 and @4, as will the following
concept.

Definition 5.3. If a quadratical quasigroup of form Qn exists for some integer n
then the identity generated on the left (on the right) by an identity kr - ls = mt,
where 7, s,t € {1,2,3,4} and k,l,m < n, is defined as the identity

(aba - kr)(aba - 1s) = aba - mt  (resp. (kr - aba)(ls - aba) = mt - aba)
and kr - [s = mt is called the generating identity.

Note that Propositions 3.6 and 3.7, along with Theorem 5.2, give the means
of calculating identities generated on the left and right by a given identity. Mul-
tiplying on the left (or on the right) repeatedly n-times gives n distinct identities.
These methods will later be used to prove that quadratical quasigroups of the form
Q6 do not exist.

6. Quadratical quasigroups of forms Q3 and Q4

We give the Cayley tables of quadratical quasigroups of orders 13 and 17.

First we note that for a quadratical quasigroup of form @3, if aba - a = n3 =
33 = (ba-a)(a-ab), then aba - a = a(ba - a) = (a - ab) - aba = ab, which implies, by
cancellation, ba-a = b, a contradiction because H1INH2 = (. If aba-a = nd = 34 =
(b-ba)(ba-a), then ab-aba = a(b-ba) = (ba-a)-aba = a, which implies b-ba = a, a
contradiction. Hence, aba - a € {31, 32} = {(a-ab)(ab-b), (ab-b)(b-ba)}. Setting
aba - a = a - ab and using the properties of quadratical quasigroups (Theorem 2.1)
we obtain the Cayley Table 3. It can be checked that it is medial and bookend
and so, by Theorem 2.2, this groupoid is a quadratical quasigroup.
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Q3|11 | 12 | 13 | 14 |aba | 21 | 22 | 23 | 24 | 31 | 32 | 33 | 34
11 | 11 | 21 |aba | 12 | 32 | 14 | 23 | 31 | 34 | 22 | 13 | 24 | 33
12 |aba | 12 | 14 | 22 | 34 | 32 | 13 | 33 | 21 | 23 | 24 | 31 | 11
13 | 23 | 11 | 13 |aba | 31 | 24 | 32 | 12 | 33 | 14 | 34 | 21 | 22
14 | 13 |aba | 24 | 14 | 33 | 31 | 34 | 22 | 11 | 32 | 21 | 12 | 23
aba | 31 | 32 | 33 | 34 |aba | 11 | 12 | 13 | 14 | 21 | 22 | 23 | 24
21 | 32 | 23 | 34 |13 | 12 | 21 | 31 |aba| 22 | 24 | 33 | 11 | 14
22 | 33 | 34 | 11 | 21 | 14 |aba | 22 | 24 | 32 | 12 | 23 | 13 | 31
23 | 24 | 14 | 31 | 32 | 11 | 33 | 21 | 23 |aba | 34 | 12 | 22 | 13
24 | 12 | 31 | 22 | 33 | 13 | 23 |aba | 34 | 24 | 11 | 14 | 32 | 21
31 | 34 | 13 | 21 | 24 | 22 | 12 | 33 | 14 | 23 | 31 | 11 | aba | 32
32 122 | 33|23 |11 | 24| 13 | 14 | 21 | 31 |aba| 32 | 34 | 12
33 | 14 | 22| 32 | 23|21 |34 |24 | 11 |12 | 13 | 31 | 33 | aba
34 |21 | 24|12 | 31 | 23 | 22 | 11 | 32 | 13 | 33 |aba | 14 | 34

Table 3.

There are then two ways to obtain the Cayley table for (Q3)*. Firstly, we can
use abaxa = 32* = [(a*b) xb] x [bx (b*a)] and, using the properties of quadratical
quasigroups, we can then calculate the remaining products in Table 4.

Alternatively, we can calculate the products directly from Table 3, using our
Theorem 5.1. For example, 23* = (bxa) *xa = a - ab = 21, and similarly 32* =
((a*b)«b)*(bx(bxa)) = (ab-b)(b-ba) = 32. Hence, 32* % 23" = 3221 = 21-32.
From Table 3, 21 - 32 = 33. But from Theorem 5.1, 33 = 33*. So, we obtain
32% % 23" = 33 = 33". The remaining products in Table 4 can be calculated in
similar fashion. Having already checked that Table 3 is quadratical, Table 4 also
produces a quadratical quasigroup, the dual groupoid.

(@3)* | 11 | 12" | 13" | 14™ | aba | 21 | 22% | 23" | 24" | 31" | 32" | 33" | 34"
11" 11° | 21* | aba | 12* | 34™ | 22* | 13" | 32" | 33" | 23" | 24" | 14" | 31"
12* | aba | 12% | 14" | 22" | 33" | 34" | 24 | 31" | 11* | 13* | 21* | 32" | 23"
13* 23" | 11" | 13" | aba | 32% | 14" | 34" | 21" | 31" | 22" | 33" | 24" | 12"
14* 13" | aba | 24* | 14™ | 31* | 32* | 33" | 12" | 23" | 34" | 11" | 21" | 22"
aba | 32" | 34" | 31" | 33" | aba | 11* | 12" | 13" | 14* | 21* | 22 | 23" | 24"
21" 34* | 13 | 33" | 24* | 12" | 21" | 31" | aba | 22" | 32" | 23" | 11" | 14"
22* 31* | 33" | 23" | 117 | 14" | aba | 22" | 24™ | 32" | 12" | 34" | 13" | 217
23" 14* | 22* | 32" | 34* | 11" | 33" | 21" | 23" | aba | 23* | 12" | 31" | 13"
24* 21% | 32* | 12* | 31" | 13" | 23" | aba | 34" | 24" | 11" | 14™ | 22" | 33"
31" 33% | 24™ | 117 | 217 | 227 | 12" | 23" | 14" | 34" | 31" | 13" | aba | 32"
32" 12% | 31" | 22 | 23" | 24™ | 13" | 14" | 33" | 21" | aba | 32" | 34" | 11"
33" 22% | 23% | 34" | 13" | 21" | 24" | 32" | 11* | 12" | 14" | 31" | 33" | aba
34" 24" | 14* | 217 | 32" | 23" | 31" | 11" | 22 | 13" | 33" | aba | 12" | 34"

Table 4.

Similarly, we can calculate the Cayley tables for Q4 and its dual (Q4)*:
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Q4|11 12|13 |14 |aba| 21 | 22 |23 |24 |31 32|33 |34 |41 |42 |43 | 44
11 |11 | 21 |aba| 12 | 44 | 24 | 32 | 42 | 43 | 14 | 23 | 31 |41 |33 |34 | 13| 22
12 |aba| 12 | 14 |22 | 43 | 44 | 23 |41 | 34|32 |13 | 42|21 |11 |31 |24 33
13 (23 |11 | 13 |aba| 42 | 31 |44 |22 |41 |24 |43 |12|33 (32|21 |34 14
14 | 13 |aba| 24 | 14 | 41 | 42 | 43 | 33 |21 |44 |34 | 22|11 |23 |12 | 31| 32
aba | 42 | 44 | 41 | 43 |aba| 11 |12 {13 | 14|21 |22 |23 |24 |31 |32 | 33| 34
21 | 4413243123 |12|21 |31 |aba| 22|34 |42 |11 |14 24|33 |41 |13
22 |41 |43 |21 |34 | 14 |aba| 22 | 24|32 |12 33|13 |44 |42 |23 |11 |31
23 3124|4244 | 11|33 |21 |23 |aba|41 |12 |32 |13 34| 14| 22|43
24 12242 |33 41| 13|23 |aba| 34|24 |11 |14 |43 |31 |12 |44|32 |21
31 |43 |23 3413|2212 42|14 |33 |31 |41 |aba| 32|44 |11 |21 | 24
32 (33|41 11|21 |24 |13 |14 |31 |44 |aba| 32 |34 | 42|22 |43 |23 | 12
33 24|14 443221 |41 |34 |11 |12 |43 |31 |33 |aba| 13 |22 | 42| 23
34 |12 |31 1224223 32|11 |43 |13 |33 |aba|44 | 34|21 |24 |14 | 41
41 |21 |34 12|31 (32|14 33|44 |23 |22 |11 |24 |43 |41 |13 |aba| 42
42 |14 122132 (33|34 |43 [13|21 3123|2441 |12 |aba|42 |44 |11
43 321331231131 (3424|1242 13|44 |21 |22| 14|41 | 43 |aba
44 |34 |13 31| 24|33 (22|41 |32 |11 |42 |21 |14 |23 |43 |aba| 12 | 44

Table 5.

(Q4)* 117127 13%| 14" |aba | 217 | 227 | 23% | 24* | 31% | 32% | 33% | 34* | 417 | 42% | 43* | 44~
11% | 11%| 21" |aba | 12% | 417 | 34| 24* | 43* | 42| 13* | 33" | 22* | 44™| 14* | 23" | 31| 32*
12* |aba | 12| 14| 227 | 42% | 417 | 33* | 44™ | 23* | 24™ | 11* | 43*| 31™| 32*| 13™| 34*| 21~
137 [ 23*[11%| 13* |aba | 437 | 22% | 417 | 32% | 447 | 34™ | 42*| 14™| 21*| 24™| 31*| 12| 33"
14* | 13* |aba | 24 | 14™ | 44| 43" | 42| 21* | 31| 41*| 23" | 32*| 12| 33* | 34| 22* | 11*
aba | 437|417 | 44% | 427 |aba | 117 | 127 | 13*| 14™ | 21*| 22% | 23* | 24* | 31%| 32* | 33* | 34*
21% | 417 24%| 427 33" | 127 217 | 31" |aba | 227 | 44" | 34™ | 11| 14*| 23* | 43*| 32* | 13*
22% | 44* | 42%| 317 | 23* | 14" | aba | 22* | 24* | 32* | 12* | 43*| 13*| 33* | 34* | 21" | 11|41~
23% | 227 34%| 43" | 41| 11%| 33" 21" | 23" |aba | 32" | 12" | 42| 13| 44™ | 14| 24 | 31*
24% | 327 43| 217 | 44| 13%| 23" |aba | 347 | 247 | 117 | 14™ | 31* | 41%| 12* | 33* | 42 | 22*
31% (427 33%| 23| 11*|22%| 12*| 34™| 14* | 43* | 31* | 41" |aba | 32" | 13*| 44" | 21| 24~
32% | 217 44*| 12| 31%| 24| 13" 14" | 417 | 33" | aba | 32" | 34 | 42 | 22* | 11| 23" | 43*
33% | 347 13| 417 | 24%| 21%| 32" | 44" | 117 | 12%| 43" | 31* | 33" | aba | 427 | 22| 14* | 23*
34% | 147 22%| 32* | 43* | 23| 42* | 11*| 31* | 13*| 33" |aba | 44* | 34™ | 21| 24™ | 41*| 12~
41% | 317 23*| 34" | 13*| 32" | 14| 43" | 33" | 217 | 22" | 44" | 24 | 11" | 417 | 12" | aba | 427
42% | 33%32% | 117|217 34* | 31%| 13* | 22% | 417 | 23*| 24* | 12% | 43" | aba | 427 | 44* | 14*
43% [ 24% | 14* | 33| 32* | 317 | 44| 23* | 12* | 34™ | 42* | 13*| 21| 22" | 11| 41* | 43" | aba
44* | 127 31%| 22%| 34™| 33| 24| 32" | 42" | 117 | 14" | 217 | 41| 23" | 43" |aba | 13" | 44"

Table 6.

Groups of orders 13 and 17 are isomorphic to the additive groups Z;3 and
Zq7, respectively. So, by Theorem 2.5, quasigroups @23 and (X4 are isomorphic to
quadratical quasigroups induced by Zi3 and Z7, respectively. Direct computa-
tions show that @3 is isomorphic to the quadratical quasigroup (Z;s,-) with the
operation z -y = 11z + 3y(mod 13); the dual quasigroup (Q3)* is isomorphic to
the quasigroup (Z;3,0) with the operation = o y = 3z + 11y(mod 13). Similarly,
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@4 is isomorphic to (Zq7,-) with the operation x -y = 1lla + 7y(mod 17). Its
dual quasigroup (Q4)* is isomorphic to the quasigroup (Z17, o) with the operation
xoy="Tr+ 11y(mod 17).

7. No quadratical quasigroup of form Q6 exists

The quasigroup x -y = [9z + 21ylag is clearly idempotent, medial and book-
end. Therefore, by Theorem 2.2, it is quadratical. Set a = 1 and b = 2. Then
we can calculate that aba = 16, H1 = {1,22,10,2}, H2 = {7,8,24,25}, H3 =
{28,17,15,4}, H4 = {29,5,27,3}, H5 = {18,21,11,14}, H6 = {23,19,13,9} and
HT7 = {26,12,20,6}. Hence, this quasigroup and its dual are of the form Q7. So,
we have so far shown that there are quadratical quasigroups of the form Q1, Q2,
@3, Q4 and Q7.

It follows from Theorem 4.11 [3] that there are no quadratical quasigroups of
order 21 or 33, so there are no quadratical quasigroups of the form @5 or Q8.

Theorem 7.1. There is no quadratical quasigroup of form Q6.

Proof. CASE 1: aba - a = 61. Using Propositions 3.6, 3.7, Theorem 5.2 and
Theorem 2.1, we see that aba - a = 61, by (10), implies

a-61 =61 aba=52=62-11"~ aba-62 = 52 - 52. (12)

Then, 62 = 61-64, by Proposition 3.5. This, by Proposition 3.6, gives 52 = 51 - 54.
Also, 62 = 52 - 54, by Definition 3.1, whence 52 = 42 - 44, by Proposition 3.6 and
(10), and so

52 =51-54 =42 44, (13)

Theorem 5.2 implies 61 = 14-21 = 34-14, 62 = 23-14 and 63 = 11-34. So, these
identities generate the following:

52=063-12=13-64 =64 21 =23 -63. (14)

As a consequence of (12), (13), (15), Proposition 3.5 and Proposition 3.10
we can see that the solutions to the equation 52 = 12 - 2 must be in the set
{14,22,23,24,31,32,33,34,41,42,43,51,53}. Now, by Definition 3.1, we obtain
22 =12-14 # 52 and so z # 14.

To eliminate the other possibilities for  we now use the generating identities
(15) through (25), indicated in the Table 7 below.
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(15) (16) (17 (18) (19) | (20) | (21) | (22) | (23) | (24) | (25)

(n—1)2| (n—1)2 | aba-11 | 11-aba |Prop. | Def. |nl= | n2= | n3 = | nl = |idem.
=11nl|=n211| =61 =62 3.5 3.1 |14.21 |23-14 | 11-34 | 34-14

52| 11-61 | 62-11 |aba-62|61-aba | 51-54 | 42-44| 63-12 | 13-64 | 64-21 | 23-13 | 52-52

441 62-52 | 54-62 | aba-54 | 52-aba | 42-43 | 34-33 | 51-64 | 61-22 | 53-12 | 11-61 | 44-44

33| 54-44 | 43-54 | aba-43 | 44-aba | 34-31 | 23-21 | 42-53 | 52-41 | 41-64 | 62-52 | 33-33

21| 43-33 | 31-43 |aba-31|33-aba | 23-22 | 11-12| 34-41 | 44-32 | 32-53 | 54-34 | 21-21

12| 31-21 | 22-31 | aba-22 | 21-aba | 11-14 | 62-64 | 23-32 | 33-24 | 24-41 | 43-33 | 12-12

64| 22-12 | 14-22 |aba-14 | 12-aba | 62-63 | 54-53 | 11-24 | 21-13 | 13-32 | 31-21 | 64-64

53| 14-64 | 63-14 | aba-63 | 64-aba | 54-51 | 43-41| 62-13 | 12-61 | 61-24 | 22-12 | 53-53

41| 63-53 | 51-63 | aba-51 | 53-aba | 43-42 | 31-32 | 54-61 | 64-52 | 52-13 | 14-54 | 41-41

32| 51-41 | 42-51 |aba-42|41-aba | 31-34 | 22-24 | 43-52 | 53-44 | 44-61 | 63-53 | 32-32

241 42-32 | 34-42 |aba-34|32-aba | 22-23 | 14-13 | 31-44 | 41-33 | 33-52 | 51-41 | 24-24

13| 34-24 | 23-34 | aba-23 | 24-aba | 14-11 | 63-61 | 22-33 | 32-21 | 21-44 | 42-32 | 13-13

61]23-13 | 11-23 |aba-11|13-aba | 63-62 | 51-52| 14-21 | 24-12 | 12-33 | 34-14 | 61-61

51]13-63 | 61-13 |aba-61|63-aba | 53-52 | 41-42| 64-11 | 14-62 | 62-23 | 24-64 | 51-51

31| 53-43 | 41-53 |aba-41|43-aba | 33-32 | 21-22| 44-51 | 54-42 | 42-63 | 64-44 | 31-31

11| 33-23 | 21-33 | aba-21|23-aba | 13-12 | 61-62 | 24-31 | 34-22 | 22-43 | 44-24 | 11-11

62| 21-11 | 12:21 |aba-12|11-aba | 61-64 | 52-54 | 13-22 | 23-14 | 14-31 | 33-23 | 62-62

541 12-62 | 64-12 | aba-64 | 62-aba | 52-53 | 44-43 | 61-14 | 11-63 | 63-22 | 21-11 | 54-54

43| 64-54 | 53-64 | aba-53 | 54-aba | 44-41 | 33-31 | 52-63 | 62-51 | 51-14 | 12-62 | 43-43

34| 52-42 | 44-52 | aba-44 | 42-aba | 32-33 | 24-23 | 41-54 | 51-43 | 43-62 | 61-51 | 34-34

23| 44-34 | 33-44 |aba-33 | 34-aba | 24-21 | 13-11| 32-43 | 42-31 | 31-54 | 52-42 | 23-23

14| 32-22 | 24-32 | aba-24|22-aba | 12-13 | 64-63 | 21-34 | 31-23 | 23-42 | 41-31 | 14-14

63| 24-14 | 13-24 | aba-13 | 14-aba | 64-61 | 53-51 | 12-23 | 22-11 | 11-34 | 32-22 | 63-63

42| 61-51 | 52-61 |aba-52|51-aba | 41-44 | 32-34 | 53-62 | 63-54 | 54-11 | 13-63 | 42-42

22| 41-31 | 32-41 |aba-32|31-aba | 21-24 | 12-14| 33-42 | 43-34 | 34-51 | 53-53 | 22-22

Table 7.

Assuming that Q6 is quadratical, using the properties of a quadratical quasi-
group we will prove that all the remaining possible values of x lead to a contra-
diction.

When we use a particular value of an element we will refer to the column
in which this value appears in Table 7. For example, we will use the fact that
52 = 63 - 12, from (21), henceforth without mention

By (21), if 52 = 12- 53 = 63 - 12, then 12 = 53 - 63, and, multiplying on the
right by aba gives 64 = 41 - 51, which, along with 51 - 41 = 24, (from (24)) gives
51 = 64 - 24. This contradicts 51 = 64 - 11, from (21).

If 52 = 12-51 = 63-12 then 12 = 51-63 = 6264, from (20). Hence, by (19) and
(20), 61 =63-62 =64-51 =51 - 52. Therefore, using (24), 51 = 52-64 = 24 - 64,
a contradiction.

If 52 = 12 - 43 = 63 - 12 then, by (23), 12 = 43 - 63 = 24 - 41. By Proposition
3.11 we have 63 - 24 = 41 - 43 = aba = 23 - 24, contradiction.

If 52 = 12-42 = 63 - 12 then, by (23), is 12 = 42-63 = 24 - 41. By Proposition
3.11 and (24), 51 = 41 -42 = 63 -24 = 24 - 64. So, by (20), 24 = 64 - 63 = 14,
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contradiction.

If 52 =12-41 = 63 - 12 then, by (23), 12 =41-63 = 24 - 41 and so, using (15),
41 = 63 - 24 = 63 - 53, contradiction.

If 52 = 12-34 = 63 - 12 then, by (21), 12 = 34-63 = 23- 32 and, by Proposition
3.11 and (22), 42 =32 - 34 = 63 - 23 = 63 - 54, contradiction.

If 52 = 1233 = 63 - 12 then, by (21), 12 = 3363 = 23 - 32 and so, by
Propositions 3.11 and 3.5, 34 = 32 - 33 = 63 - 23 = 24 - 23, contradiction.

If 52 = 12 - 32 = 63 - 12 then, by (21), 12 = 32- 63 = 23 - 32 and so, by (24),
32 =63 -33 =63 - 53, contradiction.

If 52 = 12- 31 = 63 - 12 then, by (15), 12 = 31 - 63 = 31 - 21, contradiction.

If 52 = 12-24 = 63 - 12 then, by (15), 12 =24 - 63 = 24 - 41, contradiction.

If 52 = 12-23 = 63 - 12 then, by (21), 12 = 23 - 63 = 23 - 32, contradiction.

If 52 =12 - 22 = 63 - 12 then, by (26), 12 = 22 - 63 = 22 - 31, contradiction.

If 52 =12-14 = 63 - 12 then, by Proposition 3.11, 52 = 12 - 14 = 22, contradic-
tion.

In this way we have proved that when aba -a = 61, there is no right solvability,
a contradiction.

The proof that there is no right solvability in Case 2 (aba - a = 62), Case 3
(aba - a = 63) and Case 4 (aba - a = 64) are similar, where the values in Table 7
are different, according to Theorem 5.2. We omit these detailed calculations. [

There are 32 quadratical quasigroups of order 25 (cf. [3]). Some of them are

isomorphic to quasigroups Q1xQ1, Q1x (Q1)*, (Q1)*xQ1, (Q1)*x(Q1)*.
Theorem 7.2. Quadratical quasigroups induced by Zsos are not isomorphic to
Q1xQ1, Q1x(Q1)", (Q1)*xQ1, (Q1)"x(Q1)".
Proof. There are only two quadratical quasigroups induced by Zos (cf. [3]). Their
operations are given by z -y = 22z + 4y(mod 25) and z o y = 4z + 22y(mod 25).
Quasigroups Q1 and (Q1)* are isomorphic, respectively, to quasigroups (Zs, -) and
(Zs,0), where = - y = 4x + 2y(mod 5) and x o y = 2z + 4y(mod 5).

Suppose that (Zes, ) is isomorphic to Q1xQ1 or to Q@1x(Q1)*. Since in (Zs, )
we have z - zy = yz, in Q1 x Q1 and Q1 x (Q1)* for all T = (z,a) # 7Y = (y,a),
Z - Ty = yz. But in (Zos, ) we have 22y + 4z = yz = T - &y = 10z + 16y, which
implies T = §. So, (Zas, ) cannot be isomorphic to Q1xQ1 or Q1 x (Q1)*.

In (Q1)*xQ1 and (Q1)* x (Q1)* for all T = (x,a) # ¥ = (y,a), we have
T - T = Ty. But in (Zss, ) we have 227 + 4y = Ty = yZ - T = 9y + 17Z, which
implies T = §. So, (Zss, -) also cannot be isomorphic to (Q1)*xQ1 or (Q1)*x(Q1)*.

In the same manner we can prove that (Zss,0) is not isomorphic to Q1 xQ1,

Q1x(Q1)", (Q1)"xQ1, (Q1)*x(Q1)". H

8. Translatable groupoids

Patterns of translatability can be hidden in the Cayley tables of quadratical quasi-
groups. One can assume the properties of quadratical quasigroups and then calcu-



218 W. A. Dudek and R. A. R. Monzo

late whether translatable groupoids of various orders exist with these properties.
We proceed to prove that the quadratical quasigroups @1, (Q1)*, @3, (Q3)*, Q4
and (Q4)* are translatable and that Q2 is not translatable.

Definition 8.1. A finite groupoid @ = {1,2,...,n} is called k-translatable, where
1 < k < n, if its Cayley table is obtained by the following rule: If the first row of
the Cayley table is a1, as, . .., a,, then the ¢-th row is obtained from the (g —1)-st
row by taking the last k entries in the (¢—1)—st row and inserting them as the first
k entries of the g-th row and by taking the first n — k entries of the (¢ — 1)-st row
and inserting them as the last n—k entries of the g-th row, where ¢ € {2,3,...,n}.

Then the (ordered) sequence a1, as, ..., a, is called a k-translatable sequence of Q
with respect to the ordering 1,2, ...,n. A groupoid is called a translatable groupoid
if it has a k-translatable sequence for some k € {1,2,...,n}.

It is important to note that a k-translatable sequence of a groupoid @ depends
on the ordering of the elements in the Cayley table of Q). A groupoid may be k-
translatable for one ordering but not for another (see Example 8.13 below). Unless
otherwise stated we will assume that the ordering of the Cayley tableis 1,2,...,n
and the first row of the table is a1, as, ..., ay.

Proposition 8.2. The additive group Z,, is (n — 1)-translatable.

The example below shows that there are (n — 1)-translatable quasigroups of
order n which are not a cyclic group.

Example 8.3. Consider the following three groupoids of order n = 5.

These groupoids are 4-translatable quasigroups but they are not groups. The
first is idempotent, the second is without idempotents, the third is a cyclic quasi-
group generated by 1 or by 5.

Proposition 8.4. Any (n — 1)-translatable groupoid of order n is commutative.

Proof. In a k-translatable groupoid ¢ - j = a(j—1)(n—k)+j, Where the subscript is
calculated modulo n. If k =n —1,theni-j=a;4;_1 =7 -1. O

Theorem 8.5. There are no (m — 1)-translatable quadratical quasigroups of order
m.

Proof. By Proposition 8.4 such a quasigroup is commutative. Since it also is
bookend and idempotent, x = (y - z) - (z-y) = (z-y) - (v -y) = z -y, so it cannot
be a quasigroup. O
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The following proposition is obvious.

Proposition 8.6. Every 1-translatable groupoid is unipotent, i.e., in such groupoid
there exists an element a such that 2 = a for every x.

Corollary 8.7. There is no idempotent 1-translatable groupoid of order n > 1.

Proposition 8.8. A k-translatable groupoid of order n containing a cancellable
element is a quasigroup if and only if (k,n) = 1.

Proof. Let Q be a k-translatable groupoid of order n and let a be its cancellable
element. Then in the Cayley table [z;;],xn corresponding to this groupoid the a-
row contains all elements of (). Without loss of generality we can assume that this
is the first row. If this row has the form aq, as,...,a,, then other entries have the
form x;; = a(;_1)(n—r)+;, where the subscript (i—1)(n—Fk)+j is calculated modulo
n. Obviously, for fixed ¢ = 1,2,...,n, all entries x;1, x;2, ..., x;, are different.

If (n,k) =1, then also (n,n — k) = 1. So, in this case, also all 1;, zaj,...,Tn;
are different. Hence, this table determines a quasigroup.

If (n,k) =t > 1, then (n,n — k) = t and the equation (i — 1)(n — k) = 0
has at least two solutions in the set {1,2,...,n}. Thus, in the Cayley table of
such groupoid at least two rows are identical. Hence such groupoid cannot be a
quasigroup. O

Theorem 8.9. For every odd n and every k > 1 such that (k,n) = 1 there is
at most one idempotent k-translatable quasigroup. For even n there are no such
quasigroups.

Proof. Let ay1,as0,as,...,ay, be the first row of a k-translatable quasigroup Q.

This quasigroup is idempotent only in the case when in its Cayley table we
have 1 = 11, 2 = T22 = Q(n—k)+2, 3 = T33 = Ao(n—k)+3, 4 = Taa = A3(n—k)+4>
and so on. This means that the main diagonal of the table [z;;],xn should con-
tains elements a1, a(n—r)42, @2(n—k)+3s - - - » G(n—1)(n—k)+n, Where all subscripts are
calculated modulo n. Obviously, a¢(n—k)4+ = @y (n—k)4+ only in the case when
t —th = t' — t'k(modn), ie., (t —¢)(k —1) = O(modn). If n is odd and
(n,k) = 1, then for some k also is possible (n,k — 1) = 1. In this case the
equation z(k — 1) = 0(modn) has only one solution z = 0, so ¢ = t. Hence the
diagonal of the table [x;;]nxn contains n different elements.

If n is even and (n, k) = 1, then k is odd. Thus, k—1 is even and (n,k—1) # 1.
Hence, the equation z(k —1) = 0(mod n) has at least two solutions. Consequently,
the diagonal of the table [%j]an contains at least two equal elements. This
contradicts to the fact that this quasigroup is idempotent. Therefore, for even n
there are no idempotent k-translatable quasigroups. O

Corollary 8.10. For every odd n and every k > 1 such that (n, k) = (n,k—1) =1
there is exactly one idempotent k-translatable quasigroup of order n.
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Corollary 8.11. The first row of an idempotent k-translatable quasigroup QQ =
{1,2,...,n} has the form 1,az,a3, ..., an, Where a(;—1)(n—k)+i(modn) = 1 for every

1€ Q.

Example 8.12. Consider an idempotent quasigroup @ = {1,2,...,7}. From the
proof of Theorem 8.9 it follows that if this quasigroup is 3-translatable, then the
first row of its Cayley table has the form 1,4,7,3,6,2,5. If it is 4-translatable,
then the first row has the form 1,3,5,7,2,4,6.

Example 8.13. The following example shows that for Q1 = {a, ab, ba, b, aba} the
sequence a, ba, aba,ab,b is 3-translatable, but Q1 presented in the form Q1" =
{a, b, ab, ba, aba} has no translatable sequences.

Q1 a ab | ba b aba Q| a b ab | ba | aba
a a ba | aba | ab b a a ab | ba | aba | b
ab | aba | ab b a ba b ba b aba | ab a
ba b a ba | aba | ab ab | aba | a ab b ba
b ba | aba | ab b a ba b |aba | a ba ab

aba | ab b a ba | aba aba | ab ba b a aba

The sequence a, aba, b, a b, bxa is 2-translatable for (Q1)* = {a,b*a,axb,b, aba}.
(Q1)* ={a,b,b*a,axb,aba} has no translatable sequence.

(QL)*| a |bxa|axb| b | aba Q1) a b |bxa| axb| aba
a a aba b |axb|bx*xa a a ax*xb | aba b bxa
bxal|axb|bxa| a aba b b bxa b a aba | axb
axb| aba b |laxb|bxa| a bxa | axb| aba | bxa a b
b |bxa| a aba b |axb axb | aba | bxa b axb a
aba b |axb|bxal| a aba aba b a axb | bxa | aba

By Corollary 8.10, the quasigroup @1 is isomorphic to a 3-translatable quasi-
group (Zs, o) with the operation x oy = 42 + 2y(mod 5). The dual quasigroup
(Q1)* is isomorphic to a 2-translatable quasigroup (Zs,¢) with the operation
x oy = 2z + 4y(mod 5).

Theorem 8.14. A groupoid isomorphic to a k-translatable groupoid also has a
k-translatable sequence.

Proof. Let a be an isomorphism from a k-translatable groupoid (Q, -) to a groupoid
(S,0). If Q is with ordering 1,2,...,n, then on S we consider ordering induced by
a, namely a(1),(2),...,a(n). Suppose that the first row of the Cayley table of
@ has the form ay,as,...,a,. Then in the i-th row and j-th column of this table
IS Tij = a(i—1)(n—k)+j(modn). Consequently, in the a(i)-row and «a(j)-th column
of the Cayley table [z;;] of S we have z,(;),a(j) = (i) 0 a(j) = afi - j) = alzy).
Since @ is k-translatable, for every 1 < ¢t < k, we have a; p—p4++ = @ij+1+ Thus,
aatnorit) = 0i) 0 aln — k+8) = al@in-ri) = alviie) = al(i+1) ) =
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a(i+1)oa(t) = za(it1),a)- This shows that S also is k-translatable (for ordering
a(l),a(2),...,a(n)). O

Theorem 8.15. An idempotent cancellable groupoid of order 9 is not translatable.

Proof. Let ay,as,as,a4,as,ag,ar,as,ag be the first row of the Cayley table of an
idempotent cancellable groupoid ). Then obviously a; # a; for i # j. If @ is
k-translatable, then z44 = 4 = ag(9—_p)44. Since 3(9 — k) +4 = 4(mod 9) only for
k = 3 and k = 6, this groupoid can be 3-translatable or 6-translatable. But in this
case the fourth row coincides with the first, so () cannot be cancellable. O

Corollary 8.16. The quadratical quasigroups of order 9 are not translatable.

Theorem 8.17. An idempotent, bookend quasigroup Q, where @ = {1,2,...,n},
is k-translatable if and only if for every i € Q we have i = a(s_1)(n—k)+t(modn)s
where s,t € QQ are such that

{ k—2=s(k—1)(modn), (15)

ik —1=t(k — 1)(modn).

Proof. Let 1,a9,as,...,a, be the first row of the Cayley table [z;;] of an idem-
potent, bookend quasigroup @ = {1,2,3,...,n}. If it is k-translatable, then, by
Corollary 8.11, we have a(;—1)(n—k)+i(modn) = ¢ for each i € Q.

Moreover, in this quasigroup for every i € ) should be

i=(1-4)-(i-1) = a;  Ti1 = Qi - QG—1)(n—k)+1(mod n)
=Ss-t=xg= A(s—1)(n—k)+t(modn)s

where
{ a; = a(sfl)(nfk)Jrs(modn) =S,
A(i—1)(n—k)+1(mod n) = Q(t—1)(n—k)+t(modn) =t

for some s,t € {1,2,...,n} satisfying (15).
The converse statement is obvious. O

Corollary 8.18. A quadratical quasigroup of order 25 can be k-translatable only
for k=T ork=18.

Proof. Let Q = {1,2,...,25} be a quadratical quasigroup. By Theorem 8.17, in
this quasigroup for ¢ = 2 should be

A27—k(mod 25) = Lst = Q(s—1)(25—k)-+t(mod 25)>

where s,t € {1,2,...,25} satisfy the equations

k—2=s(k—1)(mod25),
{Qk‘ —1=t¢(k —1)(mod 25).
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To reduce the number of solutions of these equations observe that

Tin # 16— a(i—1)(25-k)+1(mod 25) # 1 = a1 ¢— (i — 1)k % 0(mod 25).

The last, for ¢ = 6, is possible only for k # 5, 10, 15, 20.
Also

Tis 7é 1 — a(ifl)(25,k)+i(mod25) 7é 1= al — (Z — 1)<k — 1) i O(mod 25)7

which for ¢ = 6 is possible only for k # 6,11, 16, 21.

Hence @ cannot be k-translatable for k € {5,6,10,11, 15,16,20,21}. By The-
orem 8.5 and Corollary 8.7 it also cannot be k-translatable for k € {1,24,25}.

In other cases, for i = 2, we obtain

k 2 3 4 7 8 9 |12 13|14 |17 |18 19| 22|23
s 2511319 | 5| 84 (10| 3 |24|15|23|19]20 |18
t 3115 (1912312024 |18|25| 4 |12 | 5 9 8 |10
LTst | G5 | G4 | Q12 | Q20 | Q14 | Q22 | Q10 |G24 | A7 | A24 | A9 | Q17 | Q15 | 19
A27 | A25 | A24 | G23 | G20 | G19 | A18 | A15 [A14 | G13 | Q10 | Q9 | A8 | A5 | G4

Since zg = ag7—k only for k =7 and k = 18, a quasigroup of order 25 can be
k-translatable only for k =7 and k = 18.

Direct computations shows that Zos with the operation z-y = 22x+4y(mod 25)
is an example of a 7-translatable quadratical quasigroup of order 25. Its dual
quasigroup is a 18-translatable. O

By changing the order of rows and columns in Tables 3, 4, 5 and 6 we obtain
the following two theorems.

Theorem 8.19. The sequence 11,12,33,21,31,34,24,32,13,14,13, aba, 22 is 5-
translatable for Q3 = {11,14,34,12,23, 24,33, aba, 32,21, 22,13, 31}.

The sequence 11%12% 23* aba®, 22% 13% 14% 34% 24* 32* 33* 21* 31* is 8-trans-
latable for (Q3)*={11% 14* 31* 13* 21% 22*, 33* aba*, 32* 23* 24%, 12* 34*}.
Theorem 8.20. The sequence

11,12,42,43,13, 14, 33,21, 31,44, 23, aba, 22,41, 34, 24, 32
is 13-translatable for
Q4 = {11,14,23,24,43,31,41,12, 33, aba, 32, 13, 44, 34, 42, 21, 22}.
The sequence

11%,12%, 34%, 24%, 32*, 44*, 23", aba*, 22, 41*,33*, 21*, 31%, 13*, 14*, 43", 42*

1s 4-translatable for
(Q4)* = {117 14* 21* 22* 44* 34*, 42*, 13*, 33" aba*, 32*, 12*, 43" 31%, 41%, 23* 24*}.

Quasigroups Q3 and (Q3)* are isomorphic, respectively, to quasigroups (Zi3, -)

and (Zy3,0), where z - y = 11z + 3y(mod 13) and z oy = 3z + 11y(mod 13

(
)-
Quasigroups Q4 and (Q4)* are isomorphic, respectively, to quasigroups (Z17, -)
and (Zi7,0), where z -y = 11z + Ty(mod 17) and x o y = Tz + 11y(mod 17).
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9. Translatable quasigroups induced by groups Z,,

In this section we describe quadratical quasigroups induced by groups Z,,. We
start with some general results.

Lemma 9.1. A quasigroup of the form xxy = ax + by + ¢ induced by a group Zn,
is k-translatable if and only if a + kb = 0(mod m).

Proof. The i-th row of the Cayley table of this quasigroup has the form
a(i—1)+ca(i —1)+b+ca(i—1)+2b+c,...,a(i—1)+ (m—1)b+c,
the (i + 1)-row has the form
ai+c,ai+b+c,ai+2b+c¢,...,ai+ (m—1)b+c.
So, this quasigroup is k-translatable if and only if
ait +c=a(i— 1)+ (m — k)b + c¢(modm),
i.e., if and only if a + kb = 0(mod m). O

Corollary 9.2. A quasigroup (Zy,,o), where x oy = ax +y+ ¢, is (m — a)-trans-
latable.

Theorem 9.3. Fach quadratical quasigroup induced by group Z., is k-translatable
for some 1 < k < m — 1, namely for k such that (a — 1)k = a(modm). This is
valid for exactly one value of k.

Proof. By Theorem 2.5 and Lemma 9.1 a quadratical quasigroup induced by Z,,
is k-translatable if and only if there exist k& such that a = (1 — a)k(mod m), i.e.,
(a — 1)k = a(mod m). Since (a —1,m) = 1, the last equation has exactly one
solution in Z,, (cf. [8]). O

Theorem 9.4. A quadratical quasigroup (Zpy,,-) with -y = ax + (1 — a)y is k-
translatable if and only if its dual quasigroup (Z,, o), where xoy = (1 —a)x + ay,
is (m — k)-translatable.

If (Zy,,0) is t-translatable, then ak = (a — 1)(modm), ie., t = = (mod m)

(-% and % are well defined in Z,, because (a,m) = (a — 1,m) = 1.) Thus
2

E+t= % = 0(mod m), by Theorem 2.5. Hence k +t = m. O

Note that this theorem is not valid for quasigroups which are not quadratical.
Indeed, a quasigroup (Zr,-) with z - y = 4o 4+ y(mod 7) is 3-translatable, but its
dual quasigroup (Zr, ), where x x y = x + 4y(mod 7), is 5-translatable.

Corollary 9.5. There are no self-dual quadratical quasigroups induced by groups
Loy, -
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Using Theorem 9.3 we can calculate all k-translatable quadratical quasigroups
induced by groups Z,,. For this, it is better to rewrite the condition given in
Theorem 9.3 in the form (k — 1)a = k(mod m).

2-TRANSLATABLE QUADRATICAL QUASIGROUPS

In this case a = 2(modm), where a satisfies (5). So, 5 = 0(modm). Thus
m = 5. Therefore there is only one 2-translatable quadratical quasigroup induced
by Zy,. It is induced by Zs and has the form z - y = 2z + 4y(mod 5).

3-TRANSLATABLE QUADRATICAL QUASIGROUPS

Then 2a = 3(mod m). Since (5) can be written in the form 2a(ea — 1)+ 1 =0,
we also have 3a = 2(mod m). This, together with 4a = 6(mod m), implies a = 4.
Hence 8 = 3(mod m). Thus m = 5. Therefore there is only one 3-translatable
quadratical quasigroup induced by Z,,. It is induced by Zs and has the form
x -y = 4z + 2y(mod 5).

4-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 3a = 4(modm) and 6a = 8(mod m). From (5) we obtain 6a(a—1)+3 = 0,
which together with the last equation gives 8a = 5(modm). This, with 9a =
12(mod m), implies @ = 7. Hence 21 = 4(modm). Thus m = 17. Therefore there
is only one 4-translatable quadratical quasigroup induced by Z,,. It is induced by
Z17 and has the form -y = 7z + 11y(mod 17).

5-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 4a = 5(mod m) and 5a = 3(mod m), by (5). Thus, 16a = 20(mod m) and
15a = 9(modm), which implies @ = 11. Hence 44 = 5(modm). Thus m = 13.
Therefore a 5-translatable quadratical quasigroup is induced by Z;3 and has the
form z -y = 11a + 4y(mod 13).

6-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 5a = 6(mod m) and 12a = 7(mod m), by (5). Thus, 25a = 30(mod m) and
24a = 14(mod m), which implies ¢ = 16. Hence 80 = 6(modm). Thus m = 37.
Therefore a 6-translatable quadratical quasigroup is induced by Zs; and has the
form x - y = 162 + 22y(mod 37).

7T-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 6a = 7(modm) and 7a = 4(modm), by (5). Thus, a = (—3)(modm)
and (—18) = 7(modm). Consequently, 25 = 0(modm). Hence m = 25. (The
case m = 5 is impossible because must be m > k = 7.) Therefore a = 22.
So, a 7-translatable quadratical quasigroup is induced by Zss and has the form
x -y = 22z 4 4y(mod 25).

8-TRANSLATABLE QUADRATICAL QUASIGROUPS

Now 7a = 8(modm) and 16a = 9(modm), by (5). Thus, 49¢ = 56(mod m)
and 48a = 27(modm) shows that a = 29(modm). Hence 7 -29 = 8(modm)
and 16 - 29 = 9(modm) imply 195 = 0(modm) and 455 = 0(mod m). Therefore,
65 = 0(modm). Since m > k = 8, the last means that m = 65 or m = 13. So, a
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8-translatable quadratical quasigroup is induced by Z,3 or by Zgs. In the first case
it has the form z -y = 3z + 11y(mod 13), in the second z - y = 29z + 37y(mod 65).

9-TRANSLATABLE QUADRATICAL QUASIGROUPS

In this case 8a = 9(mod m) and 9a = 5(mod m), by (5). So, a = (—4)(mod m),
and consequently 41 = 0(modm). Thus, m = 41. Hence a 9-translatable quadrat-
ical quasigroup is induced by Z4; and has the form z - y = 37z + 5y(mod 41).

10-TRANSLATABLE QUADRATICAL QUASIGROUPS

In a similar way we can see that there is only one 10-translatable quasigroup
induced by Z,,. It is induced by Z101 and has the form x -y = 462 + 56y(mod 101).

As a consequence of the above calculations and Theorem 9.4 we obtain the
following list of (m — k)-translatable quadratical quasigroups induced by Z,.

(m — 2)—TRANSLATABLE QUADRATICAL QUASIGROUPS

There is only one such quasigroup. It is induced by Zs and has the form
x -y = 4x + 2y(mod 5).

(m—3)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form x - y = 22 + 4y(mod 5).

(m—4)—TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form « -y = 11z + 7y(mod 17).

(m—5)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form x - y = 3z + 11y(mod 13).

(m—6)—TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form « -y = 22z + 16y(mod 37).

(m—T)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form z - y = 42 4+ 22y(mod 25).

(m—8)-TRANSLATABLE QUADRATICAL QUASIGROUPS

There are only two such quasigroups. The first has the form -x -y = 11z +
3y(mod 13), the second z - y = 37z + 29y(mod 65).

(m—9)-TRANSLATABLE QUADRATICAL QUASIGROUPS
There is only one such quasigroup. It has the form x - y = 5z 4+ 37y(mod 41).

(m—10)-TRANSLATABLE QUADRATICAL QUASIGROUPS
Such a quasigroup is induced by Z10; and has the form z-y = 562+46y(mod 101).

Below, for k < 40, we list all k-translatable quadratical quasigroups of order
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m < 1200 defined on Z,,.

k m a b k m a b

k| m a b
L T 729 |21 | 9 90 | 421 | 407 | 15
e 145 | 137 | 9 30 53 | 12 | 42
L] 18125 | 4 | 22 901 | 436 | 466
=R N B 65 | 24 | 42 51 37 | 22 | 16
R 325 | 154 | 172 481 | 466 | 16
AR 19181 [172 | 10 59 41 | 5 | 37
50 [ 401 | 191 | 211 205 | 87 | 119
8 ég’ 239 ;; 51 [221 | 211 | 11 1025 | 497 | 529
PR e L 52 [ 97 | 38 | 60 351109 | 93 | 17
485 | 232 | 254 545 | 529 | 17
10 | 101 | 46 | 56 551 53 | 42 | 12 34| 80 | 28 | 62
11| 61 | 56 | 6 265 | 254 | 12 1157 | 562 | 596
129291 9 ) 21 94 | 577 | 277 | 301 35 613 | 596 | 18
145 ] 67 | 79 95 [ 313 | 301 | 13 36 | 1297 | 631 | 667
13 ég % ; 26 [ 677 | 326 | 352 37 137 | 119 | 19
L 57 [ 73 | 60 | 14 685 | 667 | 198
365 | 352 | 14 38 %5 | 24 | 62
15| 113 | 106 | 8 98 [ 157 | 65 | 93 989 | 126 | 164
16 | 257 | 121 | 137 785 | 379 | 407 30 [ 761 | 742 | 20

10. Classification of quadratical quasigroups

We have classified translatable quadratical quasigroups in several ways. Firstly,
all k-translatable quadratical quasigroups induced by Z,, were calculated for k €
{2.3....,10}. Secondly, for a quadratical quasigroup of order m we calculated
all (m — t)-translatable quadratical quasigroups for t € {2,3,...,10}. Then we
calculated all k-translatable quadratical quasigroups (k < 40) on Z,, of order
m < 1200. We now list all k-translatable quadratical quasigroups induced by Z,,,
for m < 500. A list of all translatable quadratical quasigroups of the form Qn, up
to a certain order, remains uncalculated.

Below are listed all k-translatable quadratical quasigroups of the form z -y =
azx + by(modm), where a < b, defined on the group Z,, for m < 500. Dual
quasigroups x o y = bz + ay(mod m) are omitted.

For example, the group Zgs induces four quadratical quasigroups: x -y =
24x 4+ 42y(mod 65), x - y = 29z + 37y(mod 65) and two duals to these two. The
first is 18-translatable, the second 8-translatable. In the table below these dual
quasigroups z -y = 42z + 24y(mod 65) and z -y = 37z +29y(mod 65) are not listed.
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T a b % m a b k m a b k
5 5 1 5 173 | 47 | 127 | 80 337 | 95 | 243 | 148
3311 3 181 | 10 | 172 | 162 349 | 107 | 243 | 136
185 | 22 | 164 | 142 353 | 156 | 198 | 42

17 | 7 | 11 4

55 T4 22 |18 59 | 127 | 68 365 | 14 | 352 | 338
20 To 21 [ 12 193 | 41 | 153 | 112 87 | 279 | 192
37 16 22 5 197 | 92 | 106 | 14 373 | 135 | 239 | 104
5 37 39 205 | 37 | 169 | 132 377 | 50 | 328 | 278
55 19 12 1 30 87 | 119 | 32 154 | 224 | 70
61 6 156 50 221 | 11 | 211 | 200 389 | 58 | 332 | 274
o oi 2 s 24 | 198 | 174 397 | 32 | 366 | 334
59 | 37 3 229 | 54 | 176 | 122 401 [ 191 | 211 | 20
== T141 60 | 46 233 | 45 | 189 | 144 409 | 72 | 338 | 266
T 779 7 241 | 89 | 153 | 64 421 | 15 | 407 | 392
o1 | 62 | 38 257 [ 121 | 137 | 16 425 | 79 | 347 | 268
59 T332 | 34 265 | 12 | 254 | 242 147 | 279 | 132
o7 T35 60 22 42 | 224 | 182 433 | 90 | 344 | 254
ToiT46 T 56 T 10 269 | 94 | 176 | 82 445 | 62 | 384 | 322
09 117 T 93 176 277 |1 109 | 169 | 60 117 | 329 | 212
13178 1061 98 281 | 27 | 255 | 228 449 | 34 | 416 | 382
55 139 T 97 1 68 289 | 126 | 164 | 38 457 | 55 | 403 | 348
3719 1119 100 293 | 78 | 216 | 138 461 | 207 | 255 | 48
519 1371138 305 | 67 | 239|172 481 | 16 | 466 | 450
67| 79 | 12 117 | 189 | 72 133 | 349 | 216
195397 1 44 313 | 13 | 301 | 288 485 | 157 | 329 | 172
=765 T 93 128 317 (102 | 216 | 114 232 | 254 | 22
169 150 T30 170 325 | 29 | 297 | 268 493 | 79 | 415 | 336
154 | 172 | 18 96 | 398 | 302

10. Open questions and problems

Problem 1. For which values of n are there quadratical quasigroups of form Qn?

Note that n ¢ {5,6,8,14,17,19, 33,26, 32,...}. Moreover, from Theorem 4.11
in [3] it follows that there are no such quasigroups if there is a prime p|4n + 1 such
that p = 3(mod4).

Problem 2. Is every quadratical quasigroup Q of form Qn translatable (n # 2)¢
The answer is positive if @) is isomorphic to a quasigroup induced by Zg,41-

Problem 3. Are there self-dual, quadratical groupoids of order greater than 97
Such quasigroups cannot be induced by Z,,.

Problem 4. Is every quadratical groupoid of order greater than 9 and of form Qn
(n = 3) generated by any two of its distinct elements?
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Problem 5. If a quadratical quasigroup @Q of order m is k-translatable, then is
Q* (m — k)-translatable?
For quadratical quasigroups induced by Z,, the answer is positive.
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