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Semigroups in which the radical

of every quasi-ideal is a subsemigroup
Jatuporn Sanborisoot and Thawhat Changphas

Abstract. For a non-empty subset A of a semigroup S, v/A denotes the radical of A4, i.e.,
Yy g

VA ={z € S|z™c A for some positive integer n}. This paper characterizes when the radical

+/Q is a subsemigroup of S for every quasi-ideal @ of S.

1. Introduction and Preliminaries

Let S be a semigroup. For a,b € S, the subsemigroup of S generated by {a, b} is
denoted by (a,b). A non-empty subset A of S is called a left (respectively, right)
ideal of S if SA C A (respectively, AS C A). And, A is called a two-sided ideal
(or ideal) of S if it is both a left and a right ideal of S. A non-empty subset @ of
S is called a quasi-ideal of S if QSN SQ C Q. A subsemigroup B of S is called a
bi-ideal of S if BSB C B (cf. [2], [3]).

For a non-empty subset A of a semigroup S, v'A denotes the radical of S, i.e.,
VA=1{aeS|a" € A for some positive integer n}.

In [1], M. Ciri¢ and S. Bogdanovié characterized when the radical v/A4 is a subsemi-
group of S for every ideals A of S. Indeed, the authors studied when the radical
of every ideal of S is a subsemigroup of S; and when the radical of every bi-ideal
of S is a subsemigroup of S. The notion of quasi-ideals generalizes ideals, and the
notion of bi-ideals generalizes quasi-ideals, but quasi-ideals have been widely stud-
ied; see [3]. In the line of [1], this paper considers the case of quasi-ideals. Indeed,
we characterize when the radical /@ of every quasi-ideal @) of S is a subsemigroup
of S.

Let N = {1,2,3,...} denote the set of all positive integers. Let a,b be any
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elements of a semigroup S with identity. Define

a|b <= b=uzay for some x,y € S;

al,b <= b=azx for some z € S

aljb <= b=uya for some y € S,

altb <= al|.bAal| b

a—b < alb" for some n € N; and

alhh = a|p b" for some n € N where h is r,[ or t.

2. Main results

In [3], a non-empty subset @ of a semigroup S is a quasi-ideal of S if and only if
it is an intersection of a left and a right ideal of S. We begin the section with the
following theorem.

Theorem 2.1. Let S be a semigroup with identity. Then the radical of every
quasi-ideal of S is a subsemigroup of S if and only if

Va,b€ S Vi,j € N3n e N [(ab)” € {a*,b7}S N S{a’,b7}].
Proof. Assume that the radical of every quasi-ideal of S is a subsemigroup of S.
Let a,b € S, and let 4,5 € N. Put
Q= {d",VV}SnS{a", V}.

Then @ is a quasi-ideal of S such that a, b € v/@Q. By assumption, ab € /Q. Hence
(ab)™ € {a*,"}S N S{a’,b’} for some n € N.

Conversely, assume that for all a,b in S and 4,5 in N there exists n € N such
that (ab)™ € {a*,b'}S N S{a’,b’}. Let Q be a quasi-ideal of S, and let a,b € \/Q.
Then a' € Q and b € Q for some i,j € N. By assumption, there exists n € N
such that (ab)" € {a*,"}S N S{a’,b’}. Thus ab € \/Q, because

(ab)™ € {a®,b1}S N S{a’, b} C QSN SQ C Q.
Hence /@ is a subsemigroup of S. O

Let S ={a,b,c,d,1} be a semigroup with the multiplication:

-‘abcdl
ala a a a a
bla a a a b
cla a b a c
dla a b b d
lla b ¢ d 1
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The quasi-ideal of S is {{a}, {a,b}, {a,b,c},{a,b,d},{a,b,c,d},S}. Observe that
v9{a} ={a,b}, \/{a,b} = \/{a,b,c} =+/{a,b,d} = \/{a,b,c,d} = {a,b,c,d} and
VS = S; then the radical of every quasi-ideal of S is a subsemigroup of S.

In general, the radical of quasi-ideals of a semigroup with identity need not be
subsemigroups, as the following example shows:

Let S ={a,b,c,d, f,1} be a semigroup with the multiplication:

a b ¢ d f 1
ala a a a a a
bla b a d a b
cla f ¢ ¢ f ¢
dla b d d b d
fla f a ¢ a f
lla b ¢ d f 1

The quasi-ideal of S is {{a},{a,b},{a,c},{a,d}{qa, f}.{a,b,d}, {a,c,d},
{a,b, f}{a,c, f},{a,b,c,d, f}, S} We have \/{a,c,d} ={a,c,d, f} which is not a
subsemigroup of S.

Theorem 2.2. Let S be a semigroup with identity. Then the radical of every right
ideal of S is a quasi-ideal of S if and only if

Ya,bc€ Slal,cAblic=Vi,j€EN[a" 5 cVvi 5 (.

Proof. Assume that the radical of every right ideal of S is a quasi-ideal of S. Let
a,b,c € S such that a | c and b |; ¢. Then ¢ = au and ¢ = vb for some u,v € S.
Let i,j € N. Put R = {a’,1’}S; then R is a right ideal of S and a,b € VR. By
assumption, v/R is a quasi-ideal of S. Since ¢ = au and ¢ = vb,

ce VRSN SVRC VR.

Thus ¢" € R for some n € N, whence a* = ¢ or b 5 c.
Conversely, assume that for all a,b,cin S,
alreAblic=Vi,jeN[a® 5 cvb 5.

Let R be a right ideal of S. To show that vVRSNSVR C VR, let z € VRSNSVR.
Then z = au and = = vb for some u,v € S and a,b € VR. Since a,b € VR, there
exist i,j € N such that a’,b’ € R. By assumption, there exists n € N such that
x" € {a’, b/ }S. Since

{a",¥"}S C RS C R,

then = € VR. Hence VR is a quasi-ideal of S. O
As Theorem 2.2, we obtain the following.

Theorem 2.3. Let S be a semigroup with identity. Then the radical of every left
ideal of a semigroup S is a quasi-ideal of S if and only if
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Va,meS[a|rc/\b|lc:>Vi,j€N[aii>cvb7i>c]].

Theorem 2.4. Let S be a semigroup with identity. Then the radical of every
quasi-ideal of S is a quasi-ideal of S if and only if
Va,b,c€ S [al,cAbljc=Vi,j € NIneN [c" € {a’,t’}S N S{a’, b }]].

Proof. Assume that the radical of every quasi-ideal of S is a quasi-ideal of S. Let
a,b,c € S such that a |. c and b |; ¢. Then ¢ = au and ¢ = vb for some u,v € S.
Let 7,7 € N. Put

Q= {d",VV}SnS{a",V}.

Then @ is a quasi-ideal of S and a,b € v/@Q. By assumption, /@ is a quasi-ideal
of S. Since ¢ = au and ¢ = vb,

ce/QSNSVQ C/Q.

Hence c" € {a*,b7}S N S{a’,b’} for some n € N.
Conversely, assume that for all a,b,c € S,

alpcAb|ic=Vi,j e NIneN [c" € {a’, 1/ }S N S{a’, b }].

Let Q be a quasi-ideal of S. We need show that /QS N Sv/Q C +/Q. Let = €
V@S N Sy/Q. Then z = au and = = vb for some a,b € +/Q and u,v € S. Since
a,b € \/Q, there exist i, j € N such that a’,/ € . By assumption, there exists
n € N such that 2™ € {a’,’}S N S{a’,b’}. Since

(', b1}S N S{a’, b1} C QSN SQ C Q,
then x € /@, whence /@ is a quasi-ideal of S. O

Theorem 2.5. Let S be a semigroup with identity. The radical of every ideal of
S is a quasi-ideal of S if and only if

Va,b,ce S [a|, cAb|jc=Vi,j €N [a' = cVb - ]

Proof. Assume that the radical of every ideal of S is a quasi-ideal of S. Let
a,b,c € S such that a |, cand b |; ¢. Then ¢ = au and ¢ = vb for some u,v € S.
Let 4,7 € N. Put A = S{a’,1’}S, then A is an ideal of S and a,b € VA. By
assumption, v/A is a quasi-ideal of S. Since ¢ = au and ¢ = vb,

ceVASNSVACVA.

Then there exists n € N such that ¢ € A. Hence a’ — c or ¥/ — c¢. The opposite
direction can be proved similarly to the converse of Theorem 2.2. O

Theorem 2.6. Let S be a semigroup with identity. The radical of every quasi-ideal
of S is a bi-ideal of S if and only if
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Va,b,c € S Vi,j € N3n €N [(abc)” € {a’,c?}S N S{a’, ' }].

Proof. Assume that the radical of every quasi-ideal of S is a bi-ideal of S. Let
a,b,c € S, and let i,j € N. Put Q = {a*,¢’}S N S{a’,c’}. Observe firstly that Q
is a quasi-ideal of S and a, ¢ € /Q. By assumption, /@ is a bi-ideal of S. Then

abe € v/QSVQ € V/Q.

Hence (abe)™ € {a*,c?}S N S{a’,c?} for some n € N.
Conversely, assume that for any a,b,c € S, and 4,7 € N,
(abe)™ € {a*,7}S N S{a’,c’} for some n € N.

Let @Q be a quasi-ideal of S. Let a,c € VQ, _and let b € S. Then a’,¢? € Q for
some i,j € N. By assumption, (abc)” € {a’,c¢’}S N S{a’,c} for some n € N.
Consider

(abe)™ € {a',}S N S{a’,d} CQRSNSQ C Q.
Thus abc € v/Q, and +/Q is a bi-ideal of S. O

Theorem 2.7. Let S be a semigroup with identity. The radical of every quasi-ideal
of a semigroup S is a right ideal of S if and only if

akbabforalla,bes and k € N.

Proof. Assume that the radical of every quasi-ideal of S is a right ideal of S. Let
a,bc Sand k € N. Put Q = a*SNSa*. Then Q is a quasi-ideal of S and a € /Q.
By assumption, /@ is a right ideal of S. Thus ab € /@S C +/Q. We then have

that there exists n € N such that (ab)” € Q. Hence a* L5 ab.

Conversely, assume that a” Ly ab for all a,b € Sand k € N. Let Q be a
quasi-ideal of S, and let a € \/Q and b € S. Then a* € Q for some k € N. Since

a*SNSd* CQRSNSQ CQ,

(ab)™ € Q for some n € N. This implies ab € /@, and hence 1/Q is a right ideal
of S. 0

As Theorem 2.7, we obtain the following theorem.

Theorem 2.8. Let S be a semigroup with identity. The radical of every quasi-ideal
of S is a left ideal of S if and only if a* L ba forall a,b € S and k € N.

Theorem 2.9. Let S be a semigroup with identity. Then the following conditions
are equivalent:

(1) the radical of every quasi-ideal of S is an ideal of S;

(2) a¥ 5 ab and a* 5 ba for all a,b € S and k € N.
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Proof. (1) = (2): Assume (1). Let a,b € S, and let k € N. Put A = a*S N Sa*.
Clearly, A is a quasi-ideal of S and a € V/A. By assumption, v/A is an ideal of S.
Thus ab € VAS C VA and ba € Sv/A C /A, This implies (ab)™, (ba)" € A for

some m,n € N. Hence a* L ab and aF 5 ba.

(2) = (1): Assume (2). Let Q be a quasi-ideal of S. To show that /Q is
an ideal of S, let @ € v/Q and b € S. Since a € \/Q, a* € Q for some k € N.
By assumption, there exist m,n € N such that (ab)™, (ba)" € a*S N Sa*. Hence
(ab)™, (ba)™ € @, because

a"*SNSa" CQRSNSQCQ.
This implies ab, ba € /@, and thus /Q is an ideal of S. O

Theorem 2.10. Let S be a semigroup with identity. Then the following conditions
are equivalent:

(1) the radical of every bi-ideal of S is a quasi-ideal of S;
(2) Va,b,ce Slal|.cAblic=Vi,j € N3IneN [c" € {a’, v/ }S{a’, 1/ }]].

Proof. (1) = (2): Assume (1). Let a,b,c¢ € S such that ¢ = au and ¢ = vb for
some u,v € S. Let 4,7 € N. It is observed that

B = {a",t’}S{a’, b’}

is a bi-ideal of S and a,b € vB. By assumption, VB is a quasi-ideal of S.
Therefore, ¢ € vVBS N SvVB C v/B. Hence ¢ € {a*,b'}S{a*,b'} for some n € N.

(2) = (1): Assume (2). Let B be a bi-ideal of S. Let x € vBS N SvB. Then
x = au and = = vb for some a,b € VB and u,v € S. Hence, there exist i,j € N
such that a’,b’ € B. By assumption,

" € {a",v"}S{a’,t’} C BSB C B.
Thus z € v B. Hence VB is a quasi-ideal of S. O

Theorem 2.11. Let S be a semigroup with identity. Then the following conditions
are equivalent:

(1) the radical of every subsemigroup of S is a quasi-ideal of S;
(2) Va,bce Slal,cAblic=Vi,j e NIneN [¢" € (a’,V)]].

Proof. (1) = (2): Assume (1), and let a,b,c € S, such that a |, ¢ and b |; ¢. Then
¢ = au and ¢ = vb for some u,v € S. Let i,5 € N. Put A = (a’,¥/). By (1), VA
is a quasi-ideal of S. Since ¢ = au and ¢ = vb, ¢ € VAS N SVA. Then

ceVASN SVACVA.
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Hence ¢" € (a*,b’) for some n € N.

(2) = (1): Assume (2), and let A be a subsemigroup of S. Let = € vVASNSV/A;
then = au and = = vb for some a,b € VA and u,v € S. We then have that
a',t’ € A for some i,j € N. By assumption, 2™ € (a*,b’). Since (a’, /) C A,
x € V/A. Thus VA is a quasi-ideal of S. O

Finally, we have the following result.

Theorem 2.12. Let S be a semigroup with identity. Then the following conditions
are equivalent:

1) the radical of every quasi-ideal of S is a quasi-ideal of S;

(1)

(2) Va,b e S [\/{a,b}S N S{a,b} is a quasi-ideal of S;

(3) VYa,b,ce Sla|.cAblic= IneN [c" € {a?,b*}S N S{a?,b*}]];
(4)

4) Va,b,c€ S la|, cAb|ic=Vk € N3IneN [c" € {a*, b*}S N S{a*, b*}]].

Proof. (1) = (2): Assume (1), and let a,b € S. Since {a,b}S N S{a,b} is a
quasi-ideal of S and (1), \/{a,b}S N S{a,b} is a quasi-ideal of S.

(2) = (3): Assume (2), and let a,b,c € S such that a |, c and b |; ¢. Then
¢ = au and ¢ = vb for some u,v € S. Clearly, a,b € /{a2,b2}S N S{a2,b?}.
By (2), v/{a2,02}S N S{a%,b?} is a quasi-ideal of S. From ¢ = au and ¢ = vb, it
follows that

c € /{2,218 N §{a2, 02} N S+/{aZ, b2} 5 N S{a2, b2}
C V{a2, 02}5 N S{az, b7).

Thus " € {a?b?}S N S{a? b} for some n € N.

(3) = (4): Assume (3), and let a,b,c € S such that a |, c and b |; ¢. Then
¢ = au and ¢ = vb for some u,v € S. By (3), ¢" € {a?,b?}S N S{a?,b?} for some
n € N. It is observed that

{a®,b*}S N S{a® b*} C {a,b}S N S{a,b}.

Then
" €{a,b}SN S{a,b}.

Suppose that there exists m € N where k € N such that
™ € {a®, b*}S N S{a", b*}.
By (3), there exists | € N such that

(cm)l € {a%, b%}S N S{a%, bgk}.
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Consider
(cm)l c {an,ka}S o) S{azk,b%}
_ {ak+1ak_1, bk-i—lbk:—l}sf 0 S{ak_lak+1, bk—lbk+1}
C {a"h oS N S {a T B
Hence

le _ (Cm)l c {akﬂ,b’”l}sﬂS{akH,ka}.

Therefore (4) holds.

(4) = (1): Assume (4), and let Q be a quasi-ideal of S. Let = € /QS N S/Q.
Then # = au and = = vb for some u,v € S and a,b € v/Q. Then a’,b’ € Q for
some %, j € N. By (4), there exists n € N such that

e {ai+j,bi+j}5ﬁ S{ai+j,bi+j}-
Consider
2" € {a™ pIYS N S{a" b} C {a', 1S N S{a’, b} C QSN SQ C Q.

Thus z € /@, and Q is a quasi-ideal of S. O
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