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Probabilistic groupoids

Smile Markovski and Lidija Goracinova-llieva

Abstract. Algebraic structures are commonly used as a tool in treatments of various
processes. But their exactness reduces the opportunity of their application in nonde-
terministic environment. On the other hand, probability theory and fuzzy logic do not
provide convenient means for expressing the result of combining elements in order to
produce new ones. Moreover, these theories are not developed to “measure" algebraic
properties. Therefore, we propose a new concept which relies both on universal algebra
and probability theory.

We introduce probabilistic mappings, and by them we define the notion of a proba-
bilistic algebra. Let A and B be non-empty sets, and let D be the set of all probability
distributions on B. A probabilistic mapping from A to B is a mapping h: A — Dp. Let
A be a set, n € N, and let A" = {(a1,a2,...,an)| a; € A, i =1,2,...,n} be the n-th
power of A. Every probabilistic mapping from A™ to A is a probabilistic (n-ary) opera-
tion on A. A pair (A, F') of a set A and a family F of probabilistic operations on A is
called a probabilistic algebra. When F = {f} has one binary operation, then the proba-
bilistic algebra (A, f) is a probabilistic groupoid. “Ordinary" groupoids are just a special
type of probabilistic ones. Basic properties of probabilistic groupoids and some classes
of probabilistic groupoids (with units, commutative, associative, idempotent, with can-
cellation, with inverses, quasigroups, groups) are treated in this paper. Here we consider

only the finite case.

1. Probabilistic mappings

Let A and B be non-empty finite sets, and denote by Dp the set of all
probability distributions on B, that is

Dp={flf:B—R,f(b)>0forbe B, f(b)=1}.
beB
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When B = {b1,bs,...,b,} is a finite set, a probability distribution f: B — R
can be also denoted, as usual, by the set of images {f(b1), f(b2), ..., f(bn)}-

For every mapping h from A to Dp we say that it is a probabilistic
mapping from A to B. We denote such a mapping by h : A ¢ B. If h(a) = f
for some a € A, then we write f = hg, and when hq(b) = p, p € [0,1], we
say that the probability of mapping the element ¢ € A into b € B is p,
or that b is an image of a with probability p. The element a is called a
pre-image of b with probability p = hq(b). Given a fixed element b € B,
each element of A is a pre-image of b with some probability, but the set
h=Hb} = {ha(b)] a € A} is not necessarily a probability distribution on A.

Example 1.1. A=1{1,2,3}, B={a,b,c,d}, h:A% B:

h_abcdh_abcdh_abcd
=03 007 0/ ™ \o oo 1) \o2 0 02 06/

In order to get the sets {h,(b)| a € A}, for every b € B, to be probability
distributions on A a necessary, but not sufficient, condition is to have the
equality |A| = |B|. An example is given below.

Example 1.2. A=1{1,2,3}, B={a,b,c}, s,h: A% B:

s_abc S_abc S_abc'
=102 05 03/ 2 \06 04 0/ 2 \02 01 07)°

by — a b c by — a b c B — a b c
=102 05 03/ ™ \02 05 03/ ™~ \02 01 07)/"

The sets s~ '{a} = {0.2,0.6,0.2}, s71{b} = {0.5,0.4,0.1}, s~ H{c} =
{0.3,0,0.7} are probability distributions on A, while the set h=1{a} =
{0.2,0.2,0.2} is not.

Note that every probabilistic mapping from A to B is actually a family
of distributions on B indexed by the elements of A. In spite of the fact
that this is a familiar notion (discrete stochastic process), the main idea
is to consider some algebraic properties which are satisfied with certain
“probability". Therefore, we start with this concept and appropriate new
terminology.
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2. Representations of probabilistic mappings

Besides using the usual representations of mappings, in the case when the
sets are finite (and not having many elements), weighted digraphs, stochas-
tic matrices and tables are particularly convenient for expressing proba-
bilistic mappings. In what follows, we give the graph, matrix and table
representation of the probability mapping from Example 1.

03 0 07 O
I={0 0 0 1
02 0 02 06

0.2
0.6

3. Compositions of probabilistic mappings

Let f: A% B and g: B % C be probabilistic mappings. Define composi-
tion of f and g to be the mapping h = g @ f which maps every element a of
A into a real-valued function h, on C, determined by the rule

ha(c) = Zfa(b)gb(c)7
beB

for every c € C.

Theorem 3.1. A composition of probabilistic mappings is a probabilistic
mapping.

Proof. Let f: A% B and g: B % C be probabilistic mappings, and h be
the composition of f and g. Then for the image h, of an arbitrary element
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a of A, we obtain
Zm@:ZEMMM@:ZQwQ}Wﬂ=Zﬁ@4ﬂ
ceC ceC beB beB ceC beB

Clearly hy(c) = 0 for each ¢ € C, hence for every a € A, h, is a probability
distribution on C, so h is a probabilistic mapping, h : A & C. O

By the definition of the notion composition of probabilistic mappings
and the matrix representation, we get the following result.

Theorem 3.2. Let A, B and C' be finite sets, f : A+ B andg: B3 C.
If Iy and Il are the corresponding matrices of f and g, respectively, then
their product 11y - Il is the matriz representation of the composition g e f.

Example 3.3. A={1,2,3}, B=/{a,b,c,d}, C={u,v}:

03 0 0 0.7 Oi8 0(')2
MA+B)=|0 0 0 1|, IBmC)=|, ||,
0.2 0.1 04 0.3 06 04
0.66 0.34
0.44 0.56

Theorem 3.4. Let f : A% B,g: B Cand h : C & D. Then
he(gef)=(heg)ef.

Proof. Let a € A. For each x € D we have

wwwoﬂn@wzimwfn@mwr=ZX}jn@%@Dmm>

ceC ceC beB

= ZZfa gb Zfa (Zgb(c)hc(x)>
beB ceC beB ceC

= fa®)(he gl(z) = ((heg) e fa(x).
beB
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4. Definition of probabilistic groupoids

Let A # () and N = {1,2,...} be the set of natural numbers. Then, for
n € N, the n'! direct power of A is the set of ordered n-tuples A" =
{(a1,az,...,an)|a; € Ayi=1,2,...,n}. We take by definition A® = {@}.

Every probabilistic mapping f : A" & A, n € NU {0}, is said to be an
n-ary probabilistic operation on A. The pair (A, F) of a nonempty set A and
a family F of probabilistic operations on A is called a probabilistic algebra.
In the case when F consists of only one binary probabilistic operation ¢ :
Ax A A, we say that the probabilistic algebra is a probabilistic groupoid,
denoted by (A, g), or just by A when g is known. We also use the notation
ga,p for the probability distribution g(a,b). If g, 5(c) = p, then we say that
the probability the product of a and b to be c is p.

The class of all “ordinary" groupoids can be considered as a subclass of
the class of probabilistic groupoids. Namely, for a € A, let ¢, € D4 be the
probability distribution which is determined by

Ga(l‘):{ 1: z=a,
0: x#a.
Denote by Dy the subset of D4 which consists of such functions, that is
Dy = {€q € Da| a € A}. Then an “ordinary" groupoid is the pair (4, g),
where g : A x A % Dy, under the identification €. = c.

For A = {a} we have that g : A X A — Dy, is just ga.a = €4, S0 the
probabilistic groupoid ({a}, g) is in fact the (ordinary) trivial groupoid.

If B C A, we denote by extDp the subset of D4 determined by:

f €extDp < f(xr) =0 for every x € A\ B.

In the sequel we identify the distribution extDp on the set A and the
distribution Dp on the set B. Clearly,

By C By C A= D, CDp, CDa.

Unlike in the case of ordinary groupoids, for finite |A| > 1, there are
infinitely many probabilistic groupoids. For instance, when A = {a, b}, one
is given by

a | Ga,a YGab > where
b 9ba  YGbb
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[ a b _f(a b\ _
Ga,a = 06 04)° 9b,a = 1 0 = €q,

[ a b _(a b\ _
ga,b - 0.9 0.1 b gb,b - 0 1 - Eb'

This probabilistic groupoid can be presented in more convenient way by
using only one table, as follows:

Finite probabilistic groupoids can be represented by “cubes” whose ele-
ments belong to [0, 1] and the sum of the elements along the vertical axes
are equal to 1. The previous groupoid can be presented as follows.

level b

level a

5. Probabilistic subgroupoids

Let (A, g?) and (B, g®) be probabilistic groupoids, and B C A. If for every
a,b € B we have that gfb = gﬁb\B (gﬁb\B is the restriction of gﬁb on B,
ie., gfb € extDg), then we say that (B, ¢”) is a probabilistic subgroupoid
of (A, g™).

Let (A, g) be a probabilistic groupoid and B C A. Then B is said to be
a closed subset of A if g,p(c) # 0 implies ¢ € B, for every a,b € B.

Theorem 5.1. Let (A, g) be a probabilistic groupoid and B C A. Then B
1s a probabilistic subgroupoid of A if and only if B is a closed subset of A.
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Proof. Let B be a probabilistic subgroupoid of A, and a,b € B be arbitrary.
Assume that there is ¢ € A\B, such that gq(c) = p > 0. Then

1= gap(@) = D gap(@) + > gap(@) Zp+ > gap(a) =p+1>1,

z€A z€A\B zeB z€B

a contradiction.
If B is a closed subset of A then, for every a,b € B, we have that

Z ga,b('r) =1,

z€B
since
Z Gap(z) =1 and z ¢ B implies gq(z) = 0.
€A
Hence, B is a probabilistic subgroupoid of A. ]

6. Some classes of probabilistic groupoids

sectionSome classes of probabilistic groupoids Here we define several classes
of probabilistic groupoids, corresponding to some classes of ordinary groupoids.

6.1 Probabilistic groupoids with units
Let (A, g) be a probabilistic grou-poid. An element [ € A (r € A) is said to
be a left (right) unit if

(Vz € A) g1z =€ ((Vx €A) gpr= 6;,;),

that is, the probability of the product of I and = to be z is 1 (the probability
of the product of z and r to be z is 1), for every element x € A. (Note that

this implies g; »(y) = 0 (g2,-(y) = 0), for each y # x.)
Let a € A be an arbitrary element, and consider the set

Lo = {gua(@)] 2 € 4} (Ra = {gra(@)] = € 4}).

Let po = inf L, (papL =inf R,). Then Pa’ (paR) is called the probability
of the left (right) neutrality of a. The following property is obvious.

Proposition 6.1. An element [ is a left unit (a right unit) if and only if
the probability of its left neutrality (right neutrality) is one.
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Proposition 6.2. Let (A, g) be a probabilistic groupoid and let a € A.
Then the probability py™ (py”) of the right neutrality (left neutrality) of an
arbitrary element b € A, b # a, does not exceed 1 — p” (1 — paT). Proof.
Let a € A be fixed element and let b # a € A be arbitrary element. Then we
have:

p = inf{gep(@)|r € A} < gap(a) =1=Y gap(x)
xiA

<1 —gap(d) <1 —inf{gan(z)z € A} =1 —p,~. O
As a consequence of Proposition 6.2, we obtain the following statement.

Corollary 6.3. Let I (r) be a left unit (a right unit) of a probabilistic
groupoid (A, g). Then the probability of the right neutrality (left neutrality)
of any other element of A is 0.

It is clear that a probabilistic groupoid does not have to possess a left
unit, but if it has one, then it does not need to be a unique one; the same
holds for the right units. However, like in the case of ordinary groupoids, a
probabilistic groupoid can not have distinct left and right units.

Theorem 6.4. Let (A, g) be a probabilistic groupoid and let | be its left unit
and let r be its right unit. Thenl =r1.

Proof. Assume that [ # r. Since [ is a left unit, we have that g;,(r) =
er-(r) = 1, and since r is a right unit, g;»(l) = ¢(l) = 1 also holds. But then

1= Z gl,r(x) = gl,r(r) + gl,r(l) =2,
T€A

a contradiction. O

An element e € A which is both left and right unit is said to be a unit
of a probabilistic groupoid (A4, g).
Having in mind the Corollary 6.3, we have the following property.

Corollary 6.5. Let e be the unit of a probabilistic groupoid (A,g). Then
the probability of both left and right neutrality of any element of A which is
distinct of e is 0.
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6.2 Idempotent probabilistic groupoids

Let (A, g) be a probabilistic groupoid and a € A. Then the number p =
Jaa(a) is called the probability of the idempotence of a. The element a is
said to be idempotent if p = 1.

Proposition 6.6. Let e be the unit of a probabilistic groupoid (A,g). Then
e is an idempotent element.

Let I = {gz2(x)|x € A} be the set of the probabilities of idempotence of
the elements of (A, g). Then p! = infI is called the probability of the idem-
potence of the probabilistic groupoid (A, g). Hence, the probability of the
idempotence of any particular element is at least p’. Probabilistic groupoid
(A,g) is said to be idempotent if p! = 1 (i.e., if all of its elements are
idempotent ones).

6.3 Commutative probabilistic groupoids

Let a,b € A, and for every z € A let p , = min{gap(2), gb.a(2)}. Let

Pab = Zp;b-

z€A

Then we say that the elements a and b commute with probability p,p. The
value of p®™ = inf{pgpla,b € A} is said to be the probability of the com-
mutativity of the probabilistic groupoid (A, g). (A, g) is called a commutative
probabilistic groupoid if all of its elements commute with probability one,
that is if p@™ = 1.

Theorem 6.7. A probabilistic groupoid (A, g) is commutative if and only
if
(Va, be A) Ya,b = Gb,a-

Proof. Let (A, g) be commutative and a,b € A. Then p®™ = 1 implies

me{ga,b(z%gbﬂ(Z)} = 1.

z€A

Let us assume that g, # gpq. It means that g,p(u) # gpq(u), for some
u € A. Without loss of generality we can take that g, 5(u) < gpq(u). Then
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we obtain
1= " min{gas(2), ga(2)} =D _min{gap(2), gb.a(2)} +min{gas(u), goa(u)}
z€EA z€A
zF#u
Zgba +gab Zgba +gba Zgba _17
zEA zEA z€EA
z#u z#u

a contradiction.
Let ga b = Gba, for all a,b € A. Hence, gq4(2) = gpa(2), for every z € A.

Then
Pap = Zp;b - Zmin{ga,b(z)agb,a(z)} - Zga,b(z) -

z€A z€A zEA

By pap =1 for all a,b € A, we get p™ = inf{pypla,b € A} =1, that is,
(4, g) is a commutative probabilistic groupoid. O

6.4 Composite products of probabilistic groupoids

Given a set A = {aj,aq9, ...,a,}, we define inductively terms over the set
A as follows. Each element z € A is a term of length 1, the terms of length
2 are (zy), where z,y € A, and if 77 and T, are already defined terms of
lengths [ and [z, then (717%) is a term of length {1 + [5. For instance, given
z,y,z,t € A, x(yz), (ry)z are terms of length 3 (and also z(tz), (tz)y,...),
terms of length 4 are t(z(yz2)), t((zy)z), (x(y2))t, ((zy)2)t, (xy)(zt) (and also
t(z(zz)),y((xt)t), (t(yz))z,...). (Here, we avoided the non-necessary out-
side brackets.)

For a probabilistic groupoid (A, g), to each term T over the set A of
length at least 2, we associate a probability distribution gr in an inductive
way as follows. To each term ab, a,b € A, of length 2 we associate the
probability distribution g, (the product of a and b in the probabilistic
groupoid (A,g)). To the terms 7' = 1175 of length [ > 3 we associate
inductively a probability distribution gr = g7, 7, over A as follows.

(1) If Ty € A then gp, 1, (2 Z 911 u(2) g1, ().
u€A

(2) If T € A then gp, 1, (2 Z 91, (W) gu, 15 (2).
ucA

(3) If 71, Ty & A then g1, 1,(2) = Y g7y .u(2)gm (1)

u€A
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_Z ZQT1 gvu ng( )

uceA wveEA
Note that g, and g, 7, are probability distributions and that, by the
inductive hypothesis, when T; (or T») is of length > 2, the probability
distribution g7, (or gp,) is defined.

Theorem 6.8. Let (A, qg) be a probabilistic groupoid and let T be a term
of length at least 2. Then gr is a probability distribution on A.

Proof. The claim is trivial when the length of T is 2. Let T be of length
at least 3, i.e., T'=T1T>. We use an induction of the length of the terms.
By the definition of g7 we have to consider three cases.

(1) Let Th € A. Then we have

Z g1 15(2) = Z Z 911 u(2) g1, (1

z€EA zEAUEA
= ZQTQ(U) Zng,u(Z> = ZQTQ(U) 1=1.
u€A zEA u€EA

(2) The case Ty € A follows the steps of the case (1).
(3) Let T1,T5 ¢ A. Then we have

Zng,T2(Z) = Z Zng, 2)gr, (u )

z€A z€A u€A
= z gr, (u 2 g1, u(2)) = (by case (2), since u € A)
u€A z€A
=> gn(u)-1=1 O
u€A

Example 6.9. Let (A,g), where A = {a,b}, be a probabilistic groupoid
given by the table

g ‘ Ya,a ‘ Ya,b ‘ 9b,a ‘ gbb ‘
al 03108 1 (04
bl 0702 0.6
a b
We have Ya,(a,a) = 0.65 035/’ since Ya,(a,a) Z gau gaa
' ’ ucA
and then g, (,.0)(a) = Y gau(@)gaa(u) = 0.3-0.3+08-0.7 = 0.65,
u€EA
Ya,(a,a) Zgau gaa —0703+0207:O35

u€A
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a b a b
One can also compute that g, 4),q = <0'79 021) s 9(ba),(a,b) = (0'4 0.6)’

and so on.

6.5 Associative probabilistic groupoids

Consider a probabilistic grou-poid (A, g). Let a,b,c € A and let Pabe
= min{g(a’b)ﬂ(z),gm(b,c)(z)}, where

9(a,b),c Zg(ab guc )a Ga,( bc) Zgau bc) )
ucA ucA
Define
pCL,b,C = Z pCZLJLC
z€A

to be the probability of the associativity of the elements a,b and ¢, while the
probability p*** = inf{pyp.la,b,c € A} is referred to be the probability of
the associativity of the probabilistic groupoid (A, g). A probabilistic groupoid
is said to be associative (or a probabilistic semigroup) if p**5 = 1.

We prove the following statement in the same manner as Theorem 6.7.

Theorem 6.10. A probabilistic groupoid (A, g) is associative if and only if

(VCL, b,c € A)ga,(b,c) = Y(ab),c

Proof. Let (A,g) be associative probabilistic groupoid, and assume that
Ga,(b,c) 7 Y(ap),c for some a,b,c € A. Consequently, there is a u € A such
that g, 5.c)(1) < g(ap),c(u) (the assumption g, (4c)(u) > g(ap)c(u) would
cause negligible changes of the proof). Since 1=p***=inf{p, .|z, y,z€ A},
we obtain that p, ;. = 1. Then we have:

1= Pab,c = ZPZ,b,C = Z min{g(a,b),c(z)a Ga,(bc) (Z)}

z€A z€A
- Z min{g(a,b), ) Ga,(b c)( )} + WLZTL{g (a,b), ( )7 Ga,(bc) (u)}
zF#u
Z 9(a,b), + ’mm{g (a,b), ( )7 Ga,(bc) (u)}
zF#u
<Zgab +gab Zg(ab)
zF#u z€A

a contradiction. Hence, gq (5.c) = (ap),c for all a,b,c € A.
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On the other hand, if (Va, b, c € A)gq (b.c) = G(ap),c holds in a probabilis-
tic groupoid (4, g), then p , . = g(ap).c(2) = Ga,b,¢)(2), for all a,b,c € A,

and every z € A. Therefore, Zp;b,c = me(byc) (2) =1, that is pgp = 1,

z€A z€EA
for every a,b,c € A. This implies p*** = inf{papla,b,c € A} =1, which
means that (A4, g) is an associative probabilistic groupoid. ]

Example 6.11. We will find all probabilistic semigroups of order 2. Let
A ={a,b} and

9| 9aa | Gap | gv.a | 90 |

a | aq (6% (6%} a4 |,

b| B1 | B2 | B3| Pa

where «; > 0, 5; > 0, «; + 8; = 1. Since we want the associativity to be
SatiSﬁeda Le., g(a,a),a(z) = ga,(a,a)(z)v g(a,a),b(z) = ga,(a,b)(z)a g(a,b),a(z) =

Ga,(ba)(2)s v oo 9, b(2) = b, b,p)(2), for z € {a,b}, we obtain the fol-
lowing equations with unknowns «; and 5;:

arar + Brag = arag + azf, a181 + 183 = Brag + B2f,
a1z + Broyg = arag + azfa, a1 B2 + 184 = Brag + B2,
a0y + Baag = ajag + azfs, az1 + P283 = Bras + B2f3,
g + Bacy = aray + agfy, g2 + P24 = Bray + B2fa,
azal + Bzaz = agag + agf, azB1 + B3B3 = Bzan + Bafh,
azag + B3ag = agag + ayfs, azB2 + B384 = Bzag + Bafe,
agon + Brag = azasg + ayfs, ayB1 + a3 = Bazas + Bafs,
g + Baoy = agay + gy, ayfB2 + BaBs = Bzay + BafPa.

After simplification of the above equalities, two cases remain to be con-
sidered.

Case I: a4 # 0 or B1 # 0. Then we have as = a3 and [ = (3, and
the above system reduces to

Brag = azfa,

12 + B1Ps = Prag + P22,

g0 + facy = oy + azfy.
After replacing 8; by 1 — «; we get that the last system reduces to one
equation

ag(1 —aq) = as(l — a9).
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It follows that in the case ar; # 1 we can choose arbitrary value for oy €
[0,1) and then we have the solution

9| Yaa | 9ap | e | e |
T—
a o (%) Qa9 a2ﬁ >
_ o _ _ 1—ao
bl1 aq 1 (6] 1 a9 1 01217041

for any a9 such that 0 < a9 }:gi < 1. In the case ay # 0 we can choose

arbitrary value for ay € (0, 1] and then we have the solution

9| aa | Gap | e | oo |
all-— ag% a9 Qs oy ,
b ag% l—-as|1l—as|1l—au

for any as such that 0 < ao 1;2‘2 < 1.
We notice that in this case all probabilistic semigroups are commutative,

since gq b = Gb.a-
Case 2. a4 =0and 1 =0. Then a; =1 and 84 = 1 and the starting

system of equations reduces to

g + foag = a3 + azf3, =0, [offa = P2, aoaz = an,
azflo + B3 = foaa + B2, a3fB3 =0, azaz=a3, [383=/[s3.

There are only three solutions in this case:

(o1, a2, a3, a4) € {(1,0,0,0),(1,0,1,0), (1,1,1,0)},
and only for (aq, a9, as,aq) = (1,0,1,0) we have non-commutative (ordi-
nary) semigroup.

6.6 Probabilistic quasigroups
An ordinary groupoid (@, ) is said to be a quasigroup if

(Va,be Q)(Tz,y € Q)(ax =b & ya =b).

We say that a probabilistic groupoid (Q, g) is a probabilistic quasigroup with
probability p (or a p-quasigroup) if

(Va, be Q)(H;{},y € Q)(ga,z(b) >p & gy,a(b) = p)-

Note that for 0 < g < p < 1, every p — quasigroup is a ¢ — quasigroup as
well. It is also clear that every probabilistic groupoid is a 0-quasigroup.
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In the case of p-quasigroups, depending of the value of p, for some
a,b € Q may exist several z,y € Q such that g, »(b) > p and/or g, .(b) > p.
Since in any distribution g, g, when p > 1/2, may exist (if any) a unique
element b such that g, g(b) = p, we have the following.

Proposition 6.12. If p > 1/2, then for any finite p-quasigroup it is true
that

(Va,b e Q)(3z,y € Q)(gax(b) = p & gya(b) = p).

Proof. The proof follows by the Pigeonhole Principal. Let Q = {q1,...,qn}
be a p-quasigroup and p > 1/2. If g4 4, (b) > p and gq4,(b) = p for some
a,b, 1 # x9 € @Q, then we have for each of the rest n—1 elements ¢ € Q\ {b}
to find some = € Q \ {z1,z2} such that g, ,(c) > p. O

Corollary 6.13. I-quasigroups are ordinary quasigroups.

A probabilistic groupoid (4, g) is said to be with left (right) cancellation
if for every a,b,c € A we have

Ga,b = Ga,c = b=c (ga,b =Gcp =~ a4 = C).

A probabilistic groupoid is said to be cancellative if it is with left and right
cancellation.

Proposition 6.14. If p > 1/2, then a p-quasigroup is a cancellative prob-
abilistic groupoid.

Proof. Let p > 1/2 and let (Q, g) be a p-quasigroup. If g4 » = ga,y, then for
the distribution g, , there is a unique b € @ such that g, 5 (b) = gay(b) = p.
Now, by Proposition 6.12, we have x = y. O

Example 6.15. A 0.5-quasigroup (Q,g), where Q = {1,2,3,4}, is pre-
sented by the distributions given in Table 1. We can see there that g2 1(2) >
0.5, g1,4(2) > 0.5, g1,4(2) > 0.5, etc.

6.7 Inverse elements

Let (A, g) be a probabilistic groupoid which possess a unit e, and let a,b €
A. If gap(e) = p, then we say that a is a left inverse of b with probability
p and that b is a right inverse of a with probability p. It is obvious that
left /right p-inverses of an element do not have to exist, but if so, then there
might be more than one. If an element a is both left p-inverse and right
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‘ 91,1 ‘ 91,2 ‘ 91,3 ‘ 91,4 ‘ 92,1 ‘ 92,2 ‘ 92,3 ‘ 92,4 ‘
1 0| 07] 05| 0.1 0] 03] 0.5]0.04
2105 01 006 05|01] 05]0.36
31051 0.2 0 0| 04] 0.1 0] 0.5
4 0 0105]03|01] 0.5 0| 0.1

| 931 | 932 | 933 | 934 | 9a1 | 9a2 | 943 | 944 |
105 02 0l01]01] 0] 0205
2104055 0]01|04] 0| 05|05
3101]025] 0.5 0.3 0] 0.5]0.13 0
41 o] 0|05]05|05]05/017| 0

Table 1: A probabilistic 0.5-quasigroup of order 4.

p-inverse of an element b, then the elements a and b are referred as mutually
p-inverse or p-inverse to each other.
l1:e=a,

If e is a unit of (A, g), then g,(e) = eq(e) = { 0:ecta

only left p-inverse of e is e itself, and it can be only a 1-inverse as well. So,
the next property holds.

Hence, the

Proposition 6.16. Let e be the unit of a probabilistic groupoid (A, g). Then
e s left and right 1-inverse element to itself.

Further on, instead of a 1-inverse element, we will say simply an inverse
element.

We will prove that an inverse element in a probabilistic semigroup is
unique.

Theorem 6.17. Let the element a of a probabilistic semigroup A = (A, g)
have left inverse b and right inverse ¢c. Then b = c.

Proof. Given that b is a left inverse and c is a right inverse of a, we will
prove that €, = €., that implies b = ¢. Denote by e the unit of A. We have

9b,(a,c) (2) = gAgb,u(Z)ga,c(u) = gb,e(z) 1= gb,e(z) = ey(2),

since gqc(e) =1 and g, (u) = 0 when u # e. In the same way

g(b,a),c(z) = ZueA gb,a(u)QU,C(Z) =1 -ge,c(Z) = ge,C<z) = ec(2).
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Now, b, (a,c)(2) = 9(b,a),c(?) implies €(2) = e.(z) for every 2z € A, ie,
€p = €c. ]

The unique left and right inverse of an element a € A is called an inverse
of a and is denoted by a "

Proposition 6.18. Let (A, g) be a probabilistic semigroup with unit e and
let an element b € A has a left (right) inverse. Then for every c¢,d € A we
have

Gbe = Gbd => c=d (Gep = 9ap = c=4d).

Proof. Assume that a is a left inverse of b and gy . = gp.a. Then g, (5¢)(2) =

> Gau(2)ge(1) =Y gau(2)gsa(1) = ga,a)(2), and by associativity we

ucA uEA

have g(a,b),c(z) = Y(ab), d SO Z Ya, b gu c Z Ya, b gu d and,
ucA ucA

since gqp(u) = 0 when u # e, we obtain ge(2) = ge,q(2). This means that

€. = €q, 1.e., c =d. ]

As a corollary of Proposition 6.18 we have the following.

Theorem 6.19. If each element of a probabilistic semigroup has inverse,
then the semigroup is cancellative.

The next simple lemma will be used in the next section.

Lemma 6.20. If a and b are mutually inverse elements in a probabilistic
groupoid (A, g) with unit e, then for each c € A we have g (qp) = ge,e = €c
and 9(ap),c = Ge,c = Ec-

PTOOf We have e ( ab Z gcu ga b = gc,e(z)ga,b(e) - gc,e(Z) =
u€A
€c(z), since g, p(u) = 0 when u # e. O

7. Probabilistic groups

A probabilistic semigroup is said to be a p-probabilistic group if it has a
unit and each element has a p-inverse. In what follows we will consider
several examples in order to support our opinion that there are not finite
essential p-groups. In fact, we found (without proofs) that there are no
finite p-groups when p < 1, and that for p = 1 the probabilistic 1-groups
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are ordinary groups. Further on, we will say a probabilistic group instead
of a probabilistic 1-group.

Example 7.1. We are asking for all p-groups on the set {e,a,b}, where
0 < p < 1, e is the unit and b is a p-inverse of a. We have the distributions

‘ Je,e ‘ Ya,e = Ge,a ‘ 9b,e = Geb ‘ Ya b ‘ gb,a ‘ Ya,a ‘ gbb ‘
e| 1 0 0 D Dl M|
al 0 1 0 Q] | Q2 | a3 | o4
b| 0 0 1 B | B2 | B3 | ba

for some o, B;,vi € [0,1], p+or+ 51 =1, ptoae+Po=1,11+az3+f3=
Lva+as+Bs=1.

By the associativity, the following 8 equations have to be satisfied for z €
{6, a, b} Ya,(a,a) (Z) = g(a,a),a(z)v Ya,(a,b) (Z) = g(a,a),b(z)’ ~+ -5 b, (b,b) (Z) =
9(b,b),5(2). We can infer several equations in unknowns a;, B;, ;-

From g, (q,0)(2) = 9(a,a),a(2), for 2 = a we have

(a1 —a2)B3 =0, (1)

and for z = b we have
(B1 — p2)B3 = 0. (2)

From g, (4,4)(2) = 9(a,a)6(2), for z = e we have
ma1 + pB = pas + B3y2, (3)
for z = a we have

P+ o181 = B3ay, (4)

and for z = b we have
Braq + 181 = 71 + azfr + B304 (5)

From g, 54)(2) = g(a,p)p(2), for z = e we have
Y1y + pBs = po + Bie, (6)
and for z = a we have

ay + ozay + o1 By = aron + frag. (7)
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From gy (,q4)(2) = g(b,a),a(2), for z = e we have

Y283 + pag = pfa + aovi, (8)

and for z = b we have

B3 + Baaz + 384 = B3 + B23a. 9)

Finally, from gy, 5.4)(2) = gb,p),a(2), for z = e we have

pag + Y282 = auyr + pPa, (10)

and for z = a we have
azan + aygfas = v2 + auaz + faon. (11)

The equation (4), since 0 < p < 1, implies ay > 0, B3 > 0, and then by

(1) and (2) we conclude that a; = as = av and f; = 2 = . Now, from (5)
and (11) we have

1 = Ba+ BB —azf — P3P (12)

and
Yo = aa + ayff — agasz — By (13)

We replace 1 and 7 in (3) and we obtain the equation

Paa+ ffa—agfa— fzfaa+pB = pas + aafs + aufBf3 — asos by — Bacafs.

(14)
After replacing ayf3 by p + af (according (4)) and after simplifying, we
obtain the equation Saa = aaf3. The last equation implies o« = 0 or
B = B3. We have to consider three cases.

Case a« =0 and 8 = fs.

We replace a« = 0 and 5 = f3 in the equation (9) and we get § + Basz +
BB4 = BB. Since B = B3 > 0, it follows that 1 + ag + 4 = 5, i.e. § = 1.
This is a contradiction with p+a+ 8 =1, p > 0.

Case a =0 and B # Ps.

We replace @ = 0 in the equation (7) and we get ay +agay = Bay. Since
ay > 0, it follows that 1+ a3 = [, that leads to a contradiction again.

Case a > 0 and 8 = fs.

We replace 8 = f3 in the equation (9) and we get 5 + Sas + B84 =
af + 6. Since f = f3 > 0, it follows that 1 4+ a3 + 54 = a + 5, implying
a+ S = 1. This is a contradiction with p+a+8=1, 0 <p < 1.
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The obtained contradictions shows that there are no probabilistic p-
groups on the set {e,a,b}, where 0 < p < 1, e is the unit and b is a
p-inverse of a. In a similar way one can show that there are no probabilistic
p-groups on the set {e,a,b}, where 0 < p < 1, e is the unit and a (b) is a
p-inverse of a (b).

Example 7.2. Let (A,g), where A = {e,a,b}, be a probabilistic group
with unit e. Let us first assume that ¢~ = a, and then b~! = b. Then we
have the distributions

‘ Ge,e;> Ja,ar 9bb ‘ Ja,es Ge,a ‘ 9bv.es Ge,b ‘ Jab ‘ 9b,a ‘

e 1 0 0 a | a
a 0 1 0 6 | B
b 0 0 1 Y | M

fOI' some a767’77a1751771 S [071]7 a+6+7:a1+51+71 =1.

By associativity we have g(q.q)5 = ga,(a,b)> Where (according to Lemma
620) g(a,a),b(b) = eb(b) =1, and Ya,(a,b) (b) = ga,e(b)ga,b(e) +ga,a(b)ga,b(a) +
9a,(0)gan(b) = 77-

So we get the equation vy = 1, i.e., v = 1. This means that g, = g4,
i.e., e = a. The obtained contradiction implies that a # a~!.

Now, let a=' = b. Then, by Example 7.1, for p = 1 we have a1 = 1 =
ag =P =a3=L04 =7 =7 =0 and ay = B3 = 1. Hence, this probability
group is in fact the cyclic group

Example 7.3. Let (A,g), where A = {e,a,b,c}, be a probabilistic group
with unit e. We have to consider two cases, case I and case II.

I. Let first assume that a=! = a, b=! = b, ¢! = ¢. Then we have the
following distributions, presented in more compact way,

GeerYGa,a | Gae | Gbe | Gee

gvbyYGe,c | Ge,a | Geb | Ge,e | Gab | Ga,c | Gba | Gbe | Ye,a | Geb
e 1 0 0 0 a1 | ag | ag | a4 | as | ag
a 0 L OO0 | B |B2|Bs|Ba]|Bs | Bo
b 0 O | 1 [0 |7y |7 |7 || %%
C 0 0 0 1 (51 (52 (53 (54 (55 56




Probabilistic groupoids 89

where oy, Bi, Vi, 0; 20, a;+Bi+vi+6&=1fori=1,2,...,6.
By associativity we have the following equalities.

Case ga,(a,p) = Y(a,a)p- BY Lemma 6.20 we have g, q)5(2) = gep(2) =
e a b ¢

ep(2) = 00 1 0) and we compute the distribution g, (4p)-

Jay(a,p)(2) = Gae(2)9a,b(€)+9a,a(2)9a,b(a)+9ab(2)gab(b)+7ac(2)gap(c) =
0 1 aq e %} 51+ a1y + asdy
1 0 B1 B2 a1 + B1y1 + B2d1
= ay + + + 81 =
of™ 0 A m | ™M V2 Y171 + Y201
0 0 (51 (52 (51’}’1 + (52(51
Hence, we have the following system of equations
B1+aim +adr = 0, ar=p = 0,
ay + By + G200 = 0, o a1y =pBim =0mn = 0,
My +7200 = 1, o 01 = (201 = 0261 = 0,
d1y1 + 0201 = 0, MY +7201 = 1

We consider two possibilities.

v1 # 0. Then we have oy = 1 = 41 = 0, 71 = 1, and this implies
Jap = Jep- After cancellation we get the contradiction a = e.

v1 = 0. Then, from v20; = 1 we have v = 1, 0; = 1. Hence, we
have oy = 1 = 71 = 0, 61 = 1, and this implies gap = ge,c, and also
ag = P2 =02 =0, 72 =1, implying gac = Ge,b-
9(bp),c- By Lemma 6.20 we have gp) o(2) = gec(z) =

e(z) = < 8 8 ) and we compute the distribution gy, (5 ¢)-
= Gb,e

I, (b,e)(2) (2)gb,c(€) + gb.a(2)gb.c(a) + gbp(2)gb,c(b) + gb.c(2)gb,e(c) =
0 a3 1 (o7} 06364 + v4 + 04454
0 B3 0 Ba B384 + 404
= + + + 8y =
1] V3 b o™ e ag + Y384 + Y404
0 03 0 04 0384 + 0404
Hence, we have the following system of equations
a3fly + 4 +oudy = 0, ag =14 = 0,
B3fs + Pads = 0, o azfBy = B3Bs =361 = 0,
oy +7384 + 7104 = 0, o 404 = B464 = 404 = O,
0384 + 0404 = 1, 0364 + 0404 = 1.

We consider two possibilities.
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B4 # 0. Then from 464 = 0 we get 94 = 0, and so ay = 4 = §y =
0, B4 = 1, which implies gp ¢ = ge,a- On the other side, we have also
az =33 =73 =0, 63 =1, implying gpa = Ge,c-

Ba=0. Then oy = 84 = 74 = 0, 64 = 1, implying gs . = ge,c, leading to
the contradiction b = e.

Case ge (ca) = 9(c,e),a- By Lemma 6.20 we have g(cc).q(2) = gea(2) =
e a b c e
€a(2) = 010 0 , and we compute the distribution g (. q)-

9e,(c, a)( 2) = gee(2)geal€) + 9ea(2)9e,a(@) +9ep(2)ge,a(b) + gec(2)gealc) =

0 as ag 1 as35 + agys + I
0 Bs Be 0 BsB5 + Bes
= | |as+ + + | ]6=
0]°° Vs Ps % | 0] Y585 + Y675
1 05 6 0 0535 + d6v5 + a5
Hence, we have the following system of equations
asfBs +agys +05 = 0, as =05 = 0,
BsPs + Peys = 1, o asfBs = 505 = 0505 = 0,
V565 + 675 = 0, ’ agYs = Y675 = 0675 = O,
0585 + 065 +as = 0, BsBs + Bevs = 1.

We consider two possibilities.

Bs = 0. Then from fBgvs = 1 we get Bg = 1, 75 = 1, that implies
ag = v6 = 0 = 0,86 = 1, and we infer that gc1, = ge.a. On other side, we
also have a5 = 85 = 05 = 0,75 = 1, implying gc.a = e b-

Bs # 0. Then a5 = 75 = d5 = 0,85 = 1, and this implies g.q = Ge,a;
leading to the contradiction ¢ = e.

Altogether, we get 8ab = Be,cy Ba,c = 8eb; 8b,c = 8e,a; 8b,a = 8e,c;
8cb = 8ea, 8ca = Seb- Lhis means that the probability group is in fact
the ordinary Klein group

e a b ¢
ele a b c
ala e ¢ b
blb ¢ e a
cle b a e
II. The other case is ¢! = a, b1 = b (or ¢! = ba™! = q, or

b=! = a,c! = ¢, these lead to isomorphic results). Then we have the

following distributions,
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Ge,er 9bb | Ya,e | Gbe | Ge,e

Ya,csYc,a | Ge,a | Geb | 9 Ya,a | Ga,b | 9ba | 9b,c | Geb | Ge,c

o
o

e 1 0 0 0 ap | as | ag | ag | as | ag
a 0 11O |0 | B |B2]| B3| Bs]|B5| B
b 0 O 110 |y |7 |w|7|7m|%m
& 0 0 0 1 51 (52 (53 (54 55 56

where oy, B, Vi, 0 20, a;+Bi+vi+6&=1fori=1,2,...,6.
By associativity we have the following equalities.
Case g(bp).c = 9b,(b,c)- By Lemma 6.20 we have gg, , (2) = ge.c(2) =

e(2) = (e 8 8 C), and we compute the distribution gy ().

0
Iv,(b,c)(2) = Gb.e(2)gb,c(€) + b,a(2)gb,c(@) + gb,p(2)gb,c(b) + gb.c(2) g c(c) =
0 s 1 (o7} a364 + v4 + Oé4(54
0 B3 0 Ba B384 + Bad4
=7 aut + + 8y =
1™ V3 & o™ ya | ay + Y384 + Y404
0 03 0 04 Y384 + 0404
Hence, we have the following system of equations
a3fly + 4 +oudy = 0, ag =7y = 0,
B3fs + Pads = 0, o azfBy = P3Bs =301 = 0,
ag +93684 + 104 = 0, o 404 = P46y = 404 = O,
V384 + 0404 = 1, V384 + 0404 = 1.

We consider two possibilities.

Ba # 0. Then we have oz = 83 = 73 = 0,03 = 1, implying gp a = Se,c-
It follows from 8404 = 0 that 4 = 0, i.e., we have ay = 64 =4 = 0,84 =1,
and so we have gy, ¢ = ge.a-

B4 = 0. Then from 0404 = 1 we have ay = B4 = 74 = 0,04 = 1, leading
to the contradiction gp . = ge c.

Ya,(ac)- By Lemma 6.20 we have ga7(a,c)(z) = Gae(2) =

)

€a(2) = (e “ g C>, and we compute the distribution g, o).

0 1 0
g(a,a),c(z) = ga,a(e)ge,c(z)+ga,a(a)ga,c(z)+ga,a(b)gb,c(z)+ga7a(C)gc,c(z) =
0 1 oy o B1+ 1oy + o106
0 0 Ba Be Y154 + 0106
=« + + +6 =
o B 0 m Y4 " e Y174 + 9176
1 0 04 06 a1 + Y104 + 0106
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Hence, we have the following system of equations

1 +mag + 616 = 0, a;=p1 = 0,
1Bs+ 0B = 1, o Mg =774 =701 = 0,
MYa+01v = 0, o d1ag = 0176 = 0106 = O,

ap +7104 + 0106 = 0, 7Bs+ 018 = 1.

We consider two possibilities.

01 # 0. Then we have ag = 76 = dg = 0, B = 1, leading to a contradic-
tion ge.c = ga,e, since we have shown in the previous case that gy . = ga.e.

01 = 0. Then we have oy = 81 = 01 = 0,71 = 1, and this gives
8a,a = Bb.e-

Case g(, Ga,(bp)- By Lemma 6.20 we have g, 34)(2) = gae(2) =

b),b
Cll , and we compute the distribution g(gp) -

)= (55 0
(2

9(a,b)p(2) = 9a,b(€)gep(2) +9a,b(a)gap(2) + 9ap(0)gbb(2) + gap(c)gep(2) =

0 a9 1 (073 ,82062 + 72 + 52045
0 B2 0 Bs B2z + 6235
=a + + +4 =
211 & V2 1o 1 s ag + B2y2 + 0275
0 5o 0 J5 B202 + 0205
Hence, we have the following system of equations
Baag + 2 + d2as = 0, =7 = 0,
Bafe + 0285 = 1, . Bacg = Pay2 = B202

ie.,

I
o oo

ag + Poya + dovs = 0, doaus = 097y5 = 0205
B202 + 0265 = 0, BafBo + 0285 =
We consider two possibilities.

02 # 0. Then we have a5 = 75 = 05 = 0,35 = 1, implying gcp = Ze,a-
It follows from 262 = 0 that By = 0, i.e., we have ag = o = 72 = 0,09 = 1,
and so we have ga 1, = 8e,c-

d9 = 0. Then from B282 = 1 we have ag = v9 = do = 0, B2 = 1,, leading
to the contradiction g, = ga,e-

Until now he have proved that gcp = gea, Sab = Ze,c; Eb,a = Se,cs
8b.c = Ee,a, Sa,a = Cbe- We will show that the equality gcc = ge b is also
true. Namely, from gep = gae, We have ge(cp) = Je(ae) = Y(ca)e =
gee = €e, and hence 9(e,e)b = Yey(ep) = Ce- Now, 9((c,e),b),b = Ye,bs Le.,
9(ce),(bh) = Y(ee)e = ee = Gep. The obtained equalities show that this
probabilistic group is in fact the cyclic group
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QO Qe O

O R |0
o O SRR
L O O oS
SR OO0

The careful analyses of the Examples 7.2 and 7.3 can give us a hint for
proving the following Hypothesis.

Hypothesis. Fach finite probabilistic group is a group.

We are not going to give a complete proof here, mainly because of tech-
nical reasons. We only show how a proof can be inferred for finite groups.
Let (A, g) be a probabilistic group with unit e, where A = {e, a1, as, an}.
Let suppose that a;l = a1, 1., Gai,ap0 = Yas,a1 = €e- lake an element
ag, k > 2, and consider the associativity g, .as)ax = Yar,(azar)- BY

e a ay ... Qa ... an>
Y

Lemma 6.20 we have g(q; a)a; = €a

= \0 0 0 ... 1 ... 0

and we compute the distribution g, (4,.0,)(2) = Z 9a1,u(2)9as,a, (). (Note

ucA
that ggy,q, (u) € A and g4, 4(2) are distributions.) The same way as in Ex-

amples 7.2 and 7.3 we will get a system of equations of type a =0, af =0
for many unknowns «, 3, 7, ... and only one equation of type af + vd =
1. From these equations one can infer equalities of type Gaia; = YGare-
Note that, for the inverses aj,as, we have 4(n — 2) equalities of types
9Y(a1,a2),ar, = Yai,(az,ar)> Gag,(a1,a2) = Ylag,a1),a2)r Y(az,a1),ar = YGas,(a1,ax) and
Jap (az,a1) = Y(ap,a2),ar) (K =3,4,...,n). Totally, since there are altogether
n — 1 pairs of inverses of types (a;,a;), (aj,a;) or (a;,a;), we can produce
4(n—1)(n—2) system of equations of previous type. Since the probabilistic
group (4, g) have (n — 1)(n — 2) distributions of type gq,q;, where a; # e
or aj # e or a;,a; are not mutually inverse, it is reasonable to assume that
for each %, j one can find an r such that Jaia; = Jare-

8. Conclusion
We have introduced the concept of probabilistic algebras, and our attention

was given mainly to some types of probabilistic groupoids, and we had
considered only the finite case.
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The ideas of this paper are, in best of our knowledge, quite new. By
retrieving the literature we could not find any notion or concept for proba-
bilistic algebras.

The future work on probabilistic algebras can include (and are not re-
stricted to) the following problems:

1. Define and investigate probabilistic groupoids on arbitrary universe
(finite or infinite).

2. Define and investigate other types of probabilistic algebras (rings,
lattices, modules, ...).

3. Prove the Hypothesis from Section 7 for finite groups.

4. Prove the Hypothesis from Section 7 for infinite groups (if it is true
in the infinite cases).

5. Is it true that there are no finite p-groups when 0 < p < 17 What
about the infinite case?

6. Define probabilistic varieties of algebras.

7. Is it true that the distribution of g7, when the length of the term T
goes to infinity, is uniform? Can be characterized the class of proba-
bilistic groupoids with this property?

8. How it can be defined quotient operations for probabilistic quasi-
groups? Can we apply them in cryptography and coding theory?

Remark for References: We could not find any reliable reference, except
standard college algebra textbooks.
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