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On weakly f-clean rings
Fatemeh Rashedi

Abstract. Let R be an associative ring with identity and Id(R) and K(R) denote the
set of idempotents and full elements of R respectively. The notion of weakly f-clean
rings where element r can be written asr = f+eorr = f —e, e € Id(R) and f € K(R)
was introduced. Different properties of weakly f-clean rings were studied. It was shown
that a left quasi-duo ring R is weakly clean if and only if R is a weakly f-clean ring.
Finally, it was shown that the ring of skew Hurwitz series T = (HR, ) where « is an

automorphism of R is weakly f-clean if and only if R is weakly f-clean.

1. Introduction

Let R be an associative ring with identity and U(R) and Id(R) denote the
set of units and idempotents of R respectively. The ring R is clean if for
each r € R there exist w € U(R) and e € Id(R) such that r = u+e [2, 15].
A ring R is weakly clean if each » € R can be written in the form r = u+e or
r =u—e where u € U(R) and e € Id(R) [1, 5, 8, 13]. Other generalizations
of clean rings have been introduced [3, 6, 9, 10, 16| An element f € R is full
element if there exist z,y € R such that zfy = 1. K(R) will denote the set
of full elements of R. An element r € R is said to be f-clean if it can be
written as the sum of an idempotent and a full element. A ring R is said
to be f-clean if each element in R is a f-clean element [12, 14].

In this paper, we introduce the notion of a weakly f-clean ring as a new
generalization of a weakly clean ring and a f-clean ring. Let R be a ring.
An element r € R is called weakly f-clean if there exist f € K(R) and
e € Id(R) of R such that r = f +eorr= f —e. A ring R is called weakly
f-clean if every element of R is weakly f-clean. Various properties of weakly
f-clean rings and weakly f-clean elements were studied. We showed that,
every homomorphic image of a weakly f-clean ring is weakly f-clean and
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[I;c; Ri is weakly f-clean if and only if every R; is weakly f-clean (Lemma
2.8). We also showed that, if R is a weakly f-clean ring and e € R is a
central idempotent, then the corner ring eRe is weakly f-clean (Lemma
2.13). A left quasi-duo ring R is weakly clean if and only if R isa weakly f-
clean ring (Theorem 2.17). Finally, we showed that the ring of skew Hurwitz
series T' = (HR, o) where « is an automorphism of R is weakly f-clean if
and only if R is weakly f-clean (Theorem 2.23).

2. Main results

We start our work with the following definition.

Definition 2.1. An element f € R is said to be a full element if there exist
x,y € R such that z fy = 1. The set of all full elements of a ring R will be
denoted by K(R). Obviously, invertible elements and one-sided invertible
elements are all in K (R) [14].

Definition 2.2. An element in R is said to be f-clean if it can be written
as the sum of an idempotent and a full element. A ring R is called a f-clean
ring if each element in R is a f-clean element [14].

In the following, we define the weakly f-clean rings. Then we study
some of the basic properties of weakly f-clean rings. Moreover, we give
some necessarily examples.

Definition 2.3. Let R be a ring. Then an element r € R is called weakly
f-clean if there exist f € K(R) and e € Id(R) of R such that r = f + e or
r = f —e. Aring R is called weakly f-clean if every element of R is weakly
f-clean.

Example 2.4. Every clean, weakly clean or f-clean ring is weakly f-clean.
Since every purely infinite simple ring is a f-clean ring, and so is weakly
f-clean [14|. (Zsg,+,.) is a weakly f-clean ring, but (Z, +, .) is not a weakly
f-clean ring.

A weakly f-clean ring is not f-clean, in general.

Example 2.5. Let p and ¢ be two distinct odd primes. Then the ring

r
Ly NZgy = {g |r,s€Z,s#O,p+s,qfs}

is a weakly f-clean ring that is not f-clean.
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Proposition 2.6. Let R be a ring and r € R. Then r is weakly f-clean if
and only if —r weakly f-clean.

Proof. Suppose that r is weakly f-clean. Hence r = f + e or r = f — e for
some f € K(R) and e € Id(R). Then —r = —f —e or —r = —f + e. Since
—f € K(R), —r weakly f-clean. O

Proposition 2.7. Let R be a ring and every idempotent of R is central.
Then r € R is weakly f-clean if and only if 1—r or 147 is f-clean.

Proof. Suppose r is weakly f-clean. Hence r = f 4+ ¢ or r = f — e for some
feK(R)ande € Id(R). Thenl—r=—f+(1—e)or14+r=f+(1—e),
and so 1 —r or 1 4+ r is f-clean. Conversely, assume that 1 —r or 1 + r
is f-clean. Hence 1 —r = f+eor 14+r = f+e for some f € K(R) and
e € Id(R). Thenr = —f+ (1 —e)orr = f—(1—e), thus r is weakly
f-clean. O

Lemma 2.8.

(1) Every homomorphic image of a weakly f-clean ring is weakly f-clean.

(73) Let {R;}ier be a family of rings. Then []
and only if every R; is weakly f-clean.

e B is weakly f-clean if

Proof. (i). Is clear.

(73). Suppose that every R; is weakly f-clean and r = (r;) € R. Hence
ri = fi + e orr; = fi —e; for some f; € K(R;) and e; € Id(R;). Then
r = f+esuch that f = (fi) € K(R) and e = (e;) € Id(R), and so R is
weakly f-clean. The converse follows from (7). O

Let I be an ideal of a ring R. We say that idempotents of R are lifted
modulo I if, for given » € R with » — r? € I, there exists e € Id(R) such
that e —r € Id(R) [15].

Lemma 2.9. Let R be a ring such that idempotents are lifted modulo J(R).
Then R is weakly f-clean if and only if R/J(R) is weakly f-clean.

Proof. Suppose that R is weakly f-clean. Hence R/J(R) is weakly f-clean,
by Lemma 2.8. Conversely, assume that R/J(R) is weakly f-clean and
r € R. Hencer+J(R) = (f+J(R))+(e+J(R)) or r+J(R) = (f+J(R))—
(e+J(R)) with e?—e € J(R) and (z+J(R))(f+J(R))(y+J(R)) = 1+J(R)
for some z,y € R. Since idempotents can be lifted modulo J(R), e is an
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idempotent and r = f +b+e or r = f + b — e for some b € J(R). Since
(24 J(R))(f+T(R))(y+T(R) = 1+ J(R), afy = 1+2 € 1+ J(R) € U(R)
for some z € J(R). Therefore, there exist x1,y; € R such that x; fy; = 1.
Hence x1(f+b)y; = 1+x1by; € 1+J(R) CU(R). Thus 1 (f+b)yiu=t =1
for some u € U(R), and so f +b € K(R). Then R is weakly f-clean. [

Lemma 2.10. Let R be a ring. Then R is weakly f-clean if and only if for
every r € R there exist g € Id(R) and f € K(R) such that gr = gf and

(g—D(r—1)=(g-1)f orgr=gf and (g—1)(r—1) = (g—1)f+2(1—9).

Proof. Suppose that R is weakly f-clean and » € R. Hence r = f + e or
r = f—eforsomee € Id(R) and f € K(R). Assume g = 1—e. If r = f+e,
then gr = g(f+e)=gfand (¢9—1)(r—1)=(g—1)f. lf r = f —e, then
gr=yg(f+e)=gfand (g—1)(r—1) = (9 —1)f +2(1 — g). Conversely,
assume that for every r € R there exist g € Id(R) and f € K(R) such that
gr=gfand (¢ —1)(r—1)=(9—-1)f. Thengf —f=gr—g—r+1,
and so r = f+ (1 — g). If for every r € R there exist g € Id(R) and
f € K(R) such that gr = gf and (¢9—1)(r—1) = (¢g—1)f +2(1 — g), then
gf —f+21—g)=gr—g—r+1,and sor = f — (1 — g). Therefore R is
weakly f-clean. O

Each polynomial ring over a nonzero commutative ring is not weakly
clean [1, Theorem 1.9]. If R is commutative ring, then U(R) = K(R), R
is weakly clean if and only if R is weakly f-clean. Hence each polynomial
ring over a nonzero commutative ring is not weakly f-clean.

Lemma 2.11. Let R be a ring such that idempotents are lifted modulo J(R)
and R[] = R+ Ra + - - + Ra™ with o™ = 0. Then R is weakly f-clean
if and only if R[] is weakly f-clean.

Proof. Suppose that R is weakly f-clean. Since J(R[a]) = J(R) + («),
Rla]/J(R[o]) = R/J(R).

Then R[a]/J(R[a]) is weakly f-clean, by Lemma 2.9. Since idempotents
can be lifted modulo J(R[a]), R[a] is weakly f-clean, by Lemma 2.9.
Conversely, suppose that R[a] is weakly f-clean. Since R[a]/J(R[a]) =
R/J(R), R/J(R) is weakly f-clean. Since idempotents can be lifted mod-
ulo J(R), R is weakly f-clean, by Lemma 2.9. O

Proposition 2.12. Let R be a ring and e € Id(R) such that r € eRe is
weakly f-clean in eRe. Then r is weakly f-clean in R.
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Proof. Suppose r € eRe is weakly f-clean in eRe. Hence r = f + g or
f — g for some g € Id(eRe) and f € K(eRe), and so there exist z,y € eRe
such that zfy = e. If r = f+ g, then (x — (1 —e))(f — (1 —e))(y +
(1—e) = (zfy+(1l—e) =1, andso f — (1 —e) € K(R). It is clear
that g + (1 —e) € Id(R). Hence r = (f — (1 —e)) + (g + (1 —¢)). If
r=f—g, then (z+(1—€))(f +(1—e))(y+(1—€)) = (wfy+(1—e)) =1,
and so f + (1 —e) € K(R). It is clear that g + (1 — e) € Id(R). Hence
r=(f+(1—e))—(g+ (1 —e)). Therefore r is weakly f-clean in R. [

Lemma 2.13. Let R be a weakly f-clean ring and e € R be a central
idempotent. Then the corner ring eRe is weakly f-clean.

Proof. Assume that R is a weakly f-clean ring and e € R is a central
idempotent. Hence eRe is homomorphic image of R. Then eRe is weakly
f-clean, by Lemma 2.8. O

Let R be a ring and g Mg be an R-R-bimodule which is a ring possibly
without a unity in which (mn)r = m(nr), (mr)n = m(rn) and (rm)n =
r(mn) held for all m,n € M and r € R. The ideal extension of R by
M is defined to be the additive abelian group I(R,M) = R @& M with
multiplication (r,m)(s,n) = (rs,rn + ms+ mn).

Lemma 2.14. Let R be a weakly f-clean and pMp be an R-R-bimodule
such that for any m € M, there exists n € M such that m +n + nm = 0.
Then the ideal-extension I(R, M) of R by M is weakly f-clean.

Proof. Suppose that (r,m) € I(R,M). Hencer = f+eorr = f —e for
some e € Id(R) and f € K(R). Then (r,m) = (f,m) + (e,0) or (r,m) =
(f,m) — (e,0). It is clear that (e,0) € Id(I(R,M)). Assume that zfy = 1.
Hence xmy € M, and so there exists n € M such that zmy+n+naxmy = 0.
Then (x,nx)(f,m)(y,0) = 1, and so (f,m) € K(Id(I(R,M)). Therefore
Id(I(R, M) is weakly f-clean. O

Let R be a ring and o be a ring endomorphism of R. Then the skew
power series ring R[[z;c]] of R is the ring obtained by giving the formal
power series ring over R with the new multiplication xr = o(r)z for all
a € R. In particular, R[[z]] = R[[z; 1Rr]].

Lemma 2.15. Let R be a ring and o be a ring endomorphism of R. Then
the following statements are equivalent.

(1) R is a weakly f-clean ring.
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(ii) The formal power series ring R[[x]] of R is a weakly f-clean ring.
(1ii) The skew power series ring R[[z;0]] of R is a weakly f-clean ring.

Proof. (ii) = (i). Suppose R[[z]] is a weakly f-clean ring. Since R is a
homomorphic image of R[[z]], R is weakly f-clean, by Lemma 2.8.

(791) = (7). Suppose R[[z;0]] is a weakly f-clean ring. Since R is a homo-
morphic image of R[[z;0]], R is weakly f-clean, by Lemma 2.8.

(1) = (ii7). Suppose R is a weakly f-clean ring and g =79 +rx+--- €
R[[z;0]]. Then rg = fo+ eg or ro = fo — eo for some fy € K(R) and
eop € Id(R). It rg = fo+eyand ¢ = g—ey = fo+ rixz+ --- such
that zqfoyo = 1 for some zg,y9 € R, then u = (xg + -+ )g'(yo + ) =
1+xzorio(yo)xr+- - € U(R|[x;0]]). Hence ¢’ € K(R|[[x;0]]), and g = ¢’ + ¢
with ey € Id(R][[x;0]]). Ifro = fo—epand ¢ = g+ey = fo+rz+---
such that zq foyo = 1 for some zg,y0 € R, then u = (zo+--- )¢ (yo+---) =
1+xzorio(yo)x+--- € U(R[[z;0]]). Hence ¢’ € K(R|[[z;0]]), and g = ¢’ —ep
with ey € Id(R][[x;0]]). Therefore R[[x;0]] is weakly f-clean.

(1) = (i1). Suppose R is a weakly f-clean ring. Since R[[z]] = R][[z; 1R]],
the proof is similar to (i) = (i73). O

Theorem 2.16. Let R be a ring and r € R is a weakly f-clean element.
Then B = ((7; 8) is a weakly f-clean element in My(R) for every s € R.

Proof. Suppose r € R is a weakly f-clean element. Then r = f 4+ e or
r = f —e for some f € K(R) and e € Id(R). Hence zfy = 1 for some
z,y € R. If r=f +e, then

(e 0 f v
o606 4)
e 0 f oy
such that 0 1) € Id(M>(R)) and € K(Mx(R)), by [14, Propo-
sition 2.6]. If r = f — e, then

0 -1

such that (8 8) € Id(My(R)) and

G666
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0 1
element in Ma(R) for every s € R. O

and so (f S> S K(MQ(R)) Therefore B = <6 8) is a weakly f-clean

A ring R is said to be left quasi-duo, if every maximal left ideal of R
is a two-sided ideal. Commutative rings, local rings, rings in which every
nonunit has a power that is central are all belong to this class of rings [17]
. A ring R is said to be Dedekind finite if rs = 1 always implies sr = 1 for
any r, s € R.

Theorem 2.17. Let R be a left quasi-duo ring. Then the following state-
ments are equivalent.

(1) R is a weakly clean ring.
(ii) R is a weakly f-clean ring.

Proof. (i) = (i7). Is clear.

(1) = (i). Suppose R is a weakly f-clean ring. Since R is a left quasi-
duo ring, K(R) C U(R), by [14, Theorem 2.9|. Hence R is a weakly clean
ring. O

Corollary 2.18. Let R be a commutative (local or Dedekind finite) ring.
Then R is weakly clean if and only if R is weakly f-clean.

Proof. Since every commutative (local or Dedekind finite) ring is a left
quasi-duo ring, the assertion holds, by Theorem 2.17. O

Corollary 2.19. Let R be a ring in which every nonunit has a power that
s central. Then R is weakly clean if and only if R is weakly f-clean.

Proof. Suppose every nonunit has a power that is central. Hence R is a left
quasi-duo ring. Then the assertion holds, by Theorem 2.17. O

Corollary 2.20. Let R be a ring in which all idempotents are central. Then
R is weakly clean if and only if R is weakly f-clean.

Proof. Since all idempotents are central, R is Dedekind finite. Hence the
assertion holds, by Corollary 2.18. O

If G is a group and R is a ring, we denote the group ring over R by RG.

Lemma 2.21. Let R be a ring such that 2 € U(R). Then R is weakly
f-clean if and only if RG is weakly f-clean.
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Proof. Suppose RG is weakly f-clean. Since R is a homomorphic image
of RG, R is weakly f-clean, by Lemma 2.8. Conversely, since 2 € U(R),
RG = R x R, by |11, Proposition 3|. Hence RG is weakly f-clean by
Lemma 2.8. O

Suppose that R is an associative ring with unity and o : R — R is
an endomorphism such that a(1). The ring (HR, o) of skew Hurwitz series
over a ring R is defined as follows: the elements of (HR, «) are functions
f N — R, where N is the set of integers greater or equal than zero. The
operation of addition in (HR,«) is componentwise and the operation of
multiplication is defined, for every f,g € (HR, «), by:

fo(n) =31, (Z)f(k‘)ak(g(n —k)) for each n € N,

where (Z) is the binomial coefficient defined for all n,k € N with n > k
by n!/k!(n — k)!. In the case where the endomorphism « is the identity,
we denote HR instead of (HR,«a). If one identifies a skew formal power
series >, € R[[x;a]] with the function f such that f(n) = a,, then
multiplication in (HR,«) is similar to the usual product of skew formal
power series, except that binomial coefficients appear in each term in the
product introduced above. It can be easily shown that T is a ring with
identity h1, defined by hi(0) = 1 and hy(n) = 0 for all n > 1. It is clear
that R is canonically embedded as a subring of (HR,«) viar € R+— h, €
(HR,«), where h,(0) =, hy(n) =0 for every n > 1 [4, 11].

Proposition 2.22. Let R be a ring. Then f € K(T = (HR,«)) if and
only if f(0) € K(R).

Proof. |12, Proposition 2.11]. O

Theorem 2.23. Let R be a ring and « be an automorphism of R. Then
T = (HR, «) is weakly f-clean if and only if R is weakly f-clean.

Proof. Suppose that W = {h € T' | h(0) = 0}, where T' = (HR, «) is weakly
f-clean. Hence R = T'/W, and so R is a homomorphic image of 7. Then
R is weakly f-clean, by Lemm 2.8. Conversely, asuume that R is weakly
f-clean and h € T. Hence h(0) € R, and so h(0) = f +eor h(0) = f —e
for some e € Id(R) and f € K(R). Define an element g € T by,

S n=>0
gln) = {h(n) n> 0.
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Then h = g+ he or h = g — he, where g € K(T') and he € Id(T). Then
T = (HR,«) is weakly f-clean. O

Here we shall formulate two questions of interest.

Problem 2.24. When is a matriz ring weakly f-clean?

Problem 2.25. Let R be a ring and e € Id(R) such that the subring eRe
is weakly f-clean. Is R also weakly f-clean?
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