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SS-supplemented property in the lattices

Shahabaddin Ebrahimi Atani, Mehdi Khoramdel,
Saboura Dolati Pish Hesari and Mahsa Nikmard Rostam Alipour

Abstract. Let L be a lattice with the greatest element 1. We introduce and investigate the
latticial counterpart of the filter-theoretical concepts of ss-supplemented. The basic properties

and possible structures of such filters are studied.

1. Introduction

Since Kasch and Mares [13] have defined the notions of perfect and semiperfect
for modules, the notion of a supplemented module has been used extensively by
many authors. For submodules U and V of a module M, V is said to be a sup-
plement of U in M or U is said to have a supplement V in M if U 4+V = M
and U NV <« V. The module M is called supplemented if every submodule of M
has a supplement in M. In a series of papers, Zoschinger has obtained detailed
information about supplemented and related modules [17]. Supplemented modules
are also discussed in [14]. Recently, several authors have studied different general-
izations of supplemented modules. Rad-supplemented modules have been studied
in [15] and [3]. See [15]; these modules are called generalized supplemented mod-
ules. For submodules U and V' of a module M, V is said to be a rad-supplement
of U in M or U is said to have a rad-supplement V in M if U +V = M and
UNV Crad(V). M is called a rad-supplemented module if every submodule of
M has a rad-supplement in M. We shall say that a module M is w-supplemented
if every semisimple submodule of M has a supplement in M [1]. We say that
V is an ss-supplement U in M if M = U+ V and UNV <V and VNU is
semisimple. We call a module M is ss-supplemented if every submodule of M has
an ss-supplement in M [12]. Recently, the study of the supplemented property
in the rings, modules, and lattices has become quite popular (see for example [2,
3, 4, 10, 11, 12, 13]. Supplemented property (resp. w-supplemented property) in
the lattices have already been investigated in [7] (resp. [6]). This paper is based
on another variation of supplemented filters. In fact, in the present paper, we
are interested in investigating strongly local filters and (amply) ss-supplemented
filters in a distributive lattice with 1 to use other notions of ss-supplemented, and
associate which exist in the literature as laid forth in [12] (see Sections 2, 3, 4).
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Let us briefly review some definitions and tools that will be used later [2]. By
a lattice we mean a poset (L, <) in which every couple elements z,y has a g.l.b.
(called the meet of x and y, and written = A y) and a l.u.b. (called the join of
x and y, and written x V y). A lattice L is complete when each of its subsets X
has a L.u.b. and a g..Lb. in L. Setting X = L, we see that any nonvoid complete
lattice contains a least element 0 and greatest element 1 (in this case, we say
that L is a lattice with 0 and 1). A lattice L is called a distributive lattice if
(avb)ANe=(aNc)V (bAc) for all a,b,c in L (equivalently, L is distributive if
(anb)Ve=(aVe)A(bVe) for all a,b,cin L). A non-empty subset F of a lattice
L is called a filter, if for a € F, b € L, a < b implies b € F, and z Ay € F for
all z,y € F (so if L is a lattice with 1, then 1 € F and {1} is a filter of L). A
proper filter P of L is said to be maximal if E is a filter in L with P ; FE, then
E = L. If F is a filter of a lattice L, then the radical of F', denoted by rad(F), is
the intersection of all maximal subfilters of F.

Let L be a lattice. If A is a subset of L, then the filter generated by A, denoted
by T(A), is the intersection of all filters that is containing A. A filter F is called
finitely generated if there is a finite subset A of F such that F' = T'(A). A subfilter
G of a filter F' of L is called small in F, written G < F, if, for every subfilter H
of F, the equality T(G U H) = F implies H = F [7]. A subfilter G of F is called
essential in F, written G < F, if GN H # {1} for any subfilter H # {1} of F.
Let G be a subfilter of a filter F' of L. A subfilter H of F' is called a supplement
of Gin Fif F=T(GUH) and H is minimal with respect to this property, or
equivalently, F' = T(GUH) and GNH <« H. H is said to be a supplement subfilter
of F if H is a supplement of some subfilter of F. F is called a supplemented filter
if every subfilter of F' has a supplemented in F. A subfilter G of a filter F' of L has
ample supplements in F if, for every subfilter H of F with F' = T(H U G), there
is a supplement H' of G with H' C H. If every subfilter of a filter F' has ample
supplements in F', then we call F' amply supplemented. Let G, H be subfilters
of afilter FFof L. If F = T(GU H) and GN H C rad(H), then H is called a
rad-supplement of G in F. If every subfilter of F' has a rad-supplement in F', then
F is called a rad-supplemented filter.

A lattice L is called semisimple, if for each proper filter F' of L, there exists
a filter G of L such that L = T(F UG) and F NG = {1}). In this case, we
say that F is a direct summand of L, and we write L = F @& G. A filter F of
L is called a semisimple filter, if every subfilter of F' is a direct summand. A
simple lattice (resp. filter), is a lattice (resp. filter) that has no filters besides
the {1} and itself. For a filter F, Soc(F') = T(U;eaF;), where {F;}ica is the set
of all simple filters of L contained in F. In [17], Zhou and Zhang generalized
the concept of socle a module M to that of Soc,(M) by considering of all simple
submodules of M that are small in M in place of the class of all simple submodules
of M, that is, Socy(M) = > {N <« M : N is simple}. For a filter F, we define
Socg(F) = T(U;eaF;), where {F; }icn is the set of all simple filters of L contained in
F and F; < F for each i € A. Clearly, Socy(F') C Soc(F') and Soc,(F') C rad(F').
Let F be a filter of a lattice L. F is called hollow if F # {1} and every proper
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subfilter G of F' is small in F. F is called local if it has exactly one maximal
subfilter that contains all proper subfilters.

Proposition 1.1. (cf. [9], [8]) A non-empty subset F of a lattice L is a filter if
and only if tVz € F and x Ny € F for all xz,y € F, z € L. Moreover, since
x=zV(xAy),y=yV(xAy) and F is a filter, t Ny € F gives x,y € F for all
z,y € L.

Proposition 1.2. (cf. [6]) Let F be a filter of a distributive lattice L with 1.
(1) f AKF and C C A, then C < F.
(2) If A, B are subfilters of F with A < B, then A is a small subfilter in
subfilters of F' that contains the subfilter of B. In particular, A < F'.
(3) rad(F) = T(Ug rG).
(4) Every finitely generated subfilter of rad(F) is small in rad(F).
(5) x € rad(F) if and only if T({z}) < F.
(6) If F1, Fs, ..., F, are small subfilters of F', then T(F1 UF3U---UF,) is also
small in F.

Lemma 1.3. (cf. [6])

() TA)={xeL: aghagN---ANap, <x for somea; € A(1<i<n)} an
arbitrary non-empty subset A of L. Moreover, if F' is a filter and A is a
subset of L with A C F, then T(A) CF,T(F)=F and T(T(A)) =T(A).

(2) T(T(AUB)UC) CT(AUT(BUCQ)) for subfilters A, B,C of a filter F of
L. In particular, F =T(T(CUB)UA) =T(T(AUC)UB) for all
F=T(T(AUB)UC).

(3) (Modular law) Fy NT(Fy U F3) = T(F> U (Fy N Fy)) for filters Fy, Fy, F3 of
L such that Fy C Fy.

Proposition 1.4. (cf. [11])
(a) Let G be a semisimple subfilter of a filter F' of L such that G C rad(F).
Then G < F.
(b) Let H and G be subfilters of a filter F' of L . Then the following hold:
(1) If H is semisimple, then %G)
( ) [fSOC( ) = ﬂKﬂpK.
(3) Soc(G) = G N Soc(F).
(c) Let U,V be subfilters of a filter F' of L such that V is a direct summand of
F withU CV. ThenU < F if and only if U < V.

is a semisimple subfilter in g

2. Strongly Local Filters

Throughout this paper, we shall assume unless otherwise stated, that L is a dis-
tributive lattice with 1. In this section we collect some properties concerning
strongly local filters of L. Our starting point is the following lemma.



48 Ebrahimi Atani, Khoramdel, Hesari, Alipour

Lemma 2.5. Let F be a filter of L. Then the following hold:
(1) If E is a simple subfilter of F, then E =T ({a}) for some 1 #a € E.
@) 1f fis for o fu € F, then TS U .. UT({Fu}) = T(Lnr- oo fu)-
(3) If F is semisimple, then F is a direct sum of a finite family of simple
subfilters if and only if F is finitely generated.

Proof. (1). Since F is simple, there is an element 1 # a € E such that T'({a}) #
{1} is a subfilter of F; hence E = T'({a}).

(2). Since the inclusion A =T({f1,..., fu}) CTT{LHU...UT{f})) =B
is clear we will prove the reverse inclusion. Let z € B. Then a; Aas A---Aa, <
for some a;, € T({fi}) (1 < i < n). By assumption, there exist s1,s2,...,8, € L
such that a; = f; Vs; (1 <i<n). Then (f1 Vsi)A...A(fnV s,) < z. Since for
each i, f; < fiVs;and f; € A, we get f; Vs;€ A(1<i<nm);sox€ A, and so
we have equality.

(3). Let F = Fy @ --- @ F,, where for each i (1 < ¢ < n), F; is a simple
subfilter of F, so by (1), F; = T({f;}) for some 1 # f; € F;. Then by (2),
F=TT{fiH)U---UTHS}) =THf1,---+ fn}). Thus F is finitely generated.
Conversely, suppose that F' = T(A), where A = {e1,..., e, . As F is semisimple,
we can write F' = T'(U;er F;), where for each ¢ € I, F; is simple. We can now pick
out a finite collection i1, s, ..., 4, of elements of I such that e; € T(F;, U---UF; )
for 1 <i<m. But then F =T(F;, U---UF; ), thatis, F=F;, ¢---@F;, . O

Proposition 2.6. If F is a filter of L, then Socy(F) = rad(F) N Soc(F).

Proof. It suffices to show that rad(F) N Soc(F) C Socy(F). Let a € rad(F) N
Soc(F'). Then T'({a}) is semisimple and so there exist simple subfilters F; of F
such that T({a}) = F1 & --- & F,, by Lemma 2.5 (3). By Proposition 1.2 (5),
T({a}) < rad(F); hence it is small in F' by Proposition 1.2 (2). Since for each i,
F; CT({a}), we get F; < F by Proposition 1.2 (1). Thus a € T'({a}) C Socy(F),
and so we have equality. O

A filter F is called indecomposable if F # {1} and F = T(GUH) with GNH =
{1}, then either G = {1} or H = {1}.

Lemma 2.7. Let F be an indecomposable filter of L. Then F is either simple or
Soc(F') C rad(F).

Proof. If F is simple, we are done. Thus we may assume that F' is not simple. It
suffices to show that Soc(F) < F by Proposition 1.2 (3). Let F' = T'(K USoc(F))
for some subfilter K of F. By assumption, there is a semisimple subfilter H
of Soc(F) such that Soc(F) = (Soc(F)N K) & H, and so by Lemma 1.3 (2),
F =T(KUT(HU(Soc(F)NK))) =T(KUH)and KNH = HN(Soc(F)NK) = {1}.
Since F' is indecomposable and not simple, we get H = {1}; hence F' = K. Thus
Soc(F) < F', as required. O
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By [6, Remark 2.19 (2)], every local filter is hollow and by [6, Remark 2.19
(1)], every hollow filter is indecomposable. Using Proposition 2.6 and Lemma 2.7
we have the following Corollary:

Corollary 2.8. Let F be a local filter of L such that it is not simple. Then
Socy(F) = Soc(F).

Definition 2.9. A filter F' of L is called strongly local if it is local and rad(F) is
semisimple. A filter F' of L is called radical if F' has no maximal subfilters, that
is, F =rad(F).

Assume that F' is a filter of L and let P(F') be the filter generated by UgcrG,
where for each subfilter G of F, G = rad(QG), that is, P(F) = T (UgcrG), where
G =rad(Q). Tt is easy to see that P(F) C rad(F).

Lemma 2.10. If F is a filter of L, then P(F) is the largest radical subfilter of F.

Proof. Tt suffices to show that P(F) C rad(P(F)). If z € P(F), then there exist
radical subfilters G1, ..., G, of F and g1 € G1,.., g, € G, such that g1 A---Ag, < .
Since ¢; € Gy =rad(Gy),...,9n € G, =rad(G,,), by Proposition 1.2 (5) we have

T({g:}) < G, for each 1 < i < n. By Proposition 1.2 (2), T({g;}) < P(F), for
each 1 < i < n. Therefore g; € rad(P(F')), for each 1 <4 < n. This implies that
x € rad(P(F)). O

Proposition 2.11. If a filter F' of L is strongly local, then F is reduced (that is,

P(F) = {1}).

Proof. Since rad(F) is semisimple and P(F') C rad(F) C Soc(F'), we get P(F)
is semisimple and so P(F) = rad(P(F)) = {1} by [6, Proposition 2.16 (2)] and
Lemma 2.10, as required. O

Example 2.12. The collection of ideals of Z, the ring of integers, form a lattice
under set inclusion which we shall denote by L(Z) with respect to the following
definitions: mZVnZ = (m,n)Z and mZAnZ = [m,n|Z for all ideals mZ and nZ of
Z, where (m,n) and [m, n| are greatest common divisor and least common multiple
of m,n, respectively. Note that L(Z) is a distributive complete lattice with least
element the zero ideal and the greatest element Z. Then by [7, Proposition 2.1
(iii) and Theorem 3.1 (ii)], every simple filter of L(Z) is of the form F = {Z,pZ}
for some prime number p. Let P be the set of all prime numbers. For each p € P,
set F, = {Z,pZ}. Then {F,},cp is the set of all simple filters of L(Z). Moreover,
by [7, Lemma 3.1], m = L(Z) \ {0} is the only maximal filter of L(Z); so L(Z)
is a local filter of L(Z) (so it is hollow). If G is a proper subfilter of L(Z) with
G # rad(@), then G has a maximal subfilter, say H. There exists € G such that
x ¢ H; hence T(HUT({z})) = G. By [6, Remark 2.19 (4)], G has a supplement
K in L(Z); so by Lemma 1.3,

L(Z) =T(T(HUT{z}) UK) =T(HUT(KUT{z})));
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hence L(Z) = H which is impossible since T(K U T({z})) < L(Z). Thus
P(L(Z)) = m # {1}. If L(Z) = T(UpepFp), then {0} = p{, Z A - Ap; Z =
Diy - - Di, Z, a contradiction. So L(Z) is not semisimple. Similarly, rad(L(Z)) = m
is not semisimple. Therefore the condition "strongly" in the Proposition 2.11 is
necessary.

3. SS-supplemented Filters

In this section, the basic properties and possible structures of ss-supplemented
filters are investigated. Our starting point is the following lemma.

Lemma 3.1. Let G and H be subfilters of a filter F of L. If G is a maximal
subfilter of F, then H is a supplement of G in F if and only if F = T(GUH) and
H is local.

Proof. Let H be a supplement of G in F. By [6, Theorem 2.9 (4)], H is cyclic,
and GN H = rad(H) is a (the unique) maximal subfilter of H; so H is local.
Conversely, let H be local (so it is hollow) and F = T(GUH). It HNG = H, then
F = G which is impossible. Thus HNG # H. Now H is hollow gives HNG <« H.
Thus H is a supplement of G in F. O

Definition 3.2. Let G be any subfilter of a filter F' of L. We say that H is an
ss-supplement Gin F if F =T(GUH) and GNH <« H and GN H is semisimple.
We call a filter F' ss-supplemented if every its subfilter has an ss-supplement in F.
A subfilter G of F' has ample ss-supplements in F if every subfilter K of F
such that F' = T(K U G) contains an ss-supplement of G in F. We call a filter F
amply ss-supplemented if every subfilter of F' has ample ss-supplements in F'.

We next give two other characterizations of ss-supplements filters.

Proposition 3.3. Let G, H be subfilters of a filter F' of L. Then the following
statements are equivalent:

(1) F=T(GUH) and GNH C Socy(H);

(2) F=T(GUH) and GNH Crad(H) and GN H is semisimple;

(3) F=T(GUH) and GNH <« H and GN H 1is semisimple.

Proof. (1) = (2). By (1) and Proposition 2.6, G N H is semisimple and G N H C
rad(H) N Soc(H) C rad(H).

(2) = (3). It is clear by (2) and Proposition 1.4 (a).

(3) = (1). It is clear by (3) and Proposition 2.6. O

Analogous to that Lemma 3.1 we have the following proposition:

Proposition 3.4. Let G and H be subfilters of a filter F of L. If G is a maximal
subfilter of F', then H is a ss-supplement of G in F if and only if F = T(G U H)
and H is strongly local.
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Proof. Let H be an ss-supplement of G in F. By [6, Theorem 2.9 (4)], H is local
with the unique maximal subfilter G N H = rad(H); so H is strongly local since
G N H is semisimple. Conversely, since H is local and F' = T(GU H ), we can write
GNH Crad(H). Now rad(H) is semisimple gives G N H is semisimple. Hence,
H is an ss-supplement of G in F'. O

Lemma 3.5. Let G be a subfilter of a ss-supplemented filter F' of L. If G < F,
then G C Socy(F). In particular, if rad(F) < F, then rad(F) C Soc(F).

Proof. Let H be an ss-supplement of G in F. Then F = T(GUH) and G < F
gives H = F and G = G N H is semisimple; so G C rad(F) N Soc(F') = Socy(F)
by Proposition 2.6. The in particular statement is clear. O

Let F be a local filter of L (so it is hollow). It is easy to see that F has
no supplement subfilter except for {1} and F. Thus every local filter is amply
supplemented. Analogous to that we have:

Proposition 3.6. Every strongly local filter of L is amply ss-supplemented.

Proof. Let F be a strongly local filter (so rad(F') is semisimple). Then F is local
and so it is amply supplemented. If G is a proper subfilter of F, then F = T (FUG)
and G = GNF < F; so G C rad(F); hence G is semisimple. Thus F is amply
ss-supplemented. O

Proposition 3.7. If F is a hollow filter of L, then F is (amply) ss-supplemented
if and only if it is strongly local.

Proof. Assume that F' is ss-supplemented and let x € rad(F). By Proposition
1.2 (5), T({z}) < rad(F'), and so it is small in F' by Proposition 1.2 (2). As
F is ss-supplemented, it follows from Lemma 3.5 that z € T'({z}) C Soc,(F) =
rad(F) N Soc(F'); hence z € Soc(F), and so rad(F) C Soc(F). Suppose that
F =rad(F). Then F =rad(F) = Soc(F'), and so F is semisimple. Thus F = {1}
by [6, Proposition 2.16 (2)]. This is a contradiction because F' is hollow. So we
may assume that F' # rad(F), that is, F' is local by [6, Theorem 2.21]. Hence F
is strongly local. The other implication follows from Proposition 3.6. O

The following example shows in general a (amply) supplemented filter need not
be (amply) ss-supplemented.

Example 3.8. Assume that R is a local Dedekind domain with unique maximal
ideal P = Rp and let E = E(R/P), the R-injective hull of R/P. For each positive
integer n, set A, = (0 :g P™). Then by [9, Lemma 2.6], every non-zero proper
submodule of F is equal to A,, for some m with a strictly increasing sequence of
submodules A; C Ay C -+ C A, C Apy1 C ---. The collection of submodules
of E form a complete lattice which is a chain under set inclusion which we shall
denote by L(FE) with respect to the following definitions: A4,V A,, = A, + A,, and
A NAy, = AN A, for all submodules A, and A, of E. Then by [7, Example 2.3
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(b)], every proper filter of L(E) is of the form [A,, E] for some n. Clearly, L(E)
is a hollow filter which is not local. As hollow filters are (amply) supplemented,
L(E) is (amply) supplemented. However, L(E) is not (amply) ss-supplemented
filter by Proposition 3.7.

Theorem 3.9. If F is a filter of L withrad(F) < F, then the following statements
are equivalent:

(1) F is ss-supplemented;

(2) F is supplemented and rad(F) has an ss-supplement in F';

(3) F is supplemented and rad(F) C Soc(F).

Proof. (1) = (2). It is clear.

(2) = (3). Since rad(F) <« F and rad(F) has ss-supplement in F, we get
F is a supplement of rad(F); hence rad(F) = rad(F) N F is semisimple. Thus
rad(F") C Soc(F).

(3) = (1). Let G be a subfilter of F'. By assumption, there exists a subfilter H
of F' such that F = T(GUH) and GNH <« H. Then GNH Crad(H) C rad(F) C
Soc(F); so GN H is semisimple. It means that F is ss-supplemented. O

Corollary 3.10. If F is a finitely generated filter of L, then F' is ss-supplemented
if and only if it is supplemented and rad(F') C Soc(F).

Proof. By Theorem 3.9, it suffices to show that rad(F) <« F. Assume that F =
T(A), where A = {aq,...,a,} and let F' = T(H Urad(F)) for some subfilter H of
F'. Since rad(F) = T(Ug«r@G), there exists a finite subfilters F;, < F, F;, < F,
.., F;. < Fsuch that a; € T(T(F;, U---UF; )UH) for 1 < i< r which implies
that F =T(T(F;,; U---UF; )UH); hence H = F by Proposition 1.2 (6).. O

Lemma 3.11. If K and H are semisimple filters of L, then T(KUH) is semisim-
ple.

Proof. Let G be a subfilter of T(K U H). There exist a subfilter K’ of K and
a subfilter H' of H such that K = (GNK)® K’ (so K'NG = {1}) and H =
(HNG)®H' (so HNG = {1}). If x € GNT(K'UH"), then aAb < x for some a € K’
andbe H';sox = (xVa)A(zVb) =1. Thus GNT(K'UH') = {1}. It enough to
show that T(HUK) = T(GUT(K'UH")). Since the inclusion T(GUT(K'UH")) C
T(K U H) is clear, we will prove the reverse inclusion. Let z € T(K U H). Then
cNd< zforsomece K=T(GNK)UK'Yandde H=T(HNG)UH'). It
follows that there are elements ¢c; € GNK, co € K', dy € GNH and dy € H' such
that ¢1 Aco < cand dq Ade < d; hence (¢p Ady) A(ca Ada) < z, where c; Ady € G
and cg Ady € T(H' U K') which implies that z € T(GUT(K’' U H')), and so we
have equality. Thus T(KUH) =G & T(K'UH'). O

Proposition 3.12. Let Fy and G be subfilters of a filter F of L with Fy ss-
supplemented. If there is a ss-supplement for T(Fy UG) in F, then the same is
true for G.
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Proof. Let X be an ss-supplement of T(F; UG) in F and Y is an ss-supplement
T(X UG)N Fy in Fy. Then by an argument like that in [6, Proposition 2.10],
we get F =T(GUT(XUY))and T(XUY)NG <« T(XUY). Moreover,
A = XNT(YUG) is semisimple as a subfilter of the semisimple filter X NT'(F; UG).
Also, YN (FHINT(XUG)) =Y NT(X UG) = B is semisimple; so T(AU B) is
semisimple by Lemma 3.11. Since T(AUB) =GNT(XUY), we get T(XUY) is
an ss-supplement of G in F'. O

Theorem 3.13. Let Fy and Fy be subfilters of F' such that F' = T(Fy U Fy). If
Fi and Fy are ss-supplemented, then F is ss-supplemented.

Proof. Let G be a subfilter of F. The subfilter {1} is ss-supplement of F =
T(F, UT(F, UG)) in F. Since F; is ss-supplemented, T(F> U G) has an ss-
supplement in F' by Proposition 3.12. Again applying Proposition 3.12, G has an
ss-supplement in F'. This completes the proof. O

Corollary 3.14. If Fy,...,F, are ss-supplemented filters of L, then T(U!,F})
is an ss-supplemented filter.

Proof. Apply Theorem 3.13. O

Lemma 3.15. Let F be a filter of L. If every subfilter of F is ss-supplemented,
then F is amply ss-supplemented.

Proof. Let G and H be subfilters of F such that F = T(GUH). By the assumption,
H=T(GNH)UH"), GNH)NH' =GNH' < H and GN H' is semisimple for
some subfilter H' of H. Since F =T(GUT(GNH)UH')) =T(GUH'"), we get
G has ample ss-supplements in F. Thus F' is amply ss-supplemented. O

Lemma 3.16. Assume that F is a amply ss-supplemented filter of L and let H
be an ss-supplement subfilter in F'. Then H is amply ss-supplemented.

Proof. Let H be an ss-supplement of a subfilter G of F. Let X and Y be subfilters
of H such that H = T(X UY). Then

F=THUG) =T(GUT(XUY))=T(Y UT(GUX)).

As F is amply ss-supplemented, T'(X U G) has an ss-supplement Y/ C Y in F;
so F=TY'UT(XUG)) =T(GUT(XUY')). Since XUY' C XUY, we
obtain (X UY') CT(XUY) = H. Then H is an ss-supplement of G in F gives
H =T(X UY’) by minimality of H. Moreover, X "Y' CT(GUX)NY' < Y/,
and so X NY’ < Y’ by Proposition 1.2 (1). As T(G U X)NY’ is semisimple,
XNY' CT(GUX)NY’ is semisimple. Thus H is amply ss-supplemented. [

The next theorem gives a more explicit description of amply ss-supplemented
filters.
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Theorem 3.17. For a filter F' of L, the following statements are equivalent:
(1) F is amply ss-supplemented;
(2) Every subfilter G of F' is of the form G = T(X UY), where X is ss-supp
lemented and Y C Socy(F).

Proof. (1) = (2). Assume that F'is amply ss-supplemented and let G be a subfilter
of F. Since F is ss-supplemented, G has an ss-supplements H in F; so F' =
T(H U G). By the assumption, there exists a subfilter X of G such that X is
an ss-supplement of H in F; so F =T(XUH). Set Y =GN H. Since H is an
ss-supplement of G in F', we have Y = GNH C Socy(H) C Soc(F) by Proposition
3.3. By the modular law, G = GNT(XUH)=T(XU(GNH))=T(XUY),
where Y C Socy(F) and X is ss-supplemented by Lemma 3.16.

(2) = (1). By the assumption, if G is a subfilter of F, then G = T(X UY) with
X is ss-supplemented and Y C Socy(F') C Soc(F) (so Y is ss-supplemented). By
Theorem 3.13, G is ss-supplemented. Therefore F' is amply ss-supplemented by
Lemma 3.15. O

Corollary 3.18. For a filter F' of L, the following statements are equivalent:
(1) F is amply ss-supplemented;
(2) Every subfilter of F is ss-supplemented;
(3) Every subfilter of F is amply ss-supplemented.

Proof. Apply Theorem 3.17. O

4. SS-supplemented Quotient Filters

Quotient lattices are determined by equivalence relations rather than by ideals as
in the ring case. If F is a filter of a lattice (L, <), we define a relation on L, given
by x ~ y if and only if there exist a,b € F satisfying x Aa =y Ab. Then ~ is an
equivalence relation on L, and we denote the equivalence class of a by a A F' and
these collection of all equivalence classes by % We set up a partial order <g on %
as follows: for each aAF,bAF € %, we write aAF' <o bAF ifand only ifa < 0. It
is straightforward to check that (%, <q) is a poset. The following notation below
will be kept in this section: Let a A F,b A F € £ and set X = {a A F,bA F}.
By definition of <g, (a V b) A F is an upper bound for the set X. If ¢ A F' is any
upper bound of X, then we can easily show that (a Vb) A F <g ¢ A F. Thus
(aANF)Vgo (bAF) = (aVb)AF. Similarly, (a ANF)Ag (bAF) = (aAb) AF. Thus
(£,<q) is a lattice.

Remark 4.1. Let G be a subfilter of a filter F' of L.
(1). If a € F, then a A F = F. By the definition of <, it is easy to see that
1A F = F is the greatest element of %
(2). Ifa€ F, thenaANF =bAF (for every b € L) if and only if b € F. In parti-
cular, cANF = F if and only if c € F. Also, ifa € F,thenaANF =F =1AF.
(3). By the definition <¢, we can easily show that if L is distributive, then % is
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distributive.
(4). £={aNnG:aecF}isafilter of &.
(5). If K is a filter of £, then K = £ for some filter F' of L.
(6). If H is a filter of L such that G C H and £ = & then F = H.
. an are filters o containing G, then = N %= = = 1f and only 1
7). If Hand V fil fL ining G, then £ N & = ¥ if and only if
V=HNF.
(8). If H is a filter of L containing G, then % = T(g uf).

Proposition 4.2. FEvery quotient filter of a strongly local filter of L is strongly
local.

Proof. Let G be a subfilter of a strongly local filter F' of L. Clearly, if H is a
subfilter of F' with G C H, then H is a maximal subfilter of F' if and only if g isa

maximal subfilter of g; so the quotient filter g is local. By assumption, rad(g) =
rad(F) C Soc(F) _ NgarK
G ="~a¢ TG

K Fy. Fy o
CNeqrg S Soc(g); so rad(g) is semisimple. Thus

g is strongly local. O

Lemma 4.3. Let G, H, K be filters of L such that H < K. Then % <
T(KUG)
—.

Proof. Let w =T(% U T(%UG)) = T(UUT((;HUG)) for some subfilter & of
w (soU CT(KUQG)); hence T(KUG) =T(UUH). As K = KNT(UUH) =
T(HUUNK)), weget UNK = K since H < K. It follows that T(K UG) C U,

andsow:%. O

Theorem 4.4. If F is an ss-supplemented filter, then every quotient filter of F
18 ss-supplemented.

Proof. Assume that F' is an ss-supplemented filter and let g be a quotient filter
of F. Let g be a subfilter of g By the assumption, there exists a subfilter K
of F such that F' = T(KUH), KNH < H and HN K is semisimple. Then
E— (i g TEG) and

¢~ +\ag

EQT(KUG) _ HNT(KUG) T(HNK)UG) < T(KUQG)

G G N G N G G
by Lemma 4.3 and Lemma 1.3. Since H N K is semisimple, it follows from Propo-
sition 1.4 that & N T(IEUG) = T((HHG{()UG) is semisimple; so % is an ss-
supplement of % in g This completes the proof. O

Corollary 4.5. If F' is an amply ss-supplemented filter of L, then every quotient
filter of F' is amply ss-supplemented.
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Proof. Let % be a subfilter of £ such that £ = T'(¥ U ¥) for some subfilter &

of %; so F'=T(VUU). Since F is amply ss-supplemented, there is a subfilter
H C U such that H is a ss-supplement of V' in F. By a similar argument like
that in Theorem 4.4, w - % is a ss-supplement % in % Thus % is amply
ss-supplemented. O

Lemma 4.6. Let G and H be subfilters of a filter F' of L such that F = T(GUH).
If K is a proper subfilter of F such that G g K, then KN H is a proper subfilter
of H.

Proof. It H C K, then F = T(GUH) gives F' = K, a contradiction. Thus H ¢ K
and K N H # H. By the relations, K = KNT(GUH) =T(GU (HNK)) and
K #+ G, we obtain KN H # {1}. Therefore, K N H is a proper subfilter of H. [

Lemma 4.7. Let G and H be proper subfilters of a filter F of L. If F = T(GUH)
and H s simple, then G is a mazimal subfilter of F.

Proof. If K is a subfilter of F' such that G G K G F, then K N H is a proper
subfilter of H by Lemma 4.6 which is impossible since H is simple. This completes
the proof. O

Proposition 4.8. Let G and H be subfilters of a filter F' of L. Assume H to be
a supplement of G in F. Then the following hold:
(1). If K is a mazimal subfilter of H, then T(G U K) is a mazimal subfilter of
F. In this case, K =T(GUK)NH.
(2). If rad(F) < F, then G is contained in a mazimal subfilter of F'.

Proof. (1). Since K is a maximal subfilter of H, we find K # H. Since H is a
supplement of G in F, we get F # T(GUK). As GNH <« H and K is a maximal
subfilter of H, we conclude that H NG C K; hence K = T(K U (GN H)) =
HNT(GUK). Since £ is simple and £ = T(£ U W), we conclude that
w is a maximal filter of £ by Lemma 4.7 which implies that (G U K) is a
maximal subfilter of F' which contains G.

(2). If G C rad(F), then the assertion is clear. If G ¢ rad(F), then by |6,
Theorem 2.9 (3)], rad(H) = H Nrad(F) # H, i.e. there is a maximal subfilter K
of H. Now the assertion follows from (1). O

Definition 4.9. Let F be a filter of L. F is called the internal direct sum of the
set {F; : i € I} of subfilters of F: F = @®;cF; if and only if F' = T(U;erF;) and
for each j € I, F; NT(User,,, Fi) = {1}

Lemma 4.10. If {F;}icr is an indexzed set of subfilters of a filter F' of L with
F =@ F;, then rad(F) = @;crrad(F;) and Soc(F) = ®;erSoc(F;).



S S-supplemented property in the lattices 57

Proof. By the assumption, for each ¢ € I, rad(F;) = F; Nrad(F) by [6, Theo-
rem 2.9 (3)]. It suffices to show that rad(F) C @;crrad(F;). Let z € rad(F).
Then (x;, A xijy A--- ANw;,) < o, where x;, € F;, C rad(F),...,z;, € F;, C
rad(F). Therefore, F = @;cF; gives there exist subfilters Fy,, -+, F;, of F
such that x;, € Fy, Nrad(F) = rad(Fy,),...,x;, € Fp, Nrad(F) = rad(F,);
so x € T(rad(F:,) U---Urad(F:,)) C @errad(F;), and so we have equality. Since
the inclusion @;erSoc(F;) C Soc(F) is clear, we will prove the reverse inclusion.
Let z € Soc(F). Then
z=(zVa))AN---A(zVay)

for some a1 € F;, C F,...,a, € F;, C F; hence zV a1 € F;, N Soc(F')
Soc(Fj,),...,2V an € Fj, NSoc(F) = Soc(F}, ). It follows that z € T'(Soc(Fj,)
---USoc(Fj,)) € @ierSoc(F;). This completes the proof.

Ooc

Let L, L' be two lattice. Then a lattice homomorphism f : L — L’ is a map
from L to L' satisfying f(z Vy) = f(x) V f(y) and f(z Ay) = f(x) A f(y) for all
x,y € L. A bijective lattice homomorphism f is called a lattice isomorphism (in
this case we write L = L').

Lemma 4.11. If A and B are filters of L, then T(AAUB) = %,
Proof. Define f : % — w by f(bA(ANB))=bA A. It is clear that f is
well-defined. We will show f is one-to-one: Let f(by A (AN DB)) = f(ba A (AN B)),
where by,by € B. Then by AA = by AA; and so by Acy = by Aco for some ¢, co € A.
Hence

(bl N Cl) V (b1 A bg) = (bg A\ CQ) V (bg A b1)

The left side is equal to [by V (b1 Abg)]Afe1 V(b1 Ab2)] = b1 Aer V (b Abg)]. Similarly,
the right side is equal to by A ey V (b1 A bg)]. Thus by A (AN B) = by A (AN B).
We claim f is surjective: Let 2 A A € T8 where 2 € T(A U B). Hence there
exist a € A,b € B such that a Ab < z. Thus (zVb)Aa=(zAa)V(bAa)=zAa.
Therefore (2 V) AA =2AA. Thus f((zVb)A(ANB))=(2VHANA=2AAand
(zVb) A(ANB) € 425. Now, we show that f is a lattice homomorphism. Let
biA(ANDB), by A(ANB) € 425, Then f((b1 A(ANB))Ag (ba A (ANB))) = f((b1 A
ba)A(ANB)) = (b1 Ab2)ANA = (1 AA)AG (b2 ANA) = f(b1A(ANB))Ag f(b2 A(ANDB)).

Similarly, f((b1 A(ANB))Vg (baA(ANB))) = f(biAN(ANB))Vg f(baA(ANB)).
This completes the proof. O

Lemma 4.12. Assume that {F;};cr is an indexed set of subfilters of a filter F' of

L such that F = ®;c1 F; and let G be a subfilter of F'. Then g = @igw.

Proof. Foreachj € I,let zAG € WOT(UEM# %) Then z € T(F;UG)
gives there exist f; € F; and g; € G such that t AG = ((zV fj) A(zV g;)) NG =

(xV fj)NG; s0 x = f;Va € Fj. Similarly, there are subfilters F; , ..., F;, such that
z € T(Up—y,,,Fi); hence z = 1. Thus w ﬂT(UieI#jW) = {1 NG}
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It is enough to show that g c @ielw. Let y NG € g Then there exist
fis € Fiy,..., fi, € Fy, such that fi, A---Afi, <y;so(fiy, \G)Ag N (fi, NG) <
y A G. Tt follows that y/\GET(MU . UT(FT‘UG) gT(uielT(FTiUG)), as
required. O

Remark 4.13. Let F be a filter of F'.

(1). If G is a hollow subfilter of a filter F' of L that is not small in F. Then there
exists a proper subfilter K of F such that F' = T(G U K). Since G is hollow,
we get GNK < G. Thus G is a supplement in F'. Thus rad(G) = GNrad(F)
by [6, Theorem 2.9 (3)].

(2). If G is a direct summand of F such that G < F, then G = {1}.

(3). A filter F of L is said to be coatomic if every proper subfilter of F' is contained
in a maximal subfilter of F. It is easy to see that rad(F) < F.

Lemma 4.14. Let {Hy,}aca be an indexed set of simple subfilters of the filter F
of a lattice L. If F = T(UneaHy), then for each subfilter K of F there is a subset
B of A such that {H,}aep is independent and F = K @ (T (UaepHy))-

Proof. Let K be a subfilter of F'. Then there is a subset B of A maximal with
respect to conditions that {H }aep is independent and K N (T(UaepHa)) = {1}.
Let M = T(KU(T(UpepHy))). For each o € A, we have either H,N M = {1} or
H,NM = H,. If H,NM = {1}, then we have a contradiction with the maximality
of B. Thus H, C M for each o € A, hence F = K @ (T(UaecpHa)). O

Proposition 4.15. Let F = @, F; be a filter of L, where each F; is a local filter.
Ifrad(F) < F, then F is supplemented.

Proof. By [6, Theorem 2.21] and Remark 4 13, for each ¢ € I, F; is not small in
F (so rad(F;) = F; Nrad(F) # F;) and m is simple. Let U be a subfilter of

F. By Lemma 4.11 and Lemma 4.12, we have F = % = @iej%&%m =

Bicr rad(F) is a direct sum of simple filters, and so F' = U ® (@lejm) for some

J C I, where U = T by Lemma 4.15. Now we set V = ®ie cy)
(so V = @i F;). Since F = U &V, we get that F = T(rad(F) UT(U UV))
which implies F' = T(U U V) since rad(F) < F. Moreover, UNV = {rad(F)}
gives UNV Crad(F); so UNV < F by Proposition 1.2 (1). Since V is a direct

summand of F, UNV <« V by Proposition 1.4 (c). Thus F is supplemented. [

Theorem 4.16. Let F' = &, F; be a filter of L, where each F; is a strongly local
filter. Then F is ss-supplemented and coatomic.

Proof. Since F; is strongly local for every i € I, it is local and rad(F;) C Soc(F3)
(i € I). Tt then follows from Lemma 4.10 that rad(F) = @®,¢crrad(F;) C @;erSoc(F;)
= Soc(F); hence rad(F) < F by Proposition 1.4 (a). As strongly local filters are
local, Proposition 4.16 gives F' is supplemented. Therefore, F' is ss-supplemented
by Theorem 3.9. Let H be a proper subfilter of F'. By Proposition 4.8 (2), H is
contained in a maximal subfilter of F', that is, I’ is coatomic. O
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