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On commutative subloops of the loop
of invertible elements in the split octonion algebra

over a field of characteristic 2
Evgenii L. Bashkirov

Abstract. A loop X is said to be commutative if 2°(yz) = (zy)(x2) for all z,y,2z € X.
In the paper, commutative subloops of the Moufang loop of invertible elements in the

split octonion algebra over a field of characteristic 2 are described.

1. Introduction

Let k be an associative and commutative ring with an identity 1, O(k) the
split octonion algebra over k and G(k) the Moufang loop of all invertible
elements of O(k). The present paper deals with the case in which k is
a field of characteristic 2. For this family of fields, as has been shown
in Proposition 2 [2], the loop G(k) has no subloop isomorphic to a class-2
nilpotent group. However, if & is a field of arbitrary characteristic (including
characteristic 2), G(k) possesses an ample quantity of subloops isomorphic
to abelian groups, i.e. to class-1 nilpotent groups. For example, if x is a
fixed element of G(k), then z, being a member of the power associative
algebra O(k), has well-defined powers z° = 1,2! =z, 2%,..., 27 272 ...
which form a subloop isomorphic to a cyclic group that is certainly abelian.
The present paper concerns a more general algebraic structure, namely,
that of commutative loops. Recall that a loop X is called commutative if
it satisfies the identity

®(yz) = (zy)(z2). (1)

It is known that if a loop X satisfies (1), then the operation of multiplication
in X is commutative in the sense that xy = yx for all x,y € X, and the
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loop X is Moufang ([3|, pp. 99, 100; [6], p. 112, exercise IV 5.A). Speaking
somewhat loosely, the content of the paper can be summed up as follows.

Theorem 1.1. If k is a field of characteristic 2 and G is a commutative
subloop of G(k), that is, if 22(yz) = (xy)(z2) for all x,y,z € G, then the
operation of multiplication in O(k), being restricted to G, is associative and
commutative.

In fact, the proof of Theorem 1.1 is deduced from the proof of Theo-
rem 3.3 which classifies commutative subloops of G(k). In turn the proof
of Theorem 3.3 is accomplished by an investigation of subalgebras of O(k)
that are linear k-hulls of the corresponding commutative subloops. Since
the list of these subalgebras, and as a consequence, that of the correspond-
ing subloops is rather long, the formulation of Theorem 3.3 requires a quite
cumbersome preliminary work.

2. Preliminaries

Let k£ be an associative and commutative ring with 1. The multiplicative
group of invertible elements of k is denoted £*, and (k,+) is the additive
group of k.

Ifa € kand S,T C k, then aS = Sa={as|se€ S}, S+T ={s+1t|
s € S,t € T}. The set of all elements that are squares in k is denoted kY,
ie. K9 ={b?|beck}.

k3 is the standard free k-module of column vectors of length 3 with com-
ponents in k. The standard basis of k3 is obtained, as usual, by specifying
the elements

1 0 0
e1= 10|, e= |1, e3= |0
0 0 1

The zero element of k3 is designated as 0.

If a, 3 € k3, then - 3 and « x 8 denote the usual dot product and cross
product in k3, respectively.

O(k) is the set of all symbols (%), where a,b € k,a, 3 € k3. In
O(k), equality, addition and multiplication by elements of k are defined
componentwise, whereas the operation of multiplication is given by

a o\ (c v\ _ ac+a-6 ay+ad— x4
B b)\d d)] \Bc+bd+axqy By +bd ’
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where a,b,c,d € k,a, 3,7, € k3. Under the operations just defined, O(k)
is an alternative non-associative k-algebra termed the split octonion or split
Cayley-Dickson algebra (see, for instance, [8]). One should specify the ele-
ments

(1 0 {0 O m) (0 en m)y (0 O
‘M=o o) 2710 1) 2 T\o o) % T\e, 0
(m=1,2,3)

which form a basis for the free k-module O(k).
The symbol 15 is used to denote the identity element of the algebra

O(k),
%)

The symbol 0y designates the zero octonion

(0 0):
tu(a):G) i‘) tgl(a):<; ?)

For any m € {1, 2,3},

M= (e, °7)

M) (k) is an associative subalgebra of O(k), and M, (k) is isomorphic to
the algebra of 2 x 2 matrices over k.
The algebra O(k) admits an involution ~: O(k) — O(k) such that

(b —« (o « 3
x—(_ﬁ a)whenevera:—<5 b)’ a,bek, a,f € k°.

The trace tr(z) and the norm n(x) of the x are defined by

If o € k3, then

a,b,c,d e k} C O(k).

x4+ =tr(x)ly, zz=n(x)ly,

and so tr(z) =a+b,n(x) =ab—a-B.
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G(k) denotes the Moufang loop of elements of O(k) whose norm lies in
k>, i.e. elements invertible in O(k).

The norm n determines the bilinear form (z,y) = n(z+y)—n(z)—n(y) =
xy + yZ on the k-module O(k)(xz,y € O(k)). Throughout the paper, all
metric concepts mentioned are related to the bilinear form ( , ) determined
by the norm mapping n: O(k) — k.

The automorphism group of the algebra O(k) is denoted Ga(k).

If k£ is a subring of an associative and commutative ring S having the
same 1 as k, then the set

ZTy(k,S) = {<6 j) . [r,s]‘ rek,se S}

is a subring of the ring of 2 x 2 matrices over S. The group ZT5(k,S)*
which is formed by all matrices [r, s] with r» € k¥, s € S, is isomorphic to
the group direct product £* x (S, +), an isomorphism of ZT5(k,S)* onto
kX x (S, +) being given by [r, s] — (r,sr~1).

3. Results

Assume that k is an associative and commutative ring with identity and
taking m’,t € k,m € k™ denote by

Cl(k,ﬂ’l,m/), CQO(kum)7 030(k7m)7 C4O(k)m7t)7 05(k)7 CG(k)7 07(k)
the following seven subsets of O(k):
/ o crdg
Cl(k7 m,m ) = c+d md

!/
—=m'ep

c,d € k:} ,

Czo(k, m) = ]{312 + k’ (692) + megll)) 5

Cso(k,m) = kly + k:e%) + k:egl) +k (eg) + meg)) ,

(k,m,t) = kla+k (692) + megll))—i—k: (eg) + teg))—i-k‘ (—mteg) + eé?) ,

Q

40
5(k) = Cy(k,0),
6(k) = le + ]{/‘6%12) + k‘eg}i),
Cr(k) = kg + keld) + kel? + kel

The subsets Cag(k,m), Cso(k,m), Cy(k,m,t), Cs(k), Cs(k), C7(k)
are subalgebras of O(k), and, furthermore, they are associative because all of
these are generated by at most two elements. In addition, for any such k, the

Q0
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subalgebras Cao(k,m), hence Cs(k), and Cg(k) are commutative. On the
other hand, the associative subalgebra A € {Cso(k,m), Cao(k, m,t), C7(k)}
is commutative if and only if 2 = 0. To see this, it is enough to consider
the equation zy = yx for x = 6512),1/ = 6532) + meé?i) if A= Cs0(k,m), for
r = 6512) —i—megll),y = 6522) +te§21) if A= Cyo(k,m,t) and for z = eé?,y = eg‘?
it A= Cy(k).

As to C1(k,m,m'), it is immediate that this is a submodule of the k-
module O(k). The sufficient and necessary condition for Cy(k, m,m’) to be
a subalgebra of O(k) is 2 = 0 as can be seen from the following assertion.

Lemma 3.1. The following conditions are equivalent for Cy = Cy(k,m,m’).
(a) 2=0.
(b) Cy contains 1a.
(¢) Cy is closed under the multiplication in O(k).

Proof. For the sake of brevity, it is convenient to write u(c, d) instead of

ct+d
dC “m €1 '
ctdyple) d

m

(a) = (b). If 2 =0, then u(1,1) =15 € C.
(b) = (c). Suppose that C; contains 15. This means that 19 = u(c, d) for
some ¢, d € k. Thusc=d=1,s00= %61, whence 2 = 0. Now the latter
equality shows that u(c,d) = dly + %L for all ¢,d € k, where « = u(m,0).
It follows that 1o, form a basis for C;. Moreover, ¢*> = m'ly + me which
means that C; is a quadratic k-algebra of type (m/,m) ([4], p. 433), and
hence it is closed under multiplication.
(¢) = (a). Suppose that C is closed under multiplication. Then
2 I
C1 3 u(m,0)* = (m /+m me/l) ,
m'me; m

whence m = (m?+m/+m’)m~!, and so 2m’ = 0. It follows that u(1, 1), be-
ing an element of Oy, is equal to t12(2m~tey). Therefore, C1 > t12(2mte;)?
= t12(4m~tey), and thus t12(4m~'er) = u(c,d) for some c,d € k. This im-
plies c =d =1, and so 4m~ = (1 + 1)m~! = 2m~!, whence 2 = 0. The
lemma is proved completely. O
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From now on, k is assumed to be a field of characteristic 2, and hence
all

Cl(k7m7m/)7 CQO(kam)v C3O(k7m)7 C40(k7m7t)7 C5<k)7 CG<k)7 C7(k)

are associative and commutative subalgebras of O(k). It should be noted
that some of these subalgebras are isomorphic to each other. The following
lemma lists the isomorphisms and indicates conditions under which they
exist. Note that all of these isomorphisms are induced by automorphisms
of the algebra O(k).

Lemma 3.2.
(I) Ifm € k‘D, then Cgo(k,m)gl = 05(/{7) and Cgo(kﬁ,m)@ = C7(k’) fO?”
some o1, 09 € Ga(k).
(II) (a) If either m € k= and t € k° +km or m ¢ k= and t € k" + kPm,
then Cyo(k,m,t)°= Cs30(k,m’) for some o € Ga(k) and m' € k\k".
(b) If m € kY and t € kP + kPm, then Cyo(k,m,t)® = C7(k) for some
(S GQ(k)

Proof. (I) Suppose that m = a?,a € k. The subalgebra Coq(k, m) contains

the element y; = als + (e%) + 6%11)

exists o1 € Ga(k) with y7* = 692), and hence Coy(k,m)7* = (kla+ky1)7t =
C5(k). Now consider Csg(k,m). It contains the subspace Y spanned by
6512),6;21),@/1, where y; = alg + (eg) + eg)i)cﬂ). This Y is a 3-dimensional
totally singular subspace ([5], p. 114) of O(k) and all elements of Y are of
(2)

trace 0. Moreover, the elements 6512), €91
[1], an extra-special pair. By Lemma 5.2 [1], Y72 = eglz)k: + eg)k + eg?i)k: for
some oo € Gg(k) So C30(k,m)02 = (k?lg + Y)GZ = C7(k)

(II)(a) Let m = a? a € k. Suppose that t ¢ k~ + k“'m which implies
t ¢ k9. Then Cao(k,m,t) contains the extra-special pair yi,y2, where
y1 = alg + (6512) + egll)cﬂ),yz =1 (6522) + egzl)t). By Lemma 5.1 [1], there

a?) for which y? = 0g. Therefore, there

€ Y form, in the terminology of

exists o € Ga(k) with y§ = 6512)’ yg = 6521). Set ys = (6522) -f—eg)t)a and write
r e1ry + eare + esrs
= -t k.
vs <€1t1 + eoto + e3i3 r ) y ThTit; €

Since y3 commutes with e%) and with 6(221), t1 =1y =0. Thus, Cyo(k,m,t)?

contains y4 = 7“36%) + tgeg? because y4 = y3 —rls — 6512)7“1 — 6;21)t2. Since

yg = tly,7? + r3t3 = t which shows that r3t3 ¢ k". In particular, r3 # 0,
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and hence m/ = r3't3 ¢ kY. Now observe that y, = r3 (eg) +m/ eg)i)), and

so Cyo(k,m,t)? = Cso(k,m’).

Suppose further that m ¢ k™ but ¢ € k” + kYm. Thus t = a® + b*m,
where a,b € k. First consider the case b = 0, and so t = a® € k". The
group Ga(k) contains an element 7 such that

() =, () =l () =l
(0) = () =l () =ty

Then Cyo(k,m,t)” = Cyo(k,t,m) and since t € kK~ and m ¢ k", the case
already considered shows that Cyo(k,t,m)? = Cso(k,m’) for some ¢ €
Go(k) and m’ € k\ kY. Therefore, Cyo(k,m,t)™® = Cz9(k,m’) and hence
T¢ can serve as a required o.

Next suppose that b # 0. Now the elements

y1=als+b (eglz) + meéll)) + (eg) + tegl)) . Y2 =1 (eg + meéll)) ,

both belonging to Cyo(k, m,t), form an extra-special pair. Again arguing
as at the beginning of the Part (II) proof, one concludes that for some
o€ Gg(k) and m’ € k \ k‘D, C40(k,m,t)" = Cgo(k,m/).

(b). Suppose that m € k” and t € k" + k“m. This means that both
a and t are squares in k, i.e. m = a?,t = d?,a,d € k. Then Cyy(k,m,1)
contains the elements

. a e1 . d e
Yy = me; a)’ Y2 = tes d )’

_ ad eid + esa + esmt
Y3 = ermd + esat + e3 ad

because
y1 = als + (e§12) + egll)m) , Yy =dlo + (e%) + eé?t) , Y3 = Y1yo.

Let Y be the subspace spanned by y1,42,y3. Then Y is a 3-dimensional
totally singular subspace that contains the extra-special pair y1,ys and is
formed by elements of trace 0. Lemma 5.2 [1] shows then that there exists
o€ Go(k) with Y7 = eDk + ek + e$k. So Cyo(kym, 1)7 = kly + Y7 =
C7(k) which completes the proof of the lemma. O
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Lemma 3.2 makes it reasonable to consider Co(k,m), Cso(k, m) and
Cao(k,m,t) under the following additional assumptions.

(a) For Cay(k,m) and Cso(k,m), it is assumed that m ¢ k.
(b) For Cyo(k,m,t), it is assumed that m ¢ k"~ and t ¢ k"~ + k“m.
When (a) and (b) hold, Ca(k, m), C3(k, m), Cao(k, m,t) are denoted
Co(k,m), C3(k,m), Cy(k,m,t),
respectively. It should be noted, however, that for certain fields k&,
Ca(k,m), Cs(k,m), Cy(k,m,t)

can not arise (this will be the case, for instance, if & is algebraically closed),
whereas C5(k), Cs(k), C7(k) exist for all fields of characteristic 2.
So, under the assumptions made, all

Ci(k,m,m'), Cy(k,m), Cs5(k,m), Cy(k,m,t), Cs5(k), Cs(k), Cz(k)

are associative and commutative subalgebras of O(k), and hence their mul-
tiplicative groups

Ci(k,m,m)*, Ca(k,m)*™, C3(k,m)*, Ca(k,m,t)*, C5(k)*, Co(k)*, Cr(k)”

are abelian.

The subalgebra Cy(k, m,m’) is isomorphic to a quadratic k-algebra of
type (m/,m), and therefore Cy(k, m,m’)™ is isomorphic to either the mul-
tiplicative group of a separable quadratic field extension k(6) of k, where
6 is a root of the irreducible (over k) polynomial A\? + mA\ + m/ belonging
to the polynomial ring k[\] in a transcendental element A, or to the direct
product k™ x k* of two copies of the group k*.

Cy(k,m) is isomorphic to a purely inseparable quadratic field extension
k(v/m) of k, and hence Co(k, m)* = k(y/m)*.

C3(k, m) is isomorphic to the k-algebra ZTs(k(y/m), k(y/m)). The iso-
morphism C3(k,m) — ZT(k(y/m), k(y/m)) is given by

< 0 T1€1 + x363> = ($0 +x3y/m a1 + xg\/m>

Toeo + T3mes o 0 To + T3/ M

Hence C3(k,m)* = k(v/m)* x (k(v/m),+) 2 k(v/m)* x (k,+) x (k,+).
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Now let k[g] be a quadratic k-algebra of type (0, 0) for which 1, ¢ is a ba-
sis such that ¢ = 0. Then C(k) is isomorphic to the k-algebra ZTs(k, k[q]),
the isomorphism between Cg(k) and ZT5(k, k[g]) being

( Zo $1€1> . (xo z +$2Q> .
Toe€3 i) 0 i)
So Cs(k)™ = k™ x (klg],+) = k™ x (k,+) x (k,+) and an explicit form of

the group isomorphism of Cs(k)™ onto k™ x (k,+) x (k,+) is

Zo T1€1 —1 —1
— (o, 1T ToX .
<$263 0 ) ( 0, 0 > 0 )

Finally, C7(k) is isomorphic to the k-algebra ZT5(k[q], k[q]). So C7(k)* =
klg)* x (k[q],+) = k* x (k,+) x (k,+) x (k,+). An explicit form of an
k-algebra isomorphism between C7(k) and ZTx(k[q], k[q]) is

Zo rier) |, (Zo+3q Ta+T1g
Toes + x3€3 T 0 xo+ 3¢9/’
and hence an explicit form of a group isomorphism between C7(k)* and

B x (k,+) x (k,+) x (k,+) is

Zo Ti1€1 -1 -1 —2 -1
— (xg, r3T XToX ToT3xn " + 11X .
<x262 + x3e3 zo > ( 0, L34y 0 > 340 0 )

Now it will be proved that subgroups of the listed above abelian groups
Ci(k,m,m")*, Ca(k,m)*, Cs(k,m)*, Cy(k,m,t)*, Cs(k)*, Cs(k)™, Cr(k)*
exhaust in fact all commutative subloops of G(k).

Theorem 3.3. Let k be a field of characteristic 2 and G a commutative
subloop of G(k) in the sense that 2%(yz) = (wy)(xz) for all z,y,2 € G.
Then for some o € Ga(k), one of the following holds.

(i) G7 < Ci(k,m,m') for some m € k*,m’' € k and G € kls so that
G is isomorphic to either a subgroup of the multiplicative group of a
separable field quadratic extension of k, or to the subgroup of the group
direct product k™ x k.

(ii) G7 < k*1a, and so G is isomorphic to a subgroup of k™.
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(7it) G7 < Co(k,m)*, and thus G is isomorphic to a subgroup of the
multiplicative group of the purely inseparable quadraic field extension
k(v/m), the subloop G containing two elements linearly independent
over k.

(iv) G% < C3(k,m)*, and thus G is isomorphic to a subgroup of the direct
product k(v/m)* x (k,+) x (k,+), G containing four elements linearly
independent over k.

(v) G7 < Cy(k,m,t)*, and so G is isomorphic to a subgroup of the mul-
tiplicative group of the purely inseparable field extension k(/m,\/'t) of
degree 4 over k, G containing four elements linearly independent over

k.

(vi) G7 < C5(k)*, and so G is isomorphic to a subgroup of k* x (k,+),
and G contains two elements linearly independent over k.

(vii) G contains three elements linearly independent over k and G° <
Cs(k)™ so that G is isomorphic to a subgroup of k™ x (k,+) x (k,+).

(viti) G contains four elements linearly independent over k and G < Cr(k)*

so that G is isomorphic to a subgroup of k* x (k,+) x (k,+) x (k,+).

Proof. The proof is divided in two parts, the first of which deals with the
case when GG contains an element of nonzero trace, whereas the second is
devoted to loops all of whose elements have zero trace.

PART 1. Several preliminaries are needed before a direct consideration
of the case will be given.

Let m be a fixed element of k% and «y, By be fixed vectors of k3. For

any c,d € k, the octonion
< c C:r_bd 040>
+d
By d

is denoted u(m, ag, Bo; ¢, d) and let
U(m, ag, Bo) = {u(m, ag, Bo; ¢,d) | ¢,d € k}.

Observe that 19 = u(m, ap, Bo; 1,1) € U(m, oo, Bo). If ¢ = u(m,ap,Bo; m,0),
then 1o,¢ is a basis of U(m, ag, o). Moreover, if m’ = aq - o, then (2 =
tm~+m/1ly which can be expressed by saying that U(m, ag, fp) is a quadratic
k-algebra of type (m’,m). By Proposition 3 ([4], p. 441), U(m, ao, Bo) is
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isomorphic to a field (when the polynomial f(\) = A2 + mA + m' in an
indeterminate A is irreducible over k), or to the direct product k x k of
two copies of the field k (if f(A) has a root in k). Since (1l2,t) = m # 0,
the subspace U(m,ag, fp) of the k-vector space O(k) together with the
restriction of the bilinear form (, ) to U(m, ag, By) is non-defective (see,
[5], p. 114). Hence U(m, ag, By) is a subalgebra of the composition algebra
O(k) in the sense of |7], p. 4.

The correspondence 1o +— 1o, ¢ — u(m,e1,eym’;m,0) determines a
k-linear isomorphism & of the subalgebra U(m, ag, 5p) onto the k-algebra
Ci(k,m,m’). By Corollary 1.7.3 [7], p. 17, 6 can be extended to an ele-
ment of Ga(k). In other words, there is 0 € Ga(k) with U(m, ag, 80)? =
Ci(k,m,m’).

Now choose and fix x € G with nonzero trace, and let y be an element

of G. Writing

_f[{a o 3 _ (¢ 7 3
x—(B b)(a,bek,a,ﬁek), y—<5 d)(c,dek‘,’y,dek),

one obtains that the equation xy = yx together with the condition a+b # 0
yields

c+d c+d

R A o

Thus y € U(m,,8) with m =a+b. So G C U(m,«,3) and as has been
noted above, if m’ = « - 8, then there is o € Ga(k) with G7 C Cy(k,m,m’).
Hence G < Cy(k,m,m’)*. It remains to note that since G contains the
element & with non-zero trace, G can not be contained in kls, and so G is
as in Item (i) of the theorem.

PART 2. Suppose that all elements of G are of trace 0. Hereafter L
denotes the linear k-hull of G. As a subspace of the k-vector space O(k), L
is totally isotropic relative to the alternating bilinear form ( , ). Since the
Witt index of the space O(k) (equipped with (, )) is 4, dim L < 4. So the
further proof is divided into four cases in accordance of the dimension of L.

(I) dim L = 1. Since 13 € L, here L = klg, and so G is isomorphic to a
subgroup of k* falling in Item (ii) of the theorem.

(IT) dim L = 2. One can choose g € G \ kla. This g together with
1, form a basis for L. One has ¢?> = ely with e € kX. There are two
possibilities to consider.

(a) e € ke = f2, f € kX. If g1 = fla + g, then 1o, g is a basis of L
and g? = 0y. Hence there is o € Go(k) with g7 = 6512) and so L7 = Cs(k).
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Thus G, being isomorphic to a subgroup of £* x (k,+), falls in Item (vi) of
the theorem.
(b) e ¢ k~. Writing

. a o 3
g(/@ a)7 G’Ekvod?ﬂeka

and denoting m = « - 3, one has g?> = (a®> + m)la. If g1 = g + als, then

g1 = = + vy, where
v 0 « (0 0
“lo o) Y7\B o)

Observe that m # 0 due to the condition e ¢ k". It follows that the
correspondence

1 1
T > egz), Y — megl), TY — mery, YT —> mego

determines a k-linear isomorphism of the k-algebra C' = kx+ ky+ kxy+kyx
onto M[;)(k). Therefore, one can find o € G2(k) such that C7 = M (k)

and 27 = e%), Yo = me(211). Then ¢f = 6512) + megll), and so L7 = Ca(k,m).

Thus G falls in Item (iii) of the theorem.
(III) dim L = 3. Choose elements g1, g2 € G so that 19, g1, g2 is a basis
for L. Then g1g2 € G C L, and hence

g192 = rol2 + r1g1 + rage (2)
for some r; € k. Since for each i = 1,2, g; is of trace 0,
9; = ail (3)
for some a; € k*. Therefore, by (3)
(9192)91 = 9792 = a192. (4)
On the other hand, using (2), one has

(9192)91 = (rola + rig1 + reg2)g1 = rog1 + riaily + ra(rola + r1g1 + 1292)
= (r1a1 +ror2)la + (ro + r1r2)g1 + r390.
(5)

Comparing (4) and (5) gives
ry = ai, (6)

ro +rire = 0. (7)
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Similarly, a calculation of (g192)g2 in two ways shows that
r? = ay. (8)

Now set u; = g1 + ralo,us = g2 + r1la. Then employing (6), (8), (2),
(7) yields u? = u3 = wjuz = 0y. This, together with linear indepen-
dence of ui,us, means that ui, us form an extra-special pair. According to
Lemma 5.1 [1], there is 0 € Ga(k) with uf = e%),ug = eg)i). Consequently,
L? = Cg(k) and so G, being isomorphic to a subgroup of k™ x (k, +) x (k, +),
falls into Item (vii) of the theorem.

(IV) dim L = 4. Suppose that any nonzero element of L has a nonzero
square. Let g € G\ kly and write

_ (4 @ 3
g_<,8 a>7 aEk,a,ﬁGk.

If m = a- B, then m ¢ kY, in particular, m # 0. As has been shown
while considering the case dim L = 2, replacing G by G¢ with a suitable
¢ € Go(k), one may assume « = eq, 5 = me;. It follows that ¢ = e%) +
megll) € L. Since dim L = 4, one can find h € G\ (klg + kg1). Write

r rie1 + reeg + r3es
h= b€ k.
(tlel + toeq + t3e3 r > , Tt €
The condition g1h = hg gives t; = mry. Then L contains
0 roeg + 1r3€3
: e <t262 + t3es 0

The choice of h shows that hy # 0a, hence h? # 02 which, in turn implies
that t = roty + r3ts # 0. Suppose t = t% + s®m where tg, s € k. Let

hy =tols +sg1 + h1 = ( fo s161 7 raca T3€3) :

smeq + toeo + tses to

Then h% = 09, hence hg = 03, so 9 = r3 = t9 = t3 = 0 which is impossible
in view of the condition ¢ # 0. Thus ¢ ¢ k~ + km. Set

U1l = €11, U2 = €22,

1 1 2 0 meeg +73e3 3 —1 {0 tzes +taes
ugz) = eg2), ng) = <0 0 > ) qu) =t (0 0 ) )

O _ @) _ -1 0 0 (3) _ 0 0
Ut = €a15  Up =t <t2€2—|—t363 0)’ Uz = (T3€2+T263 0/
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The correspondence

wij (G =1,2), ulyerely, ul) e el)(i=1,2,3)

determines an element o of the group Ga(k) such that

9 =g, h{=el +tell.

So L7 contains the product g7 h{ = egl) + egz)mt

The elements 19, g7, h{, g7 h{ are linearly independent. Recalling that

m ¢ k9 and t ¢ k + kPm, one has L% = Cy(k,m,t) and G is as in Item
(v) of the theorem.

Suppose now that L contains a nonzero nilpotent element u. There is

¢ € Ga(k) such that u? = 652) Thus replacing G by G, one may assume

that 6512) € L. Since dim L = 4, one can find g € G\ (k12 + k:egQ)). Let

— r r1€1 + roeg + r3es b ek
9= t1e1 + toea + t3€e3 r ) s Ty U .

Since gegg) = eg;g,tl = 0. Hence L contains g1 = r26§2) + rgeg) + taey;

tgeg?i) because g1 = g — rla — 7“16%12). Note also that g; is nonzero in view

(1)

of the choice of g. If ro = r3 = 0, then e}y’ and g; form an extra-special

pair. If roes + rgeg # 0, then L > egg)gl = 7"26;1) + 7’3651) which, together

with 6512), gives an extra-special pair again. Thus if L contains a nonzero
nilpotent element, then L contains an extra-special pair. By Lemma 5.1
[1] replacing G by G? with an appropriate o € Ga(k), one may assume

that 6512),(3&21) € L. Using again the condition dim L = 4, one can find

heL\ (kla+ ke(l) + ke@)) Since h commutes with 6512) and with 6521),

2) 4

B = < b si1e1 + szes
q2€2 + qses b

) bv£17£3aQ27q3 € k.

Therefore L contains h; = 836(12) + Q36(21) because h1 = h — bly — s1eyy

qgeg) If s3q3 ¢ k", then s3 # 0 and hy = 33(eg2) + megl)), where m =

q353" ¢ k9. Thus L contains the octonions 12,652),6521),652) + meg?i), and
therefore L = C3(k,m). So, in this case G is isomorphic to a subgroup
of k(v/m)* x (k,+) x (k,+). But G contains four linearly independent

elements, and consequently it falls into Item (iv) of the theorem.

1 _
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Finally suppose that s3q3 = ty € kY. Then L contains he = tols +

hi = tola + 83e§32) + qgeg}i), and hence L contains the subspace Y spanned

by 6512),691),}?,2. A direct calculation shows that Y is a totally singular
subspace of O(k) and dimY = 3. Furthermore, every element of Y is of
trace 0 and according to Lemma 5.2 [1], one can find o € G2(k) such that
Y7 = ke%) —erg) —i—keé‘?. So L7 = kla+Y? = C7(k). Thus, in this case, G
is isomorphic to a subgroup k£* x (k,+) x (k,+) x (k,+). Since G contains
four linearly independent elements, G falls in Item (viii) of the theorem.
The theorem is proved completely. O

The proof of Theorem 3.3 shows that this theorem admits the following
restatement in the language of maximal commutative subloops of G(k).

Theorem 3.4. Let k be a field of characteristic 2. If G is a maximal
commutative subloop of G(k), then for some o € Ga(k), G coincides with
one of the following subloops:

Cl(k7m7m,)><a 02(k7m)xv OB(kvm)Xa 04(k7m7t)><7 05(]{:)X’ Cﬁ(k)x7 07(k)><

It is instructive also to see how the example of a commutative subloop
isomorphic to a cyclic group considered at the beginning of the paper is
consistent with Theorem 3.3. So, let x be a fixed element of G(k) and let
G = {2" | n € Z}. Though G is a cyclic, hence abelian group, it may fall
into different parts of Theorem 3.3 depending on the form of x. Let

J::(g (z>, a,bek,a,Bekd (9)

If tr(z) # 0, then G° < Ci(a + b,eq,er(a - §))* for some o € Ga(k). If
tr(z) = 0 and a - B ¢ k", then G° < C3(k,/a - B)* for some o € Ga(k).
If, finally, tr(z) = 0 and a - 8 € kY, then G7 < Cs(k)*, and thus G is
isomorphic to a subgroup of k* x (k,+). To construct a more concrete
example one can take in (9) the octonion x witha =b=1,4=0 and a a
nonzero vector of k3. In this case, G is isomorphic to a cyclic group of order
2. As a subgroup of £* x (k,+), this cyclic group is realized as 1 x {1, a0},
where ag is a nonzero element of k. The first component of any element of
this subgroup of £* x (k,4) must be trivial, since the group k* does not
contain any element of order 2.
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