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Some types of interior filters
in quasi-ordered semigroups

Daniel Abraham Romano

Abstract. In this paper, we introduce the notions of interior filters, quasi-interior
filters and weak-interior filters in a quasi-ordered semigroup. Additionally, we study the
properties of these types of filters of quasi-ordered semigroups and their interrelationships.

1. Introduction

Semigroups and their substructures are important algebraic structures. In
1987, Kehayopulu in paper [2] introduced the concept of filters in a poe-
semigroup. Later on, Kehayopulu ([3]) gave the characterization of the filter
of a semigroup in term of the prime ideals. In paper [7], Lee and Lee give
the characterization of a left (right) filter of po-semigroups. In addition
to standard filters, some non-standard filters of ordered semigroups can
be found in the literature. The concept of bi-filters of ordered semigroups
was introduced by Y. Cao in [1]. Khan and Mahboob in [5] introduced
the concepts of left-m-filters, right-n-filters and (m,n)-filters on ordered
semigroup.

In this paper, as a further generalization of filters in a semigroup or-
dered under a quasi-order relation, we introduce the notions of: interior
filters, (left, right) quasi-interior filters and (left, right) weak-interior fil-
ters. Additionally, we study the properties of these types of filters and their
interrelationships.
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2. Preliminaries: Filters of quasi-ordered semigroup

Let S be a non-empty set. Total function w : S × S −→ S is an internal
binary operation on S. This means

(1) (∀x, y, u, v ∈ S) ((x = u ∧ y = v) =⇒ w(x, y) = w(u, v)).
Assume that the mapping w satisfies the condition

(2) (∀x, y, z ∈ S) (w(x,w(y, z)) = w(w(x, y), z)).
The pair (S, w), where S is a set and w an internal binary operation in S,
is called a semigroup. In what follows we will write x · y, or xy for short,
instead of w(x, y). Therefore, (2) has a form

(3) (∀x, y, z ∈ S) (x(yz) = (xy)z).
Let (S, ·) be a semigroup. If A and B are subsets of the semigroup S, as
usual, we write AB =: {ab : a ∈ A ∧ b ∈ B}.

A relation � on S is a quasi-order on S if holds
(4) (∀x ∈ S) (x � x),
(5) (∀x, y, z ∈ S) ((x � y ∧ y � z) =⇒ x � z),
(6) (∀x, y, u ∈ S) (x � y =⇒ (xu � yu ∧ ux � uy)).

A quasi-order � on a semigroup S is an order on S if
(7) (∀x, y ∈ S) ((x � y ∧ y � x) =⇒ x = y).

If a semigroup is ordered by a quasi-order relation (by an order relation),
then it is said to be a quasi-ordered semigroup (res. ordered semigroup). We
will often, in both cases, write ’ordered semigroup’ if there is no confusion.

Example 2.1. Let S = {a, b, c, d} be a set. The multiplication is given by

· a b c d
a a a a a
b a a a a
c a a b a
d a a b b

and a quasi-order is given as �= {(a, a), (a, b), (b, b), (c, c), (d, d)}. Thus, S
is a semigroup ordered under �.

Example 2.2. The set M2×2 of all matrices of size 2× 2 of the field of real
numbers is a semigroup ordered by the relation ’6’ defined as follows

(∀A,B ∈M2×2)(A 6 B ⇐⇒ (∀i, j ∈ {1, 2})(Aij 6 Bij)).
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A subset A od a semigroup S is a subsemigroup of S if
(11) (∀x, y ∈ S) ((x ∈ A ∧ y ∈ A) =⇒ xy ∈ A).
The condition (11) can be written in the form AA ⊆ A. A non-empty

subset J of a semigroup S is a left (right) ideal of S if holds SJ ⊆ J (res.
JS ⊆ J). A non-empty subset J is an ideal of a semigroup S if it is a left
and right ideal of S. Let us note, that a (left, right) ideal of a semigroup S
is a subsemigroup in S. A (left, right) ideal of a quasi-ordered semigroup S
is a (left, right) ideal of semigroup S ordered under a quasi-order if

(8) (∀x, y ∈ S) ((y ∈ J ∧ x � y) =⇒ x ∈ J).

For a subset A of a quasi-ordered semigroup S we write

(A] =: {x ∈ S : (∃a ∈ A)(x � a)}.

Therefore, a subset J of a quasi-ordered semigroup S is a (left, right) ideal
of S if holds

(9) J 6= ∅,
(11) JJ ⊆ J ,
(10) SJ ⊆ J (for left), JS ⊆ J (for right), and
(8) (J ] ⊆ J .

It should be noted here that, in this case, (11) is a consequence of (10).
Indeed, if JS ⊆ J is valid, then we have JJ ⊆ JS ⊆ J . So, SJ ⊆ J =⇒
(11). Also, we have SJ ⊆ J =⇒ JJ ⊆ J .

A subset T of a semigroup S is called prime if AB ⊆ T =⇒ (A ⊆
T ∨ B ⊆ T ) for subsets A,B of S.

A subsemigroup F of a semigroup S ordered under a quasi-order � is
a left filter of S if holds

(12) (∀x, y ∈ S) (xy ∈ F =⇒ y ∈ F ) and
(13) (∀x, y ∈ S) ((x ∈ F ∧ x � y), =⇒ y ∈ F );

a right filter of S if holds (13) and
(14) (∀x, y ∈ S) (xy ∈ F =⇒ x ∈ F ).

A subsemigroup F that is a left and right filter is called a filter.
As already mentioned, F is said to be a prime subset in S if
(15) (∀x, y ∈ S) (xy ∈ F =⇒ (x ∈ F ∨ y ∈ F )).

If F is a filter of a quasi-ordered semigroup S, then it satisfies the condition
(15) too.
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Lemma 2.3 ([3, 7]). Let F be a nonempty subset of an ordered semigroup
S. Then F is a (left, right) filter of S if and only if F = S or S\F is a
prime (left, right) ideal of S.

We say that the substructure F of S satisfying the conditions (12) and
(13), ((14) and (13), res.) is a generalized left (right) filter. If a generalized
(left, right) filter F satisfies the condition (15), then we say that F is a
prime generalized (left, right) filter of S. It should be noted here that a
(left, right) filter F of a quasi-ordered semigroups S is a generalized (left,
right) filter of S and F is a prime subset of S.

According to [1] a subset F of a semigroup S is a bi-filter if F satisfies
(13) and

(16) (∀x, y ∈ S) (xyx ∈ F =⇒ x ∈ F ).
A subsemigroup F of an ordered semigroup S is called a left-m-filter (resp.
right-n-filter) if F satisfies (13) and (17) (resp. (13) and (18), where

(17) (∀a, b ∈ S) (ab ∈ F =⇒ am ∈ F )

(18) (∀a, b ∈ S) (ab ∈ F =⇒ bn ∈ S).

A subsemigroup F is an (m,n)-filter if it is a left-m-filter and a right-n-filter.
Some examples of left-m-filter (right-n-filter) can be found in [5].

Remark 2.4 ([5], Remark 1). In particular for m = 1 (resp. n = 1), F
is a left filter (resp. right filter). Clearly each left filter (resp. right filter,
filter) of an ordered semigroup S is a left-m-filter (resp. a right-n-filter,
an (m,n)-filter) for each positive integers m and n. Indeed, for any left
filter F of S and a, b ∈ S such that ab ∈ F , as F is a left filter, a ∈ F .
Therefore am ∈ F . Thus, the concept of a left-m-filter (resp. right-n-filter,
(m,n)-filter) is a generalization of the concept of a left filter (resp. right
filter, filter). Conversely a left-m-filter (resp. right-n-filter, an (m,n)-filter)
need not always be a left filter (resp. right filter, filter).

3. Interior filters

Lajos [6] defined the concept of an interior ideal in a semigroup. Interior
ideal in a semigroup was studied by Szasz [10, 11]: A non-empty subset J
of a semigroup S is an interior ideal in S if it is a subsemigroup of S and
holds SJS ⊆ J . This means that J satisfies (9), (11) and

(19) (∀x, u, v ∈ S) (x ∈ J =⇒ uxv ∈ J).
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Definition 3.1. Let ((S,=, 6=), ·,�) be a semigroup ordered under a quasi-
order relation �. A subset F of S is an interior filer of S if holds (13), (15)
and

(20) (∀u, v, x ∈ S) (uxv ∈ F =⇒ x ∈ F ).

Remark 3.2. It should be noted here that in determining of the interior
filter F in a quasi-ordered semigroup S the requirement that F should be
subsemigroup in S is omitted, that is, the condition (11) is omitted. Instead,
the consistency requirement (15) is incorporated into the determination of
the interior filter.

First, let us show that the concept of interior filters in quasi-ordered
semigroups is well defined.

Theorem 3.3. Let F (6= S) be an interior filter in a quasi-ordered semi-
group S. Then the set F c is an interior ideal of S. If F is a subsemigroup
of S, then F c is a prime interior ideal of S.

Proof. The subset F c is non-empty due to the condition F 6= S.
Let x, y ∈ S be arbitrary elements such that x ∈ F c and y ∈ F c. Then

xy ∈ F or xy ∈ F c. The first option would give x ∈ F or y ∈ F by (15)
which is contrary to the hypotheses. Therefore, it must be xy ∈ F c. Thus,
the condition (11) is valid.

Let x, u, v ∈ S be arbitrary elements such that x ∈ F c. Then uxv ∈ F
or uxv ∈ F c. The first option would give x ∈ F by (20) which is contrary
to the hypothesis x ∈ F c. Therefore, it must be uxv ∈ F c. So, the set F c

satisfies the requirement (19).
Let x, y ∈ S be such that y ∈ F c and x � y. Assuming it is x ∈ F . It

would be y ∈ F by (13) which is impossible by hypothesis. Thus x ∈ F c.
Hence, the set F c satisfies the requirement (8).

Theorem 3.4. Every generalized filter of a quasi-ordered semigroup S is
an interior filter of S.

Proof. Let F be a filter of S. This means that F satisfies the conditions
(11), (12), (13), (14) and (15). Let us prove (20). Let u, v, x ∈ S be such
that uxv ∈ F . Then ux ∈ F because F is a left filter in S. Thus x ∈ F
since F is a right filter in S. So, the set F is an interior filter in S.

An interior filter of a quasi-ordered semigroup S does not have to be a
filter of S in the general case since it does not have to satisfy the condition
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(11). The reverse of the previous theorem is realized under one special
condition.

Theorem 3.5. Suppose that a quasi-ordered semigroup S satisfies one ad-
ditional condition:

(A) For every a ∈ S there exists an element xa ∈ S such that a � axaa.
Then the generalized filters and the interior filters in S coincide.

Proof. Let F be an interior filter of a quasi-ordered semigroup S that sat-
isfies additional condition (A). Let a, b ∈ S be such that ab ∈ F . Then
there exist elements xa, yb ∈ S such that a � axaa and b � bybb. Thus
ab � (axaa)(bxbb) by (6) and (axaa)(bxbb) ∈ F by (13). From here it
follows

(axa)a(bybb) = (axaa)(bybb) ∈ F =⇒ a ∈ F and

(axaa)b(ybb) = (axaa)(bybb) ∈ F =⇒ b ∈ F

because F is an interior filter of S. This proves that F is a generalized filter
of S.

Theorem 3.6. Suppose that a quasi-ordered semigroup S satisfies one ad-
ditional condition:

(B) For every a ∈ S there exist element xa, ya ∈ S such that a � xaa
2ya.

Then the generalized filters and the interior filters in S coincide.

Proof. Let F be an interior filter of a quasi-ordered semigroup S that satis-
fies additional condition (B). Let a, b ∈ S be such that ab ∈ F . Then there
exist elements xa, ya, xb, yb ∈ S such that a � xaa

2ya and b � xbb
2yb. Thus

ab � (xaa
2ya)(xbb

2yb) by (6) and (xaa
2ya)(xbb

2yb) ∈ F by (13). From here
it follows

xaa
2(yaxbb

2yb) = (xaa
2ya)(xbb

2yb) ∈ F =⇒ a2 ∈ F and

(xaa
2yaxb)b

2yb = (xaa
2ya)(xbb

2yb) ∈ F =⇒ b2 ∈ F

because F is an interior filter of S. Therefore, a ∈ F ∧ b ∈ F by (11). This
proves that F is a generalized filter of S.

Remark 3.7. The class of ordered semigroups that satisfies the condition
(A) is recognized as a class of regular quasi-ordered semigroups, while the
class of ordered semigroups that satisfy the condition (B) is recognized
as a class of quasi-ordered intra-regular semigroups. Analogous claims for
interior ideals in ordered semigroups are shown in [4] by Kehayopulu.
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However, instead of request (A) or request (B), we can make a request

(C) (∀x, y ∈ S) (x � xy).
And in that case, every interior filter in S is also a filter in S. Indeed:

Theorem 3.8. Suppose that a quasi-ordered semigroup S satisfies one ad-
ditional condition (C). Then any interior filter of S is a generalized filter
of S.

Proof. Let a quasi-ordered semigroup S satisfy condition (C) and let F be
an interior filter in S. This means that F satisfies conditions (13), (15) and
(20). Let us prove (11).

Let a, b ∈ S be such that ab ∈ F . From b � ba, follows ab � aba by
(6), and, hence ab ∈ F implies aba ∈ F . Thus b ∈ F by (20). On the other
hand, ab � aab follows from a � aa, and aab ∈ F by (13) follows from
ab ∈ F . Now, from aab ∈ it follows a ∈ F according to (20). Thus, we have
a ∈ F (and b ∈ F by an analogous procedure) thus proving (11).

Analogous evidence of the coincidence of interior filters and generalized
filters in a quasi-ordered semigroup could be demonstrated under the as-
sumption that the semigroup satisfies the condition (∀a, b ∈ S)(a � ba).

Requirement (C) may be weakened:

Theorem 3.9. Suppose a quasi-ordered semigroup S satisfies the condition

(D) (∀x ∈ S) (x � x2).
Then any interior filter of S is a generalized filter of S.

Proof. Let F be an interior filter of S. It is only necessary to prove that
the condition (11) is valid.

Let a, b ∈ S be such that ab ∈ F . Since a � a2 and b � b2, we have
ab � a2b and ab � ab2 by (6). Thus a2b ∈ F and ab2 ∈ F by (13). Hence
a ∈ F and b ∈ F by (20). This means that F is a generalized filter of S.

The family Intf(S) of all interior filters of a semigroup S ordered under
a quasi-order is not empty because ∅, S ∈ Intf(S).

Theorem 3.10. The family Intf(S) of all interior filters of a semigroup S
ordered under a quasi-order is a complete lattice.



142 D. A. Romano

Proof. Let {Fi}i∈I be a family of interior filters of a quasi-ordered semigroup
(S, ·,�).

(a) Let x, y ∈ S such that xy ∈
⋃

i∈I Fi. Then there exists an index
k ∈ I such that xy ∈ Fk. Thus x ∈ Fk ⊆

⋃
i∈I Fi and y ∈ Fk ⊆

⋃
i∈I Fi

by (15). This means that the set
⋃

i inI Fi satisfies the condition (15).
Let x, u, v ∈ S be such uxv ∈

⋃
i∈I Fi. Then there exists an index k ∈ I

such that uxv ∈ Fk. Thus x ∈ Fk ⊆
⋃

i∈I Fi by (20) because Fk is an
interior filter of S. So, the set

⋃
i∈I Fi satisfies the condition (20).

Let x, y ∈ S be arbitrary elements such that x ∈
⋃

i∈I Fi and x � y.
Then there exists an index k ∈ I such that x ∈ Fk. Thus y ∈ Fk ⊆

⋃
i∈I Fi

by (13).
This shows that the set

⋃
i∈I Fi is an interior filter of S.

(b) Let X be the family of all interior filters of S contained in
⋂

i∈I Fi.
Then ∪X is the maximal interior filter of S contained in

⋂
i∈I Fi according

to part (a) of this evidence.

(c) If we put ti∈IFi =
⋃

i Fi and ui∈IFi = ∪X then (Intf(S),t,u) is a
complete lattice.

Corollary 3.11. For any inhabited subset X of S there is the maximal
interior filter contained in X.

Proof. The proof of this Corollary follows directly from part (b) in the proof
of the previous theorem.

Corollary 3.12. For any element x of S there is the maximal ordered
interior filter Fx of S such that x /∈ Fx.

Proof. Proof of this Corollary is obtained if in the previous Corollary we
take X = {u ∈ S : u 6= x}.

Remark 3.13. It should be noted here that the previous theorem would
not be valid if the interior filter F in a quasi-ordered semigroup S were
required to be a subsemigroup in S.

Example 3.14. Let S = {0, 1, 2, 3, 4} and operation ’·’ defined on S as
follows:
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· 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 3 2
3 0 3 3 3 3
4 0 4 2 3 4

Then S forms a semigroup. The quasi-order relation on S is given by

�= {(0, 0), (0, 1), (0, 2), (0, 3),(0, 4), (1, 1), (2, 1), (2, 2), (3, 1),
(3, 2), (3, 3), (3, 4), (4, 1), (4, 2), (4, 4)}.

Then S is a quasi-ordered semigroup. By direct verification one can estab-
lish that the sets {1, 2, 3, 4}, {1, 2, 4} and {1} are interior filters S.

Example 3.15. The interval S = 〈0, 1〉 ⊆ R is a semigroup ordered under
the order 6. Filters in this semigroup have a form of 〈a, 1〉 for any element
a ∈ 〈0, 1〉. So, the filter 〈a, 1〉 is an interior filter in S by Theorem 3.4.

4. Weak-interior filters

According to [8] a non-empty subset J of a semigroup S is said to be a left
weak-interior ideal of S if J is a subsemigroup of S and holds SJJ ⊆ J .
In other words, J is a left weak-interior ideal of a semigroup S if it satisfies
(9), (11) and

(21) (∀x, u, v ∈ S)((u ∈ J ∧ v ∈ J) =⇒ xuv ∈ J).

A non-empty subset J of a semigroup S is said to be a right weak-interior
ideal of S if it satisfies (9), (11) and

(22) (∀x, u, v ∈ S)((u ∈ J ∧ v ∈ J) =⇒ uvx ∈ J).

A non-empty subset J of a semigroup S is said to be a weak-interior
ideal of S if J is a subsemigroup of S and J is left and right weak-interior
ideal of S.

If S is a semigroup ordered under a quasi-order, the determination of
the notion of (left, right) weak-interior filters in S must be adapted to the
specific order requirement of this semigroup with the condition (13) (see
[9]). The appropriate counterparts of these types of ideals in quasi-ordered
semigroups are introduced by the following definition:
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Definition 4.1. Let S =: ((S,=, 6=), ·,�) be a quasi-ordered semigroup
and let F be a subset of S.
(i) The subset F is a left weak-interior filter of S if the conditions (12), (13)

are valid and the following holds

(23) (∀x, u, v ∈ S)(xuv ∈ F =⇒ (u ∈ F ∨ v ∈ F )).
(ii) The subset F is a right weak-interior filter of S if the conditions (13),

(14) are valid and the following holds

(24) (∀x, u, v ∈ S)(uvx ∈ F =⇒ (u ∈ F ∨ v ∈ F )).
(iii) The subset F is a weak-interior filter of S if it is a left and right weak-

interior filter of S.

Remark 4.2. As in the case of determination of interior filters, here, too,
in the determination of (left, right) weak-interior filters, it should be noted
that the condition (11) is omitted from the definition of this filter class. It
should also be noted that a (left, right) weak-interior filter in a quasi-ordered
semigroup S is a consistent subset of S.

Example 4.3. Let Q be a field of rational numbers, S = {
(
0 b
0 d

)
| b, d ∈ Q}

be a semigroup of matrices over the filed Q. The operation in S is the
standard multiplication of matrices. Then S is an ordered semigroup. Then

F =: {
(
0 0
0 d

)
| d ∈ Q ∧ d 6= 0} is a right weak-interior filter of the semigroup

S and F is neither a left filter nor a right filter, not a weak-interior filter
and not an interior filter of the semigroup S.

Our first proposition shows that the concept of the right weak-interior
filter is well defined.

Proposition 4.4. Let F (6= S) be a right weak-interior filter of a quasi-
ordered semigroup S. Then the set F c is a right weak-interior ideal of S.

Proof. It needs to be proven:
F c 6= ∅,
(∀x, y ∈ S)((x ∈ F c ∧ y ∈ F c) =⇒ xy ∈ F c,
(∀x, u, v ∈ S)((u ∈ F c ∧ v ∈ F c) =⇒ uvx ∈ F c), and
(∀x, y ∈ S)((y ∈ F c ∧ x � y) =⇒ x ∈ F c).
The condition F 6= S ensures that the set F c is non-empty.
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Let x, y ∈ S be such that x /∈ F and y /∈ F . Then xy /∈ F or xy ∈ F .
The second option would give x ∈ F by (14) which is in contradiction with
the hypotheses x ∈ F c. Therefore, it must be xy /∈ F . This means xy ∈ F c.

Let x, u, v ∈ S be arbitrary elements such that u /∈ F and v /∈ F . Then
uvx /∈ F ∨ uvx ∈ F . The second option would give u ∈ F ∨ v ∈ F
according to (24) which is contrary to the hypotheses u /∈ F and v /∈ F . So
it must be uvx /∈ F . This means uvx ∈ F c.

Let x, y ∈ S be arbitrary elements such that x � y abd y ∈ F c. Then
x /∈ F ∨ x ∈ F . The second option would be to give (x � y ∧ y ∈ F ) =⇒
y ∈ F by (13). It contradict to the hypotheses. Therefore, it must be x /∈ F .
This means x ∈ F c. Thus proving the validity of the condition (8).

The concept of right weak-interior filters is a generalization of the notion
of filters in quasi-ordered semigroups, as shown by the following theorem.

Theorem 4.5. Any right filter of a semigroup S ordered under quasi-order
is a right weak-interior filter of S.

Proof. Let S =: ((S, ·),�) be a quasi-ordered semigroup and let F be a
right filter of S. This means that F satisfies the conditions (11), (13) and
(14). It needs to be proven (24). Let x, u, v ∈ S be such that uvx ∈ F.
Then uv ∈ F because F is a right filter of S. Thus u ∈ F ∨ v ∈ F by (11).
This proves that F is a right weak-interior filter of S.

The reverse, of course, may not be true since the determination of a
right weak interior filter cannot satisfy the condition (11). The reverse of
the previous theorem can be demonstrated in one special case:

Theorem 4.6. Let S be a quasi-ordered semigroup which satisfies the con-
dition

(D) (∀x ∈ S) (x � x2).

Then the right generalized filters and the right weak-interior filters in S
coincide.

Proof. Suppose that S is a quasi-ordered semigroup which satisfies the con-
dition (D) and F is a right weak-interior filter of S. Let x, y ∈ S be arbitrary
elements such that xy ∈ F . How from (D) it follows xy � x2y, we have
that xy ∈ F implies x2y ∈ according to (13). Hence x2 ∈ F by (24) and
x ∈ F by (14). This means that F is a right generalized filter od S.
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Similar to the above, the concept of right weak-interior filter in a quasi-
ordered semigroup S is a generalization of the concept of interior filters in
S as shown by the following theorem.

Theorem 4.7. Any interior filter of a quasi-ordered semigroup S is a right
weak-interior filter of S.

Proof. Let F be an interior filter of a quasi-ordered semigroup S. Then
(15), (13) and (20) are valid formulas. Let us prove (24). Let x, u, v ∈ S be
such that uvx ∈ F . Then v ∈ F by (20). Thus u ∈ F ∨ v ∈ F . So, F is a
right weak-interior filter of S.

Theorem 4.8. The family Wrintf(S) of all right weak-interior filters of a
quasi-ordered semigroup S forms a complete lattice.

Proof. Let {Fi}i∈I be family of right weak-interior filters of a quasi-ordered
semigroup S.

(a) Let x, y ∈ S be such that xy ∈
⋃

i∈I Fi. Then there exists an index
k ∈ I such that xy ∈ Kk. Thus x ∈ Fk ⊆

⋃
i∈I Fi by (14). This means

that the set
⋃

i∈I Fi satisfies the condition (14).
Let u, v, x ∈ S be such that uvx ∈

⋃
i∈I Fi. Then there exists an index

k ∈ I such that uvx ∈ Fk. Thus u ∈ Fk ⊆
⋃

i∈I Fi or v ∈ Kk ⊆
⋃

i∈I Fi.
Thus, the set

⋃
i∈I Fi satisfies the condition (24).

Let x, y ∈ S be such that x ∈
⋃

i∈I Fi and x � y. Then there exists an
index k ∈ I such that x ∈ Fk. Thus y ∈ Fk ⊆

⋃
i∈I Fi by (13).

Therefore, the set
⋃

i∈I Fi is a right weak-interior filter of S.

(b) Let X be the family of all right weak-interior filters of S contained in⋂
i∈I Fi. Then ∪X is the maximal right weak-interior filter of S contained

in
⋂

i∈I Fi according to part (a) of this proof.

(c) If we put ti∈Ifi =
⋃

i∈I Fi and ui∈IFi = ∪X, then (Wrintf(S),t,u)
is a complete lattice.

Corollary 4.9. For any subset X of a semigroup S there is the maximal
right weak-interior filter of S contained in X.

Corollary 4.10. For any element a ∈ S there is the maximal right weak-
interior filter Fa of S such that a /∈ Fa.

Claims for (left) weak-interior filters of a quasi-ordered semigroup can
be designed without major difficulties analogously to previous claims. Ac-
cepting this belief allows us to create the following theorem:



Some types of interior filters in quasi-ordered semigroups 147

Theorem 4.11. Suppose that a quasi-ordered semigroup S satisfies condi-
tion (D). Then any weak-interior filter of S is an interior filter of S.

Proof. Let F be a weak-interior filter of S. Then F is a generalized filter
of S by Theorem 4.6. Thus F is an interior filter of S by Theorem 3.4.

5. Quasi interior filters

A non-empty subset J of a semigroup S is said to be a left quasi-interior
ideal of S if J is a subsemigroup of S and holds SJSJ ⊆ J , i.e. it satisfies
(9), (11) and

(25) (∀x, y, u, v ∈ S) ((u ∈ J ∧ v ∈ J) =⇒ xuyv ∈ J).
If we add (8) to (9), (11) and (25) that the subset J of a quasi-ordered
semigroup S must meet in order for it to be a left quasi-interior ideal of S,
we get the determination of the left quasi interior ideal of a quasi-ordered
semigroup S (see [9]).

A non-empty subset J of S is said to be a right quasi-interior ideal of
S if it satisfies (9), (11) and

(26) (∀x, y, u, v ∈ S)((u ∈ J ∧ v ∈ J) =⇒ uxvy ∈ J).
If we (8) to (9), (11) and (26) that the subset J of a quasi-ordered semigroup
S must meet in order for it to be a left quasi-interior ideal of S, we get the
determination of the ordered right quasi-interior ideal of a quasi-ordered
semigroup S (see [9]).

A quasi-interior ideal of S if it is both a left quasi-interior ideal and a
right quasi-interior ideal of S.

Definition 5.1. Let S =: ((S,=, 6=), ·) be a semigroup ordered under a
quasi-order �. The subset F of S is:
a left quasi-interior filter of S if it satisfies (12), (13) and

(27) (∀x, y, u, v ∈ S)(xuyv ∈ F =⇒ (u ∈ F ∨ v ∈ F ));
a right quasi-interior filter of S if it satisfies (13), 14) and

(28) (∀x, y, u, v ∈ S)(uxvy ∈ F =⇒ (u ∈ F ∨ v ∈ F ));

a quasi-interior filter of S and it is a left and right quasi-interior filter of S.

Remark 5.2. As in the case of determination of interior filters and (left,
right) weak-interior filters, here, too, in the determination of (left, right)
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quasi-interior filters, it should be noted that the condition (11) is omitted
from the definition of this class of filters.

Example 5.3. Let Q be a field of rational numbers, S := {
(
a b
0 d

)
| a, b, d ∈

Q} be the semigroup of matrices over the filed Q. The operation in S is
the standard multiplication of matrices. Then S is an ordered semigroup.

Then F =: {
(
a 0
0 0

)
| a ∈ Q ∧ a 6= 0} is a left quasi-interior filter of the

semigroup S.

Let us show, for the sake of illustration, that the concept of left quasi-
interior filters of a quasi-ordered semigroup is correctly defined.

Proposition 5.4. Let F (6= S) be a left quasi-interior filter of a quasi-
ordered semigroup S. Then the set F c is a left quasi-interior ideal of S.

Proof. It needs to be prove:
F c 6= ∅,
(∀x, y ∈ S)((x ∈ F c ∧ y ∈ F c) =⇒ xy ∈ F c),
(∀x, y, u, v ∈ S)((u ∈ F c ∧ v ∈ F c) =⇒ xuyv ∈ F c).

The condition F 6= S ensures that the set F c is not empty.

Let x, y ∈ S such that x ∈ F c and y ∈ F c. Then xy ∈ F or xy /∈ F. The
first option would give y ∈ F by (12). We got a contradiction according to
the hypotheses. So, must be xy /∈ F . This means xy ∈ F c.

Let x, y, u, v, t ∈ S be arbitrary elements such that u ∈ F c and v ∈ F c.
Then xuyv /∈ F or xuyv ∈ F . The second option would be give u ∈ F or
v ∈ F by (26). This is impossible. So, must be xuyv /∈ F . This means
xuyv ∈ F c.

Let x, y ∈ S be such that x � y and y ∈ F c. Then x ∈ F or x /∈ F .
The first option would be give y ∈ F what is impossible. So, must be
x ∈ F c.

The concept of left quasi-interior filters is a generalization of the no-
tion of left filters in a quasi-ordered semigroup, which shows the following
theorem:

Theorem 5.5. Any left filter of a quasi-ordered semigroup S is a left quasi-
interior filter of S.
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Proof. Let F be a left filter of a quasi-ordered semigroup S. This means
that the set F satisfies the conditions (11), (12) and (13). Let us prove (27).

Let x, y, u, v ∈ S be such that xuyv ∈ F . Then v ∈ F by (12). Thus
u ∈ F ∨ v ∈ F . So, F is a left quasi-interior filter of S.

The opposite statement may not be true since a left quasi-ordered filter
does not satisfy the condition (11).

In addition to the above, the concept of left quasi-interior filters is a
generalization of the concept of interior filters in quasi-ordered semigroups.

Theorem 5.6. Any interior filter of a quasi-ordered semigroup S is a left
quasi-interior filter of S.

Proof. Let F be an interior filter of a quasi-order semigroup S. It needs
to be proven (27). Let x, y, u, v ∈ S such that xu(yv) = xuyv ∈ F . Then
u ∈ F by (20). Thus u ∈ f ∨ v ∈ F . So, F is a left quasi-interior filter of
S.

The reverse of the previous theorem can be proved if the quasi-ordered
semigroup S satisfies the condition (C). Indeed:

Theorem 5.7. Suppose that a quasi-ordered semigroup S satisfies the con-
dition (C). Then the interior filters and the left quasi-interior filters in S

coincide.

Proof. Suppose that a quasi-ordered semigroup S satisfies the condition (C)
and let F be a left quasi-interior filter of S. Let u, v, x, y ∈ S be arbitrary
elements such that uxv ∈ F . On the other hand, we have v � vx by (C).
Hence it follows uxv � uxvx according to (6). Therefore, from uxv ∈ F
and uxv � uxvx it follows uxvx ∈ F according to (13). Thus x ∈ F by
(27). This proves that F is an interior filter of S.

The previous theorem allows us to establish a connection between the
left filter and the left quasi-interior filter in a quasi-ordered semigroup.

Theorem 5.8. Let a quasi-ordered semigroup S satisfies the condition (C).
Then the left generalized filter of S and the left quasi-interior filter of S
coincide.

Proof. Let F be a left quasi interior filter of S. Then F is an interior filter
of S by Theorem 5.7. Thus F is a left generalized filter of S by Theorem
3.8.
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Theorem 5.9. The family Qlintf(S) of all left quasi-interior filters of a
quasi-ordered semigroup S forms a complete lattice.

Proof. Let {Fi}i∈I be a family of left quasi-interior filters of a quasi-ordered
semigroup S.

(a) Let x, y ∈ S be such that xy ∈
⋃

i∈I Fi. Then there exists an index
k ∈ I such that xy ∈ Fk. Thus y ∈ Fk ⊆

⋃
i∈I Fi. by (12). This means

that the set
⋃

i∈I Fi satisfies condition (12).
Let x, y, u, v ∈ S be arbitrary elements such that xuyv ∈

⋃
i∈I Fi. Then

there exists an index k ∈ I such that xuyv ∈ Fk. Thus u ∈ Fk ⊆
⋃

i∈I Fi

or v ∈ Fk ⊆
⋃

i∈I Fi by (27).
Let x, y ∈ S be such that y ∈

⋃
i∈I Fi and x � y. Then there exists an

index k ∈ I such that y ∈ Fk. Thus x ∈ Fk ⊆
⋃

i∈I Fi by (13).
This proves that the set

⋃
i∈I Ki is a left quasi-interior filter of S.

(b) Let X be the family of all lest quasi-interior filters of S included
in
⋂

i∈I Fi. Then the set ∪X is the maximal lest quasi-interior filter of S
included in

⋂
i∈I Fi.

(c) If we put ti∈IFi =
⋃

i∈I Fi and ui∈IFi = ∪X, then (Qlintf(S),t,u)
is a complete lattice.

Corollary 5.10. For any subset X of a quasi-ordered semigroup S there is
the maximal lett quasi-interior filter of S contained in X.

Corollary 5.11. For any element a ∈ S there is the maximal left quasi-
interior filter Fa of S such that a /∈ Fa.

Remark 5.12. Claims for (right) quasi-interior filters of a quasi-ordered
semigroup can be designed without major difficulties analogously to previ-
ous claims.

Thus, for example, we transform Theorem 5.7 into the following theo-
rem:

Theorem 5.13. Suppose that a quasi-ordered semigroup S satisfies one
additional condition:

(E) For every elements a, b ∈ S the following holds a � ba.
Then the interior filters and the right quasi-interior filters in S coincide.

The concept of left quasi-interior filters of a quasi-ordered semigroup S
is a generalization of the concept of weak-interior filters of S.
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Theorem 5.14. Any left weak-interior filter of a quasi-ordered semigroup
S is a left quasi-interior filter of S.

Proof. Let F be a left weak-interior filter of a quasi-ordered semigroup S.
This means that F satisfies the conditions (12), (13) and (23). Let us prove
(27).

Let x, y, u, v ∈ S be such that xuyv ∈ F . Then u ∈ F or yv ∈ F by
(23). Thus u ∈ F of v ∈ F by (12). It is shown that F is a left quasi-interior
filter of S.

Further on, it can be demonstrated that any left quasi-interior filter of
a quasi-ordered semigroup S is a left weak-interior filter of S if S satisfies
the condition (C).

Theorem 5.15. Suppose that a quasi-ordered semigroup S satisfies the con-
dition (C). Then any quasi-interior filter of S is a weak-interior filter of
S.

Proof. Suppose that a quasi-ordered semigroup S satisfies the condition
(C). Let F be a left quasi-interior filter of S. This means that F satisfies
the conditions (12), (13) and (27). Let us prove (23). Let x, y, v ∈ S be
such that xuv ∈ F . On the other hand, from u � ux it follows xuv � xuxv
by (6). Therefore, xuxv ∈ F by (13). Hence u ∈ F ∨ v ∈ F by (27).
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