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A quasi-pseudometric

on group-like Menger n-groupoids

Hamza Boujouf

Abstract. We introduce and investigate topologies on Menger n-groupoids. These
topologies are defined by families of quasi-pseudometrics. We explore the relationship
between the right X-closure property, continuity, and extension to an abelian binary
group. Finally, we provide the necessary conditions for the topological embedding of

group-like Menger n-groupoids in a locally compact binary group as an open subset.

1. Introduction and preliminaries

In the field of topological algebras, considerable attention has been de-
voted to the study of the properties of topological n-ary groups and n-ary
semigroups. The properties of topological Menger n-groupoids have been
recently explored in |2, 3, 4]. The generalization of some results is always
interesting, and in this paper, we aim to extend some of the results from [1]
to the case of Menger n-groupoids.

One of the generalized metric spaces is the pseudometric space intro-
duced by Kuratowski. As the study of non-symmetric topology has gained
renewed attention due to its application in various problems in applied
physics, we have started utilizing quasi-pseudometric, which are another
generalization of metric spaces introduced by Kelly J.C. in [11].

The question of describing families of quasi-pseudometrics that generate
a topology on a Menger n-groupoid X, consistent with the n-ary operation
and the operation resulting from the definition of Menger n-groupoid, is of
interest. Notice that the topological Menger n-groupoid (X, g, 7) such that
g: X" = X: (x1,...,2,) — g(x]) = 1 is not uniformizable.

In this article we investigate the application of certain quasi-pseudomet-
rics to define topologies on Menger n-groupoids, enabling the continuity of
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each translation within these structures and resulting in transformation
into topological Menger n-groupoids. Specifically, we explore the use of in-
variant quasi-pseudometric families to generate topologies, examining their
implications for the right X-closure property, continuity, and extension to
an abelian binary group. By establishing compatibility conditions between
these topologies and the n-ary operation, we emphasize the crucial contri-
bution of invariant quasi-pseudometrics in defining and characterizing the
topological properties of Menger n-groupoids. And at the end we gave the
necessary conditions for the topological embeddable of group-like Menger
n-groupoids in a locally compact binary group as an open set.

By a Menger n-groupoid (X, g) we mean the nonempty set X together
with an m-ary operation g: X" — X satisfying the superassociative law
g(9(@?),y7 ") = g(w1, g(x2,977 1), g(@n,y7™h)). A Menger n-groupoid
(X, g) is i-solvable if for all a?_l, b € X, the equation g(a'f_l,:c,az_l) = b,
is uniquely solvable for the case k =1 and k =i+ 1. A Menger n-groupoid
is called (1, j)-commutative if g(le_l,xj,xyﬂ) = g(mj,azé_l,ml,myﬂ), and
(4, n)-commutative if g(x{_l,xj,x?+1) = g(:c{_l,a:n,x;-‘;f,:cj) for 27 € X.
And (X, g) is abelian if g(z7) = 9(T5(1), To(2)s - - - » To(n)) for 27 € X and all
permutations o € S,,.

It should be noted (cf. [6]) that any Menger n-groupoid is isomorphic
to some Menger algebra of full (n-1)-place functions. The necessary and
sufficient conditions for partially commutative Menger n-groupoids to be
isomorphic to Menger algebras of specific (n — 1)-place functions are given
in [7], [8] and [9]. Menger n-groupoids which are i-solvable are characterized
in [5] (see also [6]).

A binary semigroup (X,-), where = -y = g(z, nzjl), is called a diagonal
semigroup of a Menger n-groupoid (X, g). If a Menger n-groupoid (X, g) is
i-solvable then its diagonal semigroup is a group (see [6]).

The triple (X, g, 7) is a topological Menger n-groupoid if ¢ is continuous,
in all variables together, in the topology 7 defined on a Menger n-groupoid
(X,g). Note that if the n-ay operation ¢ is continuous on the topology
7 defined on a Menger n-groupoid X, then the operation 92 defined by
9y (21, 95) = g(g(a7), y3) will also be continuous in (X, 7). But the conti-
nuity of the operation 92 does not always imply the continuity of g or the
binary operation -. As an example, we take the Menger 3-groupoid (X, g)
such that X =]1, +00) with the sum of the usual topology on |1, 2]U[5, +00)
and the discrete topology on the interval [2,5], i.e. the topology 7 is de-
fined as the set of all sets representable as unions of elements of the usual
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topology on |1,2] U [5,4+00) and of the discrete topology on [2,5] (see [3]).
Algebraic properties of the Menger n-groupoid are considered in detail
in the monograph [6].

2. Results

A mapping f: X x X — [0,400) is called a quasi-pseudometric on X if
for every x,y and z from X, the following conditions hold: f(z,z) =0 and
f(z,y) < f(z,2)+ f(z,y). If, in addition, f(x,y) = f(y,x), then f is called
a pseudometric (or deviation).

The maps t; : X — X, where £k € N, = {1,2,...,n}, defined by
tp(r) = glah™! ,T,a),1), af € X, are called the translations. A quasi-
pseudometric on (X, g) is said to be k-invariant, if f(ti(x),tx(y)) = f(z,y)
for all z,y,a} € X. If f is k-invariant for each k € N, then f is invariant.
Furthermore, f is right (resp. left) invariant if f(t,(x),t,(y)) = f(z,y)
(xesp. f(t1(2), t1(y)) = f(z,y) ), for all 2,y € X

Every family ® of quasi-pseudometrics generates a topology on X in a
standard way: the sets By(z,e) = {x € X : f(z,y) < €}, where y € X,
f e, e>0, form a pre-base of such a topology.

Proposition 2.1. Ifin a Menger n—groupoz'd (X, g) there are c{ eX,j<n

and i € {0,1,...,5 — 1} such that g(cl, T ,C‘Z_H) =x for all z € X, then

every quasi-pseudometric f on X induces a new quasi-pseudometric da’f

defined by dazf(a:,y) = f(g(a},, aZﬁ) g(ak, vy, aZﬁ)). If f is additionally
k-invariant, then da;f is also k-invariant.

Proof. Let f be a quasi-pseudometric on a Menger n- group01d (X,g), and
k n—1 k 0 and
n—1

x,y,2 € X. Then d k(ac r) = f(g(af,z,a;. 1), 9(a7,, akH)) =
d k(ilf y)_f(g(alfax aZ_t,_ll) g(alay7ak+1))<f( (alax ak_t,_l) g<alf72 GZ_’_%))
+f( (CLI,Z CLZ+%) g(aby,akJrl)) =d k(x Z)+d k(Z y)

Thus, d x is a quasi- pseudometrlc on X. Moreover if (X,g) satisfies
the given condition and f is k-invariant. Then

k—
da (g( y L ak+1) g(al 17y7a2+1)) -
f(g(alf ( " :B: C'L+1) akJr%)vg(allfvg(cll_lv:% C?+1)7GZ;11)) = f(g(alf,:c aZJrll)
g(a¥,y, akJrl)) d k(:E y). Therefore, da;f is also k-invariant. O

Proposition 2.2. If a topological Menger n-groupoid (X, g, T) satisfies the
assumption of Proposition 2.1, then the continuity of the operation Yoy M-
plies the continuity of the operation g.
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Proof. Since g(z) = g(g(cﬁ,na?],cg+1), zh) = g(z)(cil,nij,cgﬂ,xg), the con-
tinuity of the operation 92 implies the continuity of the operation g.  [J

Theorem 2.3. Let ® be a family of k-invariant quasi-pseudometrics on
a Menger n-groupoid (X, g). If the topology Ty on X, is generated by the
family ®, then (X, g,7¢) is a topological Menger n-groupoid.

Proof. Let fi,...,fm € ®, and let € and 27 € X. The collection of sets
W ={s e X: fi(s,g(z}')) < ¢i € Np} forms a fundamental system of
neighborhoods of the point g(«7) in the topology 7 induced by ®. The
set Uy, = {h € X : fi(h,x) < €,i € Np,} is a neighborhood of a point zy,
where k € IN,,, in the topology 77 on X. If hj, € Uy, then for each i € Ny,
we obtain

Filg(h), g(21)) < filg(hp), g(hi ™ )+ Filg(BY ™ @), g(hY ™2, s, @)
+.o o+ filg(hi,a%), g(he, 28)) + fi(g(h, 25), g(7)

= filhn,2n) + fi(hn—1,2n-1) + ...+ fi(ho,22) + fi(h1,21) <n(E) =«
Consequently, g(h}') € W and therefore the operation g is continuous in 7.
Thus, (X, g,7¢) is a topological Menger n-groupoid. O

Corollary 2.4. Let ® be a family of k-invariant quasi-pseudometrics on a
Menger n-groupoid (X, g). Then all translations t; of X are continuous in
the topology Ty on X, generated by the family ®.

Proof. Theorem 2.3 establishes that g on (X, 7¢) is continuous Thus each
translation x — g(a’ffl, x,ap ) of X is continuous in the topology 7. [

Corollary 2.5. Let ® be a family of k-invariant quasi-pseudometrics on
a Menger n-groupoid (X, g). If the topology T¢ on X, is generated by the
family ®, then the operation Gy s continuous in Ty.

Theorem 2.6. If a Menger n-groupoid (X, g) with a topology T¢ generated
by the family ® of quasi-pseudometrics invariant from the right is (1,7)-
commutative for some j € Np, then (X,g,7¢) is a topological Menger n-
groupotd.

Proof. Let a Menger n-groupoid (X, g) be (1, j)-commutative. Then for
any fi,..., fm € ®, € >0, 21 € X the collection of sets

W={se X: fi(s,g(z])) < €i€ Ny}

forms a basis for the topology 7; induced by ® on X. Consider the set
Uy, =1{h € X : fi(h,xzx) < €,i € Ny, }, which is a neighborhood of a point
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xy, where k € N, in the topology 7¢. If hy € Uy for k € Ny, then for each
1 € Ny,, we have:
filg(h), g(a1)) < fig(ha, by ™" hn), g(ha, By ™' ) +
fi(g(hth )7 (h1,h§_2,xn_1,:cn))+...+
fz(g(hl,hw«“g) g(h1,23)) + fi(g(h1, 23), g(aT))
fz‘(g(hmh" ! hl) g(an, by~ h1)) +
fi(g(hn—1, W52, ha, 20, g(Tn—1, hy 2, b1, @)
+... +fz( (hQah1’x3)>g($27h1>$3))+f2( (h1,hg),g($7f))
= filhn,2pn) + fi(hn—1,2n—1) + ... + fi(ha,22) + fi(h1,21)
<n(s)=e
Consequently, we can conclude that g(hy) € W, and therefore the op-

eration g is continuous in 7. Hence, (X, g,7f) is a topological Menger
n-groupoid. O

In a similar manner, we can prove

Theorem 2.7. If a Menger n-groupoid (X, g) with a topology T¢ generated
by the family ® of quasi-pseudometrics invariant from the left is (j,n)-
commutative for some j € Ny, then (X,g,7¢) is a topological Menger n-
groupoid.

Corollary 2.8. If an abelian Menger n-groupoid (X, g) with a topology T¢
generated by the family ® of quasi-pseudometrics invariant either from the
right or from the left, then (X, g,7r) is a topological Menger n-groupoid.

Remark 2.9. Proposition 2.2 and the above theorems also are valid in the
case of topologies generated by a family of pseudometrics.

Any i-solvable Menger n-groupoid is a commutative n-group derived
from its diagonal group (see [5]). Then there exists a binary group (G, )
such that G D X for which A={aj-ag-... apn—1:a;, € X,i € N,_1} is a
normal subgroup, and the quotient group of G/A is cyclic of order n—1 (see
for example [12]). Forally € X, X = yA = Ay, and g(a}') = a1-az-... an,
where aj - as - ... a, = a} is the product calculated in thee group (G, -).

Such defined group (G, -) is called the covering group for (X, g).
Based on these findings, we can prove the following result.
Proposition 2.10. Let (X,g) be i-solvable Menger n-groupoid and let f

be a left invariant quasi-pseudometric on X such that for each xz,y € X,
f(z,y) < 1. If fo is an extension of f such that
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fo(yFar-az- .. an 1,y"b1 by ... bo1) = f(g(y, a7 "), 9(y, 077 )
ifk € Ny, a1 0771 € X, and fa(z,s) = 1 if z and s belong to different
cosets, then fg is a left-invariant quasi-pseudometric on G.

Proof. Let a Megner n-groupoid (X, g) be i-solvalbe and let (G,-) be its
covering group. It’s clear that fg is well-defined on G x G, does not depend
on the choice of y € X, is non-negative, and it is a quasi-pseudometric on G.
Moreover, if x, z belong to different cosets, then for any ¢ € G, the elements
tx,tz also belong to different cosets. Then fg(tz,tz) =1 = fa(x,z). Now,
if:c:ykal-ag-...-an_l, Z:ykbl'bg'...'bn_l,t:ymcl “Co .t Cp,
where 1l <k <n—-1,1<m<n-1, a’f‘l,b?_l,c?_l € X, then tzr =
y™"er-ca. . .-cn_lykal-ag-. . Up_1. Since ¢1-cay-. . .-cn_lylC = ykdl-d2~. ol 1,

for some d’f_l € X, then then tx =y *d; -dy- ... dp_1y*a1-as-...-ap_1.
Similarly, we obtain tz = y™*d; -dy - ... - dp_1y*b1 -by - ... bp_1.
Therefore,

fG(tm7tZ) =

fc;(ym+kd1'd2-. . .-dn,lal-ag-. -1, ym+kd1-d2-. . .'dnflbl‘bQ'. . .-bnfl)
f(g(yd1~d2-. . .-dn_lal-a2~. . .~an_1),g(yd1-d2-. . "dn—lbl -bQ-. . -'bn—l))
flgp1-p2-.. -Pnryar-az-...-an-1),9(p1-p2-. .. Pa_1yb1-b2-...-by_1))

flg(yay -ag ... apn—1),9(yb1 -ba-... - byp_1)) =
falg(yFar-ag- ... an_1),9(y"b1 by ... bp_1)) = fal(, 2),
where d?_l € X" ! guch that ydy -do-...-dp—1 =p1-p2- ... Pp_1y, with

m+k<n-—1.

If m+k>n-—1, then
fa(tz, tz) =
fa(ymth==Dyn=1d, dy. .. dy_1a1-ag-... ap_1,y"HF-"Dyn=1q, . d,.

“dp—1by by bpy) =
f(g(y"dl-dz-. . .-dnflal-az-. . .-anfl),g(y”dl-dQ-. . .'dnflbl-bg'. . .'bnfl))

fla@™ 1 gpr-p2- - paayar-ag- ... an1)), 9" - glpr o2
Pn-1yb1 -ba - ... byo1))) =
flgpr-p2--. -pnryar-az-...-an-1),9(p1-p2-- - Pno1ybr-b2-...-by_1))
= f(g(yas-ag ... apn-1),9(yby -ba-... byp_1))
= f(;(ykal a9 ... an_l,ykbl . bQ L bn—l) = fg(x,z),
where d’f_l € X such that ydy -da ... dp_1=p1- P2 ...  Pn_1Yy.
Thus, fq is a left invariant quasi-pseudometric on G. O

We will say that the family of quasi-pseudometrics ® on a Menger n-
groupoid (X, g) is right X-closed, if for all f € @, a’ll_l € X the map
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da?_1 defined by da?_l(a:,y) = f(g(z, a’ffl),g(y, a’ffl)) for all z,y € X, is
a pseudo-metric on (X, g).

Theorem 2.11. Let ® be a right X -closed family of left-invariant quasi-
pseudometrics on a Menger n-groupoid (X, g) such that for some a € X,
fe® k=23,...,n—1, the map d, ). defined by
da(w,y) = (g(d, 2" a "), g(a,y," a )

is a quasi-pseudometric on (X,g). Then g is continuous in the topology T
generated by ®. Moreover, if (X, g) is associative and i-solvable, then on
the group (G,-) there exists T consistent with the semigroup structure, X
1s an open subset of G and T is a restriction topology on X from G.

Proof. According to Theorem 2.3 the operation g is continuous in (X, 7). If
(X, g) is an associative and i-solvable Menger n-groupoid, then there exists
an abelian binary group (G,-), such that G D X. If &5 = {fg} is a family
of quasi-pseudometrics on (G, -), generated by ®, then @ is right G-closed.
Let’s show it.

First, note that for any fg € ®¢, the function el

I+fa
|7 f}ic| < 1. Therefore, without loss of generality, we can assume that every

quasi-pseudometric fg € @ satisfies the inequality |fg| < 1. Let z,2,t €
G. Then z = ykal-ag-. Q1,2 = ylbl-bg-. by, t =y a0,
where 1 <k<n—-1,1<lI<n-1,1<m<n—1, a?_l,b;‘_l,c?_l e X.
Thus y € X.

If x, z belong to different cosets y* A, then xt and zt belong to different
cosets as well, and therefore fg(xt,zt) = 1.

If [ = k, then z and z belong to some coset. In this case,

€ ®; and satisfies

fa(zt, zt) =
fc;(ykal-a2~. 1YL Coe e Cp1, YRbL o b1y ™1 Ca SCp1) =
fa" ™ay-ag ... apn—1y™crco o Cpe1, Y by b b1y e - Co
Cn—l) =
flgy"Mar-az-...-ap1y™er-ca- .o cpo1), g(y" b b b1y e
CQ-...~Cn_1)) =
dc?_1(g(y“_ma1 g1y e 1), g(Y" by b b1y e
€ i Cp)) =
(dc?fl)ynfmfl(g(yal cag . p-1),g(yby bo - bp1)) =

((dc';z—l)yn—m—l)G(yka]_‘GQ’. el 1, YPb1 b by 1) = ((dc?_1)yn_m_1)g(x, z),

which belongs to ®¢ since (dc?q) n—m-1 € ®. Hence, @ is right G-closed.

Y
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Since fg is an extension of the quasi-pseudometric f, the topology 74 on
(G, ), generated by the family @ induces a topology on X that coincides
with the topology generated by the family ®.

Since fg(x,z) = 1 when = and z belong to different cosets y*A for
1 <k <n—1,each y*A is an open subset of G, and in particular, X is an
open subset of G.

The continuity of the multiplication follows from the Theorem 2.3 by
considering n = 2 and k € {1,2}. Therefore, (G,-,7¢) is a topological
semigroup. ]

We say that a Menger n-groupoid (X,g) is weakly left (respectively,
right)-invertible if for all elements a,b € X there exist 071172 € X such that
g(c?_Q, a,X) ﬂg(c?_Q, b,X) # () (respectively, g(X, a, c?_2) Ng(X,b, crf_2) +
0).

Theorem 2.12. An associative i-solvable Menger n-groupoid (X, g) with
a locally compact topology T is a topological semigroup if all translations
are injective, open, and continuous. Additionally, if (X,g) is weakly left
(or weakly right)-invertible, then (X, g,T) is topologically embeddable in a
locally compact binary group as an open set.

Proof. Let (X, g) be an associative i-solvable Menger n-groupoid. Then it
is a commutative Menger n-group derived from its diagonal group (X, -) (cf.
[5]). Let 7 be a locally compact topology on X such that the translations are
injective, open, and continuous. Then, by Ellis’s theorem [10], the binary
operation is continuous, and sequentially, g is continuous. Therefore, we
can conclude that (X,-,7) is a topological semigroup, and in particular
(X, g,7) is a topological group.

Now, consider a weakly right-invertible Menger n-groupoid (X, g). There-
fore, for any elements a,b € X, and for certain sequence c’f_Z € X the
relation g(X,a,c’ll_z) Ng(X,b, c?_Q) # () holds. Thus, for some z,y € X,
we have g(z, a, 0?72) = 9(y, a, 0?72). Consequently, :mc?*2 = azac?fz in
(G,-). Invoking the injectivity of the translations of X we obtain za = yb
or XaN Xb # 0. Hence, by [14], (X, g, T) is topologically embeddable in a

locally compact binary group as an open set. O

This theorem can be considered an extension of Ellis’s theorem in [10]
to the case of Menger n-groupoids with locally compact topologies.
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Corollary 2.13. Let (X, g) be an associative, weakly left (or weakly right)-
ivertible Menger n-quasigroup with a locally compact topology T is topo-
logically embeddable in a locally compact binary group as an open set if all
translations are injective, open, and continuous in 7.

Theorem 2.14. An associative i-solvable Menger n-groupoid (X, g) with
a locally compact topology T is a topological semigroup if all translations
are injective, open, and the operation iy 18 continuous. Additionally, if
for every x,y € X and for every neighborhood V of point x there exists
—1 -1
a neighborhood V' of point y such that g(x, "y ) e N gV, ny/ ). Then
y'ev!
(X,g,7) is topologically embeddable in a locally compact binary group as an
open set.

Proof. Let (X,g) be an associative i-solvable Menger n-groupoid. Again,
from [5], it follows that (X,g) is a commutative Menger n-group derived
from its diagonal group (X, -). Let 7 be a locally compact topology on X
such that the translations are injective, open, and g(9) is continuous. Then
g is continuous, and according again to Ellis’s theorem the binary operation
is also continuous. Therefore, we can conclude that (X, -, 7) is a topological

semigroup, and in particular, (X, g, 7) is topological group.
If for every x,y € X and for every neighborhood V of point = there exists

— n—1

a neighborhood V' of point y such that g(m,nyl) e N 9(V, vy ). Then

y' eV’

1

e
zy =gz, ¥y )e N gV,y )= () V-y. As the diagonal-topological
y'eV’ y'eVv’!
—1
semigroup (X, -, 7) is commutative, then yz = g(x,ny ye N y-V. Con-
y'ev’
sequently, (X, -, 7) verifies the condition F' of [13]. Thus, (X,g,7) is topo-
logically embeddable in a locally compact binary group as an open set. [

Corollary 2.15. An associative Menger n-group (X, g) with a locally com-
pact topology T is topologically embeddable in a locally compact binary group
as an open set if all translations are injective, open, the operation g(y) is
continuous, and the following condition is satisfied: For every x,y € X and
for every neighborhood V' of point x there exists a neighborhood V' of point

n—1 n—1
y such that g(z, ¥ )€ () g(V, y!).
eV’
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