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Translatable isotopes of finite groups

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. We prove the main result, that if (Q, %) is a k-translatable isotope of a finite group
(Q,®) of order n then (Q,®) is isomorphic to the additive group Z, of integers modulo n.
Given a k-translatable ordering of a left cancellative groupoid @ of order n, we determine all
k-translatable orderings of ). We also prove that a left-cancellative, k-translatable groupoid @
is translatable for a single value of k. Finally, we prove that a left (or right) linear isotope of
Zn, is linear and we give examples of k-translatable isotopes of Z4 that are neither left nor right

linear.

1. Introduction

We assume that all sets considered in this note are finite and have form @ =
{1,2,...,n} with the natural ordering 1,2,... n.

A groupoid (Q,*) of order n is called k-translatable, where 1 < k < n, if its
Cayley table is obtained by the following rule: If the first row of the Cayley table
is a1, az,...,a,, then the ¢g-th row is obtained from the (¢ — 1)-st row by taking
the last k entries in the (¢ — 1)—st row and inserting them as the first & entries of
the ¢g-th row and by taking the first n — k entries of the (¢ — 1)-st row and inserting
them as the last n — k entries of the g-th row, where ¢ € {2,3,...,n}. Then the

(ordered) sequence aq,as,...,a, is called a k-translatable sequence of (Q,*) with
respect to the ordering 1,2,...,n. A groupoid of order n is called translatable if
it has a k-translatable sequence for some k € {1,2,...,n — 1}. A quasigroup of

order n may be k-translatable only for & relatively prime to n. A group of order
n is translatable if and only if it is cyclic. It is (n — 1)-translatable.

It is important to note that a k-translatable sequence depends on the ordering
of the elements in the Cayley table. A groupoid may be k-translatable for one
ordering but not for another (see Example 2.4 below). Unless otherwise stated we
will assume that the ordering of the Cayley table is 1,2, ..., n and the first row of
the table is a1, aq, ..., ay,.

The concept of translatability was first explored in [1] and [2]. It arose through
the examination of the fine structure of quadratical quasigroups. Translatability
determines the structure of certain types of quasigroups [3]. The question of when
quadratical quasigroups, which are idempotent, are translatable was answered
in [4] and [5]. There it was proved that a naturally ordered groupoid (@, *) is
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idempotent and k-translatable if and only if for all i, 7 € @ there exist a,b € Z,
such that ixj = (ai+bj)(modn), where (a+b) = 1(mod n) and (a+bk) = 0(mod n).

Now we are interested in the k-translatability of («, 3)-isotopes of a group
(Q,®), i.e. quasigroups (Q,#) with product = x y = ax & By, where a, [ are
bijections of Q). We will prove our main result in Theorem 5.1, that if an isotope
of a group (Q, ®) is k-translatable then (Q, ®) is isomorphic to the additive group
Z,, of integers modulo n. Then, for a given a bijection « of Z,, for particular
values of k and n we will determine all possible bijections § for which (Q,*) is
k-translatable.

2. Preliminaries

For simplicity instead of i = j(modn) we will write [i],, = [j]n. Additionally, in
calculations of modulo n, we assume that 0 = n. Also the neutral element of a
group (@, ®) will be denoted by 0. The inverse elements in (@, ®) and Z,, will be
denoted by the same symbol; namely, as —z. The set {1,2,...,n} will be denoted
by {1,n}. For k € {1,n}, (k,n) =1 denotes that k and n are relatively prime.

With this convention a naturally ordered groupoid (Q,*) is k-translatable if
and only if i x j = [i + 1], * [j + k], for all 4,5 € Q. Then ay,as,...,a,, where
a; = 1x1, is a k-translatable sequence.

We will need the following results proven in our previous publications.

Lemma 2.1. (cf. [4, Lemma 9.1]) The quasigroup (Z,,+*) with the operation
i*j = [ai + ¢+ bjln, where a,b,c € Zy, and (a,n) = (b,n) = 1 is k-translatable if
and only if [a + kb],, = 0.

Lemma 2.2. (cf. [2, Lemma 2.5]) Let aj,aq,...,a, be the first row of the Cayley
table of a quasigroup (Q,*) of order n. Then (Q, *) is k-translatable if and only if
for alli,j € Q the following (equivalent) conditions are satisfied.

(1) % = Qr—kitj].»
(1) ixj=1[i+ 1n*[j + k]n,
(zu) R [j—k]n = [i—i—l]n*j.

Lemma 2.3. (cf. [2, Lemma 2.7]) If a quasigroup (Q, *) of order n is k-translatable
with respect to the ordering ay,as, ..., a, then it is k-translatable with respect to
the ordering a,,a1,asz,...,Gn_1.

Example 2.4. Consider the following tables:

x|4123 x|134 2
43741 2 1[1 34 2
14123 3[3 124
2|1 23 4 414 2 31
312341 212 413
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These tables define the same quasigroup isomorphic to the additive group Zy.
The first table shows that with respect to the natural ordering this quasigroup is
3-translatable. The second table is an example of Lemma 2.3. The third table
shows that in another ordering this quasigroup is not translatable.

Lemma 2.5. Let (Q,*) be a k-translatable groupoid with respect to the natural

ordering 1,2,...,n, with k-translatable sequence ai,as,...,a,. Then (Q,*) is
k-translatable with respect to the ordering n,n — 1,...,2,1, with k-translatable
SEQUENCE Ay Qf—1y -+« +y Q1 Qpyy ATy v« + s Qi1 -

Proof. The ordering n,n — 1,n — 2,...,2,1 can be expressed as 1’,2",3',...,n/,

where i = [1 —4],,. Then, by Lemma 2.2(i7) we have i’ * j' = [1 — i], * [1 — j], =
[(1_7’) _1]77,* [(1_;7)_k]n = [_Z}n*[l_ (]+k)]n = (Z+1)/*(j+k)/ SOa 1/7 2/3 cee 777’/
is a k-translatable ordering on (@, *). Since n*j = ag—gn+j = ar4;, this ordering
has the k-translatable sequence ay, ag—1,...,01,Ap, Qp—1,- -, Ck+1- O

Lemma 2.6. Let (Q,x) be a k-translatable groupoid with respect to the natural

ordering with k-translatable sequence a1,as,...,a, and suppose that (s,n) = 1.
Then (Q, *) is k-translatable with respect to the ordering 1,[1 + 8]n, [1 + 28]n, - . .,
[1+4 (n — 1)s],, with k-translatable sequence a1,a11s,a142s,- - -, @14(n—1)s-

Proof. Since (s,n) = 1, we can introduce the new ordering 1',2',... n’ where

i’ = [1+ (i — 1)s],,. Then, using Lemma 2.2(ii), we obtain ¢’ * j' = [14 (1 — 1)s], *
(14 (= D)sln = [(1 +is) = s]n * [(1+5) = 8] = [1 +is]n * [(1 4 js) — s+ ks]n =
[1+is]nx[1+((j+k)=1)s]n = (i+1)*(j+k)". So, 1",2',...,n is a k-translatable
ordering on (@, *). Since 1"*j" = 1*[1+(j—1)s]n, = aji4(j—1)s], the corresponding
k-translatable sequence for this order is a1, @145, @142, -+, @14 (n—1)s- O

3. Translatable left cancellative groupoids

A groupoid (Q, *) is left cancellative if for all a,b,c € @ axb= ax*c implies b = c.

Note that if aq,as,...,a, is a k-translatable sequence of a left cancellative
groupoid @ then for all i € {1,n}, a; = a; if and only if ¢ = j.

Definition 3.1. Let Q@ = {1,2,...,n} be a groupoid of order n, with a1, as,...,a,
an ordering of Q). For i € {1,n} we define the set A; as the set consisting of

the sequence a;, @it1,...,0n,01,02,...,a;—1 and B; as the set consisting of the
SEqUENCE i, Qj—1y- .-, A1,0pn, Gn—1,--.,0;+1. LThen we call |J(4; U B;), i € {1,n},
the set of cyclic versions of the ordering a1, as, ..., ay.

Note that by Lemmas 2.3 and 2.5, a cyclic version of a k-translatable ordering
is k-translatable.

!/

Henceforth, —j’ will denote —(j’) and not (—j)’. Similarly [z]], denotes ([x],)’.
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Theorem 3.2. Let a left cancellative groupoid (Q, x) be k-translatable with respect
to the natural ordering, with k-translatable sequence ay,as,...,a,. Then an or-
dering is k-translatable on (Q, ) if and only if it is a cyclic version of the ordering
L1+ sly, [1+2s]n,...,[14+ (n—1)s], for some s € {1,n}, where (s,n) = 1.

Proof. («<). This follows from Lemma 2.6 and the fact that a cyclic version of a

k-translatable ordering is k-translatable.

(=). By Lemma 2.2(ii) we can choose a k-translatable ordering 1,2/,... n/

on (@, x), with 1’ = 1 and with k-translatable sequence aj,as,...,a, say. Then,
by Lemma 2.6(¢), the first two rows of the multiplication table are as follows, with
all subscripts of the entries being calculated modulo n.

1 R EE (1-k |...] (n—1Y n'
1 a, a,, e Ay Ay e Ay a,
!
2 ak—k2’+1 ak—k2’+2’ e ak—k2’+(—k)’ ak—k2’+(1—k)’ e ak—k2'+(n—1)’ ak—k2’+n’

Then, since the groupoid (Q, *) is left cancellative and k-translatable, modulo
nwehave k — k2 =(1-k)/-1=2-k)/-2"=...=n-1—-(k-1) =
n—kK=1-(k+1)=2-k+2)=...=(-1-k))—-(mn-1)=(-k) —n/,
which implies the following n identities:

(1) 1-k)Y-1=(2-k) -2
(2) 2—-k)-2"=03-k)-3
(k) n—k=1—(k+1)

(k+1) 1—-(k+1)=2"—(k+2)

(k+2) 20— (k+2)=3—(k+3)

(n=1) (1 =) —(n—1) = (—k) =’

(n) (k) —n' =(1-k) —1.

We note that in any one of these n identities

(A) If j/ is the first term on the left-hand side of the identity then (j + 1) is the
first term on the right-hand side of that identity.

(B) If —(j') is the second term on the left-hand side of the identity then —(j41)’
is the first term on the right-hand side of that identity.

(C) If j/ is the first term on the left (right)-hand side of the identity the second
term on the left (right)-hand side of the identity is —(j + k)’

It follows that for all j =1,2,....n,
D) j'=G+k) =0+1)-0G+1+k).
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Now n' — 1 & k" — (ki +1). But (D) implies & — (2k)' = (k +
(

So, k' —(k+1) =(2k) —(2k+1) andn' =1 =k — (k+1)
1

1) — 2k +1)".
k) — (2k + 1.

Continuing in this manner we get n’ — 1 =k" — (k+ 1) = (
(Bk) — (Bk+1) =...=(=2k) — (—2k+1) = (k) — (1 — k)"

Since (k,n) = 1, the elements k', (2k),...,(—2k)’,(—k)" are all different.
Therefore n’ —1 =1-2 =2 -3 = ... = (n—1) —n' and this implies

J=0G+1)"+n —1. Hence, j =1+ (1—-j)(n' —-1), (n —1,n) =1 and
17,2,3,...,n is the order 1,1 — (n’ —1),1 —2(n' —1),...,1 = (n—1)(n' — 1),
a cyclic version of which returns us to the original k-translatable ordering, as
required. O

Theorem 3.3. If a left cancellative groupoid (Q,*) is k-translatable then it is
k-translatable for a single value of k.

Proof. Suppose that 1,2,3,...,n is a k-translatable ordering on (Q,x), with k-

translatable sequence a1, as, as, ..., a, and that 1,2’ 3’, ... n’ is a k*-translatable
ordering on (@, *), with the k*-translatable sequence by, ba, b3, ..., b,. By Lemma
2.5, there is a k*-translatable ordering 1”,2"”,3"”,...,n” with a k*-translatable se-
quence ¢p,¢2,Cs,...,C, and with 1” = 1. Then, 1 * j” = ap_p4jv = Crr—p457-
Therefore, a; = ¢; for all j € {1,n}. Then, 2 *n = ar_2k4n), = Clk*—2k*+n], =
Q[+ —2k*+n],, and, since (@, *) is left cancellative, —k = —(k*) and k = k¥, com-
pleting the proof. O

Note that the condition of left cancellation is necessary in the previous theorem.
For example, a constant groupoid of order n > 1 is k-translatable for all k =
1,2,...,n — 1. Similarly, the groupoid (@, %) of order 2m, with = *xy = 1 for all
odd y and x x y = 2 for all even y, is 2k-translatable for every k =1,...,m — 1.

4. Translatable T-quasigroups

A quasigroup (Q, ) is called a T-quasigroup if there exist an abelian group (Q, &)
and its automorphisms ¢, 1) such that x xy = ¢(x) @ ¥(y) ® ¢ for all x,y € Q
and some fixed ¢ € Q. Obviously, each T-quasigroup induced by (Q, ®) is («a, §)-
isotope of (Q, ®).

By the Toyoda theorem (cf. for example [6] or [7]) a quasigroup (@, ) is medial
if and only if it is a T-quasigroup with ¢ = .

Theorem 4.1. A translatable T-quasigroup (Q,*) of order n is isomorphic to a
translatable medial quasigroup induced by the group Z,,.

Proof. Let (Q,*) be a finite quasigroup of order n induced by the group (Q,+),
Then z xy = ¢(z) + ¥(y) + ¢ for some fixed ¢ € @ and automorphisms ¢, 1)
of (Q,+). Denote the k-translatable ordering of @ by 1,2,3,...,n. By Lemma
2.2(i1), (Q, *) is k-translatable (1 < k < n) with respect to the ordering 1,2,...,n
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if and only if (i) + () ¢ = 45 = [+ [+ Kl = (i -+ 1) ([ + k) +e,
Le. if and only if p(i) + ¢ (j) = ¢([i + 1]n) + ([ + k]») for all 4,5 € {1,2,...,n}.
By Lemma 2.3, we can choose the ordering such that the group element in the n-
th position in this ordering is 0, the identity element of (Q, +). We define t; = i—1,
where i is the group element of (Q,+) located in the i*" position of the ordering
1,2,...,n. Note that t; = 0 and t,, = —1. Then, ¢(i) +¥(j) = p([i +1],) + ¥ ([j

kln) & (i) +0(j) = o([i +1],)+¢([j + k,,) < (G- +K,,) = e([i + 1], 1) &

O((T485) = (T4tn,)) = (Tt pg,) —(1-1) © Dt —tg4a,) = @i, —t)
for all i,5 € {1,n}.

For j = 1 and i € {1,n}, ¥(~tnq),) = ¢y, — ti)- So, v(~tnia),) =
©(t1s41), —ts) for all s € {1,n}. Hence, t,, —t, 1 =tp 1 —th o=... =ty —t; =
ty —tp, =0—(=1) =1. Thus, ts =1, t; = (i — 1)1 and i = i1. This means that
1 generates the group (@, +) and so (@, +) is a cyclic group isomorphic to Z,.
Hence, by Lemma 2.1, (Q,*) is isomorphic to a translatable medial quasigroup
ioj = [ai+bj+ c],, where (a,n) = 1= (b,n) and [a + bk],, = 0. O

Corollary 4.2. A medial quasigroup of order n is translatable if and only if it is
induced by a group isomorphic to the additive group Z,.

Proof. The necessity follows from Theorem 4.1. To prove the sufficiency observe
that a medial quasigroup of order n induced by the group Z, has the form z*xy =
[ax + by + ¢],, where a,b,c € Z,, and (a,n) = (b,n) = 1. By Lemma 2.1 this
quasigroup is k-translatable if and only if [a + bk],, = 0. This equation is always
uniquely solvable with k = [~ab],,, where [bb],, = 1. O

5. Translatability of isotopes of a finite group
Theorem 5.1. If an (a, B)-isotope (Q,*) of a group (Q,®) of order n is k-

translatable then there is an ordering 1,2,... . n on @ such that for some s € {1,n}
and all i,j € {1,n}

(1) an=0= s,
(i) afli+1], =ai ® al,

(i) ci=al®al®...dal =i(al),

i times

(iv) (Q, D) is isomorphic to the group Zn,
(v) Bli +kln = Bj — al and B[s + jkl, = j(—al).

Proof. From Lemma 2.3, there is a k-translatable ordering 1,2,...,n on @ such
that an = 0 and, since g is a bijection, Ss = 0 for some s € Q.
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Then, using k-translatability and Lemma 2.2(i7), 0 = nxs = 1 x [s + k], =
al @ B[s + k],. Hence, B[s + k], = —al.
Thus, ai = i®0 = ixs = [i+1],*[s+k], = afi+1],DB[s+k], = afi+1],—al,
which implies
ali+ 1], = ai ® al. (1)

Then, by induction on i, it is easy to prove that for all i € {l,n}, ai =
al ®al ®...® «al, (with ¢ number of summands). Consequently, ai ® aj =
ali + jln. We then define a bijection ¢ : Q@ — Z,, as pai = i and so, we have
plait® aj) = p(afi+jln) = [i + j]ln = [pai + ©Bj],. Hence, ¢ is an isomorphism.

Finally, 8 = 0® fj =nx*xj = 1% [j + k], = al ® B[j + k], and, since the
groups (@, ®) and (Z +) are isomorphic, the operation @ is commutative, for all
j € {1,n} we have g[j + k], = 5j — al. By induction on j it is then easy to prove
that for all j € {1,n}, B[s + jk]n, = —al —al —... — al (j times). O

Proposition 5.2. If an («, 3)-isotope (Q,*) of the commutative group (Q,®)
satisfies (i) and (v) of Theorem 5.1, then it is k-translatable.

Proof. [i4+1]p*[j+k]n = a[i+1],®B[j+k]x () ai®al®fj—al = aid®fj = ixj,
for all 4, j € {1,n}. By Lemma 2.2(i7), (@, x) is k-translatable. O

The following Corollary follows readily from Theorem 5.1 and Proposition 5.2.
The proof is omitted.

Corollary 5.3. The quasigroup (Zp,*) with i x j = [ai + B4]n, where o, are
bijections of Z, is k-translatable for some k if and only if there is an ordering
1,2 ....n" of Z,, such that for some s € {1,n} and all i € {1,n}

(iv) B([i + k]}) = Bi' — al” and B([s + ik];,) = [i(—o1")]n,
(al’,n) = 1.

Corollary 5.4. For a given ordering on Z,, and any k,t € {1,n} such that (k,n) =
(t,n) = 1 there are bijections a; and Bs (s € {1,n}) on Z,, such that the quasigroup
(Zy,, *5) defined by ix5j = [agi+Bsyln is k-translatable with respect to this ordering.

Proof. Suppose that 1’,2',...,n' is a fixed ordering on Z,, and that k,¢t € {1,n}
be such that (k,n) = (¢t,n) = 1. Then, we define the bijection o; on Z,, by putting
ayt’ = [it], for any i € {1,n}. It is easy to see that ay[i + t],, = [ai’ + t],, for
any i € {1,n}. Now for any s € {1,n} we define the bijection S5 by putting
Bs|s + ik], = [—it], for any ¢ € {1,n}. Since (k,n) = 1, we have {1,2,...,n} =
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{[s + k]n, [s + 2K]n, ..., [s + nk], = s}. It follows that Ss([¢ + k]),) = [Bsi’ — t]n
for any i € {1,n}. Then [i + 1], , [j + k], = [ae([i + 1]7,) + Bs([J + EJ3)]n =
[agi’ +t+ Bsj’ — t]n = [awi’ 4+ Bsj'ln = 7' *s §’. So, by Lemma 2.2(ii). (Zy,,*s) is

k-translatable with respect to this ordering. O

Note that, as a result of Theorem 5.1 and Corollary 5.4, a finite group of
order n is isomorphic to Z, if and only if it has a k-translatable isotope for some
k € {1,n—1}. In fact, a finite group of order n either has no k-translatable
isotope or it has k-translatable isotopes for all values of k € {1,n — 1}.

Example 5.5. Let n = 8. Then (¢,8) = 1fort € {1,3,5,7}. Thenfort =5,s=1,
k = 3 and the given ordering 4, 6, 1, 3,2, 8,5, 7 we see that a5 = (1,7, 8,6,2)(3,4,5)
and f1 = (1,2,4,8,5,6)(3)(7). The Cayley table of i’ x1 j' = [z’ + S1j']s follows.

%1 4 6 1 3 2 8 5 7
=415 6 7 8 1 2 3 4
2=6[2 3 4 5 6 7 8 1
3=1|7 8 1 2 3 4 5 6
4=3|4 5 6 7 8 1 2 3
=212 3 4 5 6 7 8
6/=8|6 7 8 1 2 3 45
7=5[3 45 6 7 8 1 2
=718 1 2 3 4 5 6 7

Example 5.6. For ¢t = 5 we want to determine all the k-translatable quasigroups
(Zg.*) of the form i x j = [ai + Bj]s, where « is an automorphism of the group
Zsg. Such automorphisms are of the form «i = [mils, where m € {1,3,5,7}. Then
0451/ = 5, 0452/ = 2, 0&53/ = 7, 0454/ = 4, 0455/ = 1, 0456/ = 67 0457/ = 3, 0458/ = 8.

Now let @ = a5 be an automorphism of Zg. If ai = 17 = ¢, then i = 5i.
If ot = 34, then ¢/ = Ti. If ai = 5¢, then ¢/ = ¢. If as = 74, then 7/ = 3i.
These automorphisms, respectively, give the following orderings: ai = ¢ gives the
ordering 5,2,7,4,1,6,3,8; at = 3¢ gives the ordering 7,6,5,4,3,2,1,8; ai = 5¢
gives 1,2,3,4,5,6,7,8; ai = Tx gives 3,6,1,4,7,2,5,8.

By Corollary 5.4, for each s € {1,2,...,8} and each k € {1,3,5,7} we can
calculate Bs. It turns out that s is an automorphism of Zg if and only if s = 8
(as long as « is an automorphism of Zg). These calculations give: for asi = ¢ and
k=1, Bgi = Ti; for a5i = 3i and k = 1, Bsi = 5i; for asi = 5x and k = 1, [Bgi = 3i
and for asi = 7i and k = 1, Bgi = i, which matches Lemma 2.1.

For s # 8, i x4 j = [ai + Bsj]n is a 1-translatable, left linear quasigroup. For
example, in the case when asi =i, k = 1, the ordering 5,2,7,4,1,6,3,8 and s = 1,
61 =(1,4)(2,3)(5,8)(6,7) is not an automorphism of Zg. This quasigroup has the
following Cayley table that is clearly 1-translatable. It has a right neutral element;
namely, 5, and it is unipotent.
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An («, p)-isotope (@, ) of the group (Q,®) is left (right) linear over (Q,®)
if a (respectively, 3) is an automorphism of (Q,®). If an (a, §)-isotope can be
written as z x y = dx & ¢ @ By for automorphisms &, 3 of (Q,®) and some ¢ € Q,
then the quasigroup (Q, %) is called linear over (Q,®).

The following Theorem finds all k-translatable quasigroups that are left linear
over Zy,.

Theorem 5.7. If an («,f8)-isotope (Z,,*) of the group Z, is left linear over
Zy, then it is k-translatable if and only if there exist m,s,t € {1,n} such that
(t,n) =1 = (m,n) and Bsj = [k(st —mj)], for all j € {1,n}, where ai = [mi],,
and [kk],, =

Proof. (=): Since « is an automorphism of the group Z,, ai = [mi], for some
(m,n) = 1. Using Corollary 5.3, there exists an ordering 1’,2’,...,n’ on Z, and
s € {1,n} such that an’ = 0 = B¢’ and, for all i € {1,n}, i’ = [i(al’)]n,
(al’;n) =1 and Bs([s + ik]},) = —[i(al’)],. Thus for t = al’ we obtain [mi'], =

ai’ = [i(al’)], = [it],. Hence, for (m,m) = 1 ¢ = [mti], and [s + k], =
[mit(s + ik)],, = [mts + mtki],. Therefore, —[it], =
betas([s + ik],) = Bs[mts + mtki],,. This for i = [—ks + ktmjl, gives Bsj =
[—(—ks + ktmj)t], = [k(st —mj)]n.

(«=): For all 4,5 € Zy, [i + 1n x[j + Kkln = [mi + m + k(st —m(j + k)], =
[mi +m + k(st — mj) —m], = [mi+ k(st — mj)], = i*j. So, k-translatability
follows from Lemma 2.2(ii). O

Theorem 5.8. If a k-translatable quasigroup (Q,*) is an («, 8)-isotope of the
group (Q,®), then there is an ordering 1,2,...,n on Q such that

(i) as=0=pBn for somes € {1,n},
(1) afi+ 1], =i B als+ 1], forallie{l,n},

(iv @) is isomorphic to (Zy,+),

)
)
(i11) als+il, =i(als+1],) for allie {1,n},
)
)

(@,
(v) Bkl = j(—als+1],) for all j € {1,n}.
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Proof. From Lemma 2.3, there is a k-translatable sequence 1,2,...,n on @ such
that Sn = 0 and, since « is a bijection, as = 0 for some s € {1,n}. Then, using
k-translatability and Lemma 2.2, 0 = s*xn = [s + 1], * k = a[s + 1],, ® Bk. Hence,

Bk = —als + 1],. (2)

Also, i = ixn =[i+ 1], xk = afi + 1], ® k = afi + 1], — a[s + 1],, which
implies «fi + 1], = ai ® «[s + 1],,. This proves (iz). Then, by induction on i, we
can prove (iii).

Now, 8 = sxj = [s+ 1 *x[J + k|ln = af[s + 1], ® B[j + k]n. Therefore
als+ 1], = Bj — Blj + k|n, which together with (2) implies 85 — B8[j + k], = —Bk.
From this, by induction, we obtain 8[jk], = Sk ® Bk & ... ® Sk (with j number
of summands). This, by (2), proves (v).

Since « is a bijection Q = {a[s+ 1], : i € {1,n}}. So we can define a bijection
©:Q — Z, as pals + i), = i. Then we have p(a[s + i|, ® afs + j]n) = ¢(ia[s +
1, @ jafs + 1]5) = @([i + jlnals + 1]5) = pals + [i + jla]n = [i + jln = [pals +
iln + wa[s + jln]n. Hence, @ is an isomorphism between (Q, ®) and (Z,,,+). This
completes the proof of Theorem 5.8. O

Proposition 5.9. If an (a, §)-isotope of the commutative group (Q,D) satisfies
(#), (ii7) and (v) of Theorem 5.8 then it is a k-translatable quasigroup.

Proof. Suppose that i,j € Q. By (ii), (#ii) and (v) of Theorem 5.8 we see that
Q = {ia[s + 1], : i € {I,n}} = {[ik], : i € {1,n}} and so j = [jk],, for some
J € {1,n}. Then, [i + 1], * U:" klp = ali+ 1], ® 5[(];“ Dkl = ai ® afs + 1], &
[J+ n(—a[s+1],) = ait ® j(—afs + 1],) = ai ® Bjk]l, = i @ Bj = i j and
k-translatability follows from Lemma 2.2. O

The following Corollary follows directly from Theorem 5.8.

Corollary 5.10. An («, 8)-isotope of the group Z, is k-translatable if and only
if there is an ordering 1,2',...,n’ on Z, such that for some s € {1,n} and all
ie{l,n}

Jn)in) =1,

(#) (a([s+1
(i51) a(fi+1],) = ai’ + a([s +1],,),
(i) (a(ls +1il,) = ia([s + 1];),

(v) B(lik];) = —ia([s + 1];,).

Theorem 5.11. If an («, §)-isotope (Z,,*) of the group Z, is right linear over
Zy, then it is k-translatable if and only if there exist m,s.t € {1,n} such that
(t,n) =1= (m,n) and i = [—st — mki],, for all i € {1,n}, where Bj = [mj],.
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Proof. (=): Since § is an automorphism of the group Z,, 87 = [mj], for some
(m,n) = 1. Using Corollary 5.10(ii) with t = «([s 4 1];,) and as’ = n, for all
i € {1,n} we have [m([ik]),)]n = [—it], and so [i'],, = —[mkit],, where [mm],, = 1.

By Corollary 5.10(iv), [jt], = a([mkt(s + j)]n, which for j = [—s — mkti],, gives
ai = [—st — mki],.

(«<): For all 4,5 € {1,n} we have [i + 1], x [j + k], = [-st — mki + mj], =
[ai + B4]n =i+ j. Therefore, by Lemma 2.2(i7), (Z,, *) is k-translatable. O

Corollary 5.12. For any ordering 1',2',....,n' on Z,, and any k,t € {1,n} such
that (k,n) = (t,n) = 1 there is a bijection By on Z,and bijections oy, s € {1,n},
such that the quasigroups (Zn, *s) defined by i %5 j = [agi—+ Pij]n are k-translatable
with respect to this ordering.

Proof. Suppose that 1’,2',... n/ is an order on Z, and that k,¢t € {1,n}, with
(k,n) = 1 = (t,n). Then, we define as([s + i]},) = [it],. It follows that for all
ie{l,n}, a(fi+1])) = [ai’ +t],. Then, we define B;([ik]},) = [—it],. It follows
that for all ¢ € {1,n}, Bi[j + k|, = [Bij — tln- Then, [i + 1], = [ + K]}, =
[as([i 4+ 1)) + Be([J + K}l = st +t + 817 — t]n, = i’ %5 j'. The required result
then follows from Lemma 2.2(3). O

Theorem 5.13. A k-translatable quasigroup left or right linear over Z,, is medial
and linear over Zy. If [k?],, = 1 then it is also paramedial.

Proof. By Theorem 5.7 a k-translatable quasigroup left linear over Z, has the
operation i * j = [ai + kst + 0j],, where i = [mi],, and 6§ = [~kmjl,. A k-
translatable quasigroup right linear over Z,, has, by Theorem 5.11, the operation
ixj = [yi—st+Bj]n, where vi = [-mki],, and 8j = [mj],. Since (k,n) = (m,n) =
1, a, 3,6,7 are automorphisms of the group Z,. If [k?],, = 1 then o? = §% and
+? = B2. This means (cf. [6, Theorem 9|) that this quasigroup is paramedial. [

We have seen in Theorem 5.13 that k-translatable left linear and k-translatable
right linear quasigroups over Z,, are linear. This leads to the question of whether
there are k-translatable isotopes over Z, of the form x xy = [ax + By], where
both a and S are not automorphisms of Z, and (Z,,*) cannot be written as
xxy = [Gx+c+ By}n, where either & or 3 are automorphisms of Z,. (That is, the
k-translatable quasigroup (Z,, *) has no representation as a linear, k-translatable
quasigroup over Z,,.) In fact, there are many such k-translatable quasigroups over
Z4, as we show in the example below.

The proofs of Theorem 5.14 and Corollary 5.15 are similar to the proofs of
Theorems 5.1 and 5.8 and Corollaries 5.3 and 5.10 and are therefore omitted.
Corollary 5.15 will be applied to give the examples just referred to in the preceding
paragraph.

Theorem 5.14. If an («, 8)-isotope (Q,*) of a group (Q,®) of order n is k-
translatable then there is an ordering 1,2,...,n on Q such that for some r,s €
{1,n} and alli,j € {1,n}
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(1) ar=0=fs,
(i1) ali+ 1], = ai @ afr + 1],

(t5i) afr+il,=alr+1l,®afr+1],®...®afr+ 1], =i(alr +1],),

1 times
(iv) (Q,®) is isomorphic to the group Zy,
(v) Blj+ Kln = 87 & Bls + kln and Bls + jkln = F(—afr + 1],).
Corollary 5.15. An («, 3)-isotope of the group Z,, is k-translatable for some k if

and only if there is an ordering 1',2',...,n' of Z,, such that for some r,s € {1,n}
and all i € {1,n}

(i) ar' =n=ps,

(i) a(fi+1]7) = [ad" + a([r +1]3)]n,

(#0d) a([r +1il5) = [ie([r +1])7)n,

(i) B([i +Kl3) = [B" + B([s + ko )ln and B([s +ik]},) = [i(=a([r + 1],
(v) (afr+17),n) = 1.

Theorem 5.16. If an («, 8)-isotope of the group Z,, is (n — 1)-translatable for
some ordering 1',2', ..., n' with Bs' =n, then i’ = [ai’ — as'], for alli € {1,n}.

Proof. An (n— 1)-translatable quasigroup of order n is commutative. Hence in an
(n—1)-translatable («, 8)-isotope of the group Z,, we have [ai+ 55], = [+ 7]
In particular, ai’ = [ai’ + 8s'],, = [as’ + Bi]n. So, i’ = [’ — as']y. O

6. 3-translatable isotopes of Z,

We proceed to calculate the 3-translatable («, 8)-isotopes of the group Z,. By
Theorem 5.16, for all i € {1,4}, 8¢’ = [ai’ — as’]y. Using Corollary 5.15, there
is a 3-translatable ordering 1’,2',3',4’ on Z4 and r,s € {1,4} such that ar’ =
4 =3¢, (a[r +1]}),4) = 1 and o([r +i]}) = ia([r + 1]}) for all i € {1,4}. So,
a[r+1]4) € {1,3}. If we choose a([r+1]}) = 1 then a([r+1]}) = ia([r+1]}) =1
for all ¢ € {1,4}. Therefore, B([r +i]}) = [a([r + i]}) — as’]la = [i — as’]4. Since
as’ = a(lr — (r —s)]}) = [s — r]a we have S([r +]}) = [i — as’]a = [i + 7 — s]4.

Note that since 1’,2’,3’,4’ is a 3-translatable ordering, by Lemma 2.3 so is the
ordering [r + 1]}, [r + 2]}, [r + 3]}, 7. If we define z; = [r 4 i], then we obtain the
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following 3-translatable Cayley table for Z4, where d = [r — s]4 and each entry is
calculated modulo 4.

X1 2+d 3+d d 1+d
zy | 3+d d 14+d|2+d
3 d 1+d|2+d|3+d
g4 |14+d|2+d|3+d d

Note that in the Cayley table above, changing the ordering to xzx4ziz2 in the
leftmost column and also in the top row gives exactly the same quasigroup. That
is, not only is the main body of the Cayley table the same, all the products are
the same. For a fixed value of d, any other ordering gives a different quasigroup.

Note also that, given a fixed r,s and t = a([r + 1]},), any chosen ordering
x1x2x374 determines precisely one bijection o which in turn by Corollary 5.15
and Theorem 5.16 determines the bijection 3, as indicated in the table below, the
entries of which are calculated modulo 4.

There are all 24 possible orderings listed in the table below, twelve pairs of
which give 12 distinct 3-translatable quasigroups induced by Z4. The first 4 pairs
of those are linear over Z,, namely, the quasigroups determined by the orderings
1234, 3412, 2341, 4123, 4321, 2143, 1432 and 3214, as will be shown below. None
of the quasigroups determined by the eight other pairs of orderings is linear over
Zy.

T1T2T3T4 @ 51 52 B3 B4
1234 € 1+d|2+d|3+d d
3412 (13)(24) [34+d| d 1+d|2+d
2341 (1432) d 1+d|2+d|3+d
4123 (1234) |24d|3+d| d 1+d
4321 (14)(23) d |34+d|2+d|1+d
2143 (12)(34) | 2+d|14+d| d 3+d

1432 (24) |1+d| d |3+d|2+d
3214 (13) |3+d|2+d|1+d| d
1243 (34) [1+d[2+d| d [3+d
4312 (1324) [3+d| d |2+d]|1+d
1321 (23) |1+d|3+d|2+d| d

2413 | (1342) |3+d|1+d| d |2+d
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1342 (243) [1+d]| d |2+d]|3+d
4213 (134) |3+d|2+d| d |1+d
1423 (234) |1+d|3+d| d |2+d
2314 | (132) |3+d|1+d|2+d| d
2134 (12) |2+d|1+d|3+d| d

(12)
3421 | (1423) | d |3+d|1+d|2+d
2431 (142) | d |1+d|3+d|2+d
3124 | (123) |[2+d|3+d]|1+d| d
3142 | (1243) [2+d| d |14+d|3+d
4231 (14) | d |2+4d|3+d|1+d
3241 | (143) | d |2+d|1+d|3+d
4132 (124) [2+d| d |3+d|1+d

Given that the only automorphisms of Z, are of the form @i =i and i = 34,
using Lemma 2.1 it is easy to calculate that the only 3-translatable quasigroups
linear over Zy4 are of the form ixj = [pi+@j+cls, where ¢ € Z, is fixed. Examining
the Cayley table of the quasigroups determined by the first eight pairs in the table,
in their natural ordering, shows that they each are of one of these linear forms.

In particular, the orderings 1234 and 3412 give i * j = [i + j — d]4, 2341 and
4123 give i j = [i + j + 2 — d]4, 4321 and 2143 give i % j = [3i + 3j + 2 — d]4 and
1432 and 3214 give i * j = [3i + 35 — d|4.

Any of the other quasigroups determined by the remaining 8 pairs of orderings
is not of a linear form because, in their natural ordering, there is always an increase
in the value of a particular two consecutive, increasing entries by a value of 2. This
is not possible for a 3-translatable quasigroup linear over Z,, where the values of
two consecutive, increasing entries always increases by a value of 1 or 3.

If we had chosen a([r + 1]}) = 3 then by Corollary 5.15, for all ¢ € {1,4},
(a[r+1])) = [3i]4 and B([s+3i]}) = [-3i]la = i = B([s—i]}). Therefore, B([r+i]y) =
[s — r —i]4. As previously, if we define x; = [r + i]) then any ordering x1zoz374
gives the following 3-translatable Cayley table.

* T Zo I3 T4
1 |2—d|1—-d| —d |3—d
To|1—d| —d |3—-d|2-d
73| —d |3-d|2-d|1-d
x4 |3—d|2—-d|1—-d| —d

The first eight orderings of the table below give different values of the mapping
a, but for each ordering the value of pi, i € {1,4} is the additive inverse of the
corresponding entries in the table on the previous page.
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T1ToX3T4 « 61 52 53 p4
1234 (13) —d—1|—-d—-2|—-d—-3 —d
3412 (24) —d—3 —d —d—1|—-d—-2

2341 | (10)(23) | —d |-d—1|—-d—2]—-d—3
4123 | (12)34) | —d—2|—-d—3] —d |—-d—1
4321 (1432) | —d | —-d—3|—-d—2]—-d—1
2143 (1234) [—d—2| —-d—1| —-d |—-d-3
1432 | (13)(24) | —d—1| —d | —-d—3 ]| —-d—2
3214 5 —d—3|—-d—2|—-d—-1| —d

In particular, the orderings 1234 and 3412 give i x j = [3i + 35 — d]4, 2341 and
4123 give i * j = [3i + 3j + 2 — d]4, 4321 and 2143 give i xj = [i + j + 2 — d]4 and
1432 and 3214 give i % j = [i + j — d]4.

Note that, whether o([r+1]}) = 1 or a([r+1]}) = 3, since [r—s]4 € {1,4} every
possible 3-translatable linear isotope appears for any of the first eight orderings in
Tables 2 or 4. The remainder of the non-linear, 3-translatable isotopes are of one
of the following 8 forms in their natural ordering.

*
»

*
w

*
Ny

I R

B~ W = N
W N = N
o N W w
[NV TN
=W N =

W = = N =
=W N RN
N B W =W
BN~ o i
O R

=W N =
=N R W N
W = N =W
N W |
=W N =

=W ok N
[SUR RN )
N = = W W
BN W s

*
(S

*
(=]

*
oo

W N =

[CRRGCRISN
W A N N
— N o | w
=W N
=W N =

[ ORI JURIN N [y
o N Wl N
W N =W
W N
W N =

W = N =
=W R NN
=N W =W
N |
B~ W N =

— W N |
W R NN
BN = W w
[ SRR N

The quasigroups (Zy, *1), (Z4, *3), (Z4,*7) and (Zy4, *g) are isomorphic to each
other, as are the quasigroups (Zg, *2), (Za, *4), (Z4,*5) and (Z4, *¢).
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