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The structures of full terms preserving a partition

under different operations

Prapairat Junlouchai, Thodsaporn Kumduang
and Chortip Siwapornanan

Abstract. Full terms that preserve a partition in a finite set are extension of full terms,
which can be applied to classify algebras of the same type into subclasses known as the
full solid variety preserving a partition. In this paper, two associative binary operations
induced by a superassociative superposition defined on the set of full terms preserving a
partition are given. As a generalization, sets of such full terms and their binary operations

are also discussed.

1. Introduction and preliminaries

One of the exceptional classes of terms is a full term introduced in [6]. To
achieve this, let n be a fixed positive integer, I an index set and 7, a type of
operation symbols of arity n, that is 7, = (n;);c; where n; = n for all i € 1.
We recall from [6] that the set T, of all mappings « on a finite set n :=
{1,...,n} and a binary composition of functions forms a semigroup known
as a transformation semigroup. Thus, an n-ary full term of type 7, is induc-
tively defined by the following: (1) fi(%qa(1);---;Ta(n)) 15 an n-ary full term
of type 7, if &« € T}, and (2) if ¢1, ..., t, are n-ary full terms of type 7, and f;
is an operation symbol of type 7, then f;(¢1,...,t,) is an n-ary full term of
type 7,,. Hence, the set of all n-ary full term of type 7,, denoted by WTZ (Xn),
is closed under the following superposition 5™ : (WE (X,,))"*! — Wl (X,,)
which is given by the following : S™(t,t1,...,tn) = fi(ta1),- - > tan)) Where
t = fi(Taq)-->Ta(m)) for any mapping o in T, and S"(t,t1,...,tn) =
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Fi (S™(s15t1, o ytn)y ooy S™(Spyty .o yty)) if £ = fi(s1,...,8,). As a con-
sequence, (WTP:L (Xn), S”) has been formed. This algebra always plays a key
role in the theory of full solid variety. For this importance, see |1, 3].

One of the generalizations of terms is a set of terms. In fact, sets of terms
are called tree languages, see [1, 4, 12]. The symbol P(W/ (X,,)) denotes
the set of all subsets or tree languages of all n-ary full terms of type 7,,. For
instance, we see that {f(z1,x2,23)} and {g(z2,x2,x2), f(x1,21,21)} are
examples of tree languages in the power set P(W£73) (X3)). On the other
hand, a set {g(z2, f(z2,z3,21),23)} is not a tree language of ternary full
terms of type (3,3). To compute the result of tree languages of full terms in
the theory of full hyperidentities, in [16], a non-deterministic superposition

operation on the set P(W! (X,,)) was defined. By the definition, a mapping
Sn P(WE(X,))" ™ — P(WI (X)) is defined as follows:

(1> §n ({fz(xa(l)a . 7xa(n))}7Bl’ B BTL) = {fi(ra(l)v s 7Ta(n)) ’
Ta(j) € Bagyd =1,...,n},

(2) 8" ({fi(t1, ... ta)}, B1, ..., Bn)
:{fi(rl,...,rn) ’Tj GS”({tj},Bl,...,Bn),j:1,...,n},

(3) if |A| > 1, then S™(A, By, ..., By,) = Usea{S"({a}, B1,..., Bn)},

~

(4) S™(A,B1,...,B,) =0if A=0 or B; =) for some j.

Recently, subclasses of full terms are given using different transforma-
tions. For example, in [18], a semigroup S(n,Y) ={s €T, | B(Y) C Y} of
transformations on a finite set n leaving Y C i invariant was applied to set
a new term such that each pair of these terms was extended to be S(n,Y)-
hyperidentity of a variety V. Binary operations, + and %, defined on this
set are presented, which lead to construct semigroups of full terms with an
invariant subset. In [17], the theorem that establishes the freeness of an
algebra consisting of the set of all terms generated by transformations with
a restricted range and an (n -+ 1)-ary operation satisfying certain equational
laws has been mentioned.

Recall from [15] that terms defined by transformations preserving a par-
tition are presented and their structures are established. Actually, let P be
a partition on a finite set n and consider the set

T(R, P) = {f € T,,| VA; € P, 3A; € P, f(A;) C A;}.
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It is known that T'(72, P) is a subsemigroup of T,,. Hence, an n-ary full term
preserving a partition P on n of type 7, is inductively defined in [15] as
follows: (1) fi(Ta(1),- -+ Ta(n)) 18 an n-ary full term preserving a partition
P on n of type 1, if & € T'(n,P), and (2) if ¢1,...,t, are n-ary full terms
preserving a partition P on 7 of type 7, then f;(t1,...,t,) so is. Let

WE;(W) (X,) be the set of all n-ary full terms preserving a partition P on

n of type 7,. Moreover, the set WTTn(ﬁ’P) (X,) is closed under the operation
S™ defined for the set of full terms.

For a superassociative algebra, also called a Menger algebra, we refer to
a pair of a nonempty set with an operation o of type (n + 1) satisfying the
superassociative law, i.e.,

o(o(a,bi,...,bn),c1y...,¢n) =0(a,0(br,c1,y...,¢n)y...,0(bp,cC1,y...,¢n)).

Recent developments in superassociative algebras can be found in [2, 7, 8, 9,

10, 11, 14]. It was proved that the sets W/ (X,,) and WT:’;(ﬁ’P) (X,) together

with the superassociative operation S™ form superassociative algebras. Fur-
thermore, the operation 5™ defined on P (WE (X)) is also superassociative.

In this work, based on the study of T'(n, P)-full terms described in the
paper [15] and semigroups of full terms with an invariant subset given in
[13], we continue to investigate algebraic properties of full terms preserving
a partition in depth. Thus, the paper is organized as the following: Sec-
tion 2 is devoted to the study of binary operations defined on the set of
full terms preserving a partition, which detemined by the superassociative
operation S™, and their power sets. We further prove the embeddability of
the semigroups of T'(n, P)-full terms into the semigroups of tree languages
of T(n, P)-full terms. In Section 3, mappings whose images are full terms
preserving a partition and their sets are examined and connections between
these mappings and a non-deterministic full hypersubstitution ¢”¢ which
preserves a partition is a mapping that sends any n-ary operation symbol
to a set of full term preserving a partition are described.

2. Binary operations defined on W, """ (Xn)

To enhance understanding, we begin the results in this section with some
examples of full terms preserving a partition of some type.

Example 2.1. Let 74 = (4,4) be a type with two quaternary operation
symbols f and fo. Let P = {{1,2},{3,4}} be a partition of 4. It can be



264 P. Junlouchai, T. Kumduang and C. Siwapornanan

seen that

fi(xr, x1, @3, x3), f1(we, T2, 23, 23), fo(24, T3, 22, 21), fo(21, 21,21, 21)

113 3

1 2 3 4 1 2 3 4 1 2 3 4 <
(355a)(issi) (17 ) emeoraguae,

In other ways, B
Ji(x1, w3, 2, 24), fo(w1, 24, T2, 23), f1(z1, 23,22, 22) & W£(4’{{1’2}’{3’4}})(X4)

e (L2 3TT(T Dertma e,

We now define two binary operations on Wg(ﬁ’p) (Xn).

are elements in the set of Wg(l{{l’Z}’{3’4}})(X4) because <1 23 4) ,

Definition 2.2. The binary operation + : (Wg;(ﬁ’P) (Xn))? — WTT,L(E’P) (Xn)

is defined by s+t = S™(s,t,...,t) for all s,t € WZ;(’_"P) (Xn).
——
n—times
Definition 2.3. On the Cartesian product Wffﬁ”’) (X,)™, the binary op-

eration * is defined by (s1,...,8n) * (t1,...,tn) = (S™(s1,t1,.- ., tn), ...,
S™(Sn,t1s - .o tn)) for all (s1,...,8n), (t1, ... tn) € WP (X",

As a consequence, the following theorem is proved.

Theorem 2.4. The following statements are obtained:

n

(1) (WTT(E’P)(XH),+) is a semigroup,
(2) (Wg;(ﬁ’P)(Xn)”,*) is a semigroup,

(3) the semigroup (WTTn(ﬁ’P) (Xn), —i—) can be embeddable into
(WP (), ).
Proof. We first prove that the statement (1) holds. Let s,t,u be any el-
ements in WTTn(n’P)(Xn). We have (s +t) +u = S"(s,t,....,t) +u =
ST(S™(s,ty .y t) Uy u) = S™(s, St uy .y u), ., ST () =
s+ S™(t,u,...,u) = s+ (t + u) since the operation S™ satisfies the su-

perassociativity. As a result, (WTTn(ﬁ’P) (Xn), —i—) is a semigroup. For the
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statement (2), let (s1,...,8n), (b1, ), (w1, .. un) € WP (X, )7,
We have
((51,...,5n) * (tl,...,tn)) * (U1, .oy Un) = (S1,..-,8n) * ((tl,...,tn) * (ul,...7un))
because the operation S satisfies the superassociative law. Finally, to prove
the statement (3), we define the mapping ¢ : Wg(ﬁp) (Xn) — Wg(ﬁ’m (Xn)"
by 6(t) = (t,...,t) for all t € WT:Q(FL’P) (Xpn). To show that J is a ho-
—
n—times
momorphism, we let s,t € Wg:fﬁ’m (X,). Then, by the definition, we
have (s +1t) = (s+t,...,s+t) = (S”(s,t,...,t),...,S”(s,t,...,t)) =

n—times

(8y...,8) % (t,...,t) = (s) = (t). It is obvious that § is an injection. As
a consequence, we can say that (ng(ﬁ’m (Xn), —i—) can be embedded into

(WTTn(ﬁ’P) (X,)", *) . O

We now focus on subsets of W, (X,;). Normally, the set of all subsets
of full terms preserving a partition is denoted by P(WTZ("’P) (X)) and its

elements are called tree languages that preserve a partition.

Example 2.5. Let 74 = (4,4) be a type with quaternary operation symbols

f1and fo. Let P = {{1,2},{3,4}} be a partition of 4. Since (i i 3 §>’

@ 2 3 3) (le > 8 411> G 28 1‘) are in T (4, {{1,2}, {3, 4}}).

Then we have that @, {fl(l‘l, ZL‘1,.Z‘3,{L‘3)}, {f2($2,l’2,$3, 1‘3)},

{fi(wa, 23, w2, 21) }, { f1 (w1, 21, 23, 23), folwa, 22, 23, 23) } , { f1(24, 23, T2, 1),
fQ(ZEl, T1,T1, l’l)} and {fl(l‘l, ‘/El,’ I3, 1'3), f2($1, T1,T1, 1'1), f1(1'4, I3,T2, 1’1)}
are elements in the set P(W£(4’P) (X4)). On the other hand, we see that

{fi(zr, 23, 22, 24) }, { fo w1, w4, 22, 23) b, { f1 (w1, 23, 02, 22) } & P(WTZ@P)(X@)
becawse (1 3 5 4) (3 3 5 5) (1 3 5 o) ¢TG22 B,

Construction of the operation of type (n+1) on the set P(WTTn(ﬁ’P) (Xn))
can be naturally defined by the following.

Definition 2.6. Let n be a positive integer and 4, Ay, ..., 4, € P(WL™P)(X,)).
Then we define the operation S™ on P(Wg;(n’?) (Xn)) by
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{Sn(t,tl,...,tn) | t e A,tj S Aj,l <5< n}
S’"(A, Ay Ay = if all of the sets A, Aq,..., A, are not empty,

() if at least one of the sets A, Aq,..., A, is empty.

Let us consider the following example.

Example 2.7. Let 73 = (3, 3) be a type with two ternary operation symbols
frand fo. On the set WG (x5) welet A = {fi(a1, 22, 23)}, 41 =
{fi(wa, 22, 71)}, Ao = { fa(z3, 73, 22) }, A3 = { fa(w3, 23, 73), fa(@1, 71, 71) }.

Then we have

S3(A, A1, Ag, Ag) = S ({ fi(w1, ma, w3)}, { fi(wa, wa, 1)}, { fa(ws, w3, 22) },

{fo(3, 23, 23), fa(21, 21, 21)})

= {S3(f1(x1, 22, 23), f1(22, 22, 21), fa(ws, 23, 22), fa(x3, T3, 23)) }
U{S*(f1(w1, 2, 23), f1(x2, 22, 21), fa(w3, 23, x2), fo(w1,21,21))}

= {fi(fi(x2, 22, 71), f1(w2, 22, 71), fa(w3, 23, 73))}
U{f1(f1(w2, 22, 71), f1(22, 22, 71), fa(21, 21, 71))}

= {fi(f1(x2, 22, 71), f1(22, T2, 71), f2(23, T3, 73)),
f1(f1(xe, z2, 21), f1(22, 22, 71), f2(21, 21, 21)) }-

A relationship between the operations S™ and S™ is now explained.

Propo_sition 2.8. Letn be a positive integer and A, Ay, ..., Ay, € PWEEP) (X)),
Then S™(A, Ay,..., Ay) CTS™ (A Ay, ..., Ap).

Proof. We first show by induction on a characteristic of an n-ary full term
¢ preserving a partition that S™ ({t}, {ai},...,{an}) € S* ({t}, Ay, ..., Ay)
for all a; € Aj, i =1,...,n. Suppose that « is a mapping in T'(n,P). If
t = fi (Za(1);- - -+ Ta(n)), then we obtain
S™({fi (za@ys - Zag n))} {ai}, ... {an})
= i (o Ta0) | Taty € {0ay}id = 1o m)
{fz (aa(l)u -y Qa(n
{fi (Paq)s -+ Pam) | Pa Ao, Vi=1,...,n}

S™({ fi Ta(1)s - ,xa(n)} A1,...,A).
Assume that ¢ = f; (1, .,tn and our claimed is satisfied for t1,...,¢,.
Then we get

in
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~

S ({fi (tr,- - ta)y {ar} - {an))
{fir1soooma) |y € St} {ar}, . {an)), forall j =1,...,n}
{Afi (r1,-..,rn) |75 € S({tj}, A1,... Ap), forall j=1,...,n}
S™({fi (b1, tn)} Al An).

From these preparations, we conclude that

n

~

S"(A Ay, Ay = {S"(a,al,...,anﬂaeA,ajEAj,ijl,...,n}
UaeaS™ ({a}, {ar},. .. {an})
UGEASn ({CL}, A17 ceey An)

Sn (A Ay, .. Ay
This completes a proof. O

n

We remark that in general the operation S™ does not satifies the su-
perassociative law as the following counterexample. Following Example

2.7, we now consider the sets S3 (A, 5’3(A1, Ag, Aq, A3), 53(A2, Ag, Aq, A3),
53(A3,A2,A1,A3)) and $3 (53(A,Al,Ag,Ag),AQ,Al,Ag). It follows from

a direct calculation by the definition of the operation S™ and S™ that these
two sets are different.
Then we have:

Theorem 2.9. The set P(Wg(ﬁ’P)(Xn)) is closed under the non-deterministic
superposition S™.

Proof. For this, we let A, By,...,B, € P(WTTTL(ﬁ’P)(Xn)). We must show
that S (A, By,...,By) € P(WTJ;(E’P) (Xn)). We will consider the following
3 cases.

Case 1 : If at least one of A, By,..., B, is an empty set, then
S"(A,By,...,Bn) = 0. Thus §" (A, By, ..., B,) € PWL™P)(x,)).
Case 2 : Assume that A is a one element set.

Case 2.1: If A={f; (aza(l), e ,xa(n))}, where a € T'(n, P), then
S™({fi (a1)s - Zam) > By - Bn) = {fi (Ta@)s- - -+ Tam)) | Tag) € Ba(j):
j=1,...,n} belongs to the set P(Wg;(ﬁ’m (Xn)) because B, ;) elements in
PWE™P)(x VWiorall j=1,...,n.

Case 2.2 : If A = {fi(t1,...,t,)} for cach S" ({tj}, B1,...,By) ele-
ments in P(W2 ™) (X,,)). Thus 8 ({f; (t1,....,ta)}, B1,...,By) =
{fitri,...,mn) | 75 € S"({tn},B1,...,Bn),j = 1,...,n} is in the set
PW5, ™) (X)),
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Case 3: Let a € A. Since for each S" ({a}, By,...,By,) € P(Wg(ﬁ’m (Xn)),
thus §° (A, By,.... By) = Uyes {§n ({a}, By, ... ,Bn)} e PWE™P)(X,)).

Therefore, we conclude that the power set P(WTT,;(ﬁ’P) (Xp)) is closed under
the non-deterministic superposition S”. O

On the set P(Wg;(ﬁ’P) (Xn)), two binary operation are defined by the
following:

Definition 2.10. Let A and B be two elements of P(WT];(FL’P) (Xn)). Then
we define the binary operation + on P(WTT;(H’P) (Xn)) by

AFB =5"(A,B,...,B).
———

n-times

Definition 2.11. Let (A4,...,A4,) and (B4i,...,By,) be elements of the
_ n
Cartesian product P (WTTn(n’P) (Xn)) . Then the binary operation * on

P (WT{(W)(X,L))” is defined by
(Ay,..., A)R(Bu,...,By) = (§”(A1,Bl,...,Bn),...,§”(An,Bl,...,Bn)>.
Then we prove:

Theorem 2.12. The following statements are obtained:

(1) (P (WTJ;(FL’P) (Xn)) ,—?) is a semigroup,

(2) (P (W-z;(ﬁ’p) (Xn))n ,?) is a semigroup,

(3) (P (ngﬁ’p)(Xn)) ,J?) is embeddable into (P ( T{(W)(Xn))”,:;).
Proof. First, we will show that the statement (1) holds. Let A, B,C be
elements in P (Wﬂ’”’)(xn)). Then we have that
(A¥B)FC = §"(A4,B,...,B)FC = §" (§”(A,B,...,B),C,...,C> _
gn <A,§"(B,C,...,C),...,§”(B,C,...,C)) — AT (§"(B,C,...,C)) _

A¥F (B—T—C). Hence, (P (WTTn(ﬁ’P) (Xn)> ,—T—) is a semigroup. To prove that
the statement (2) holds, we let (Ay,...,Ay),(B1,...,By),(Cy,...,Cy) €

_ n
P (Wg(n’p) (Xn)) . Since a non-deterministic superposition operation is
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superassociative, we obtain that ( (A1,...,Ap)*%(By,...,By) )QI (C1,...,Ch)
and (A, ... ,An):k\( (Bi,...,Bp)*(Cy,...,Cy) ) are identical. Finally, we
prove that (3) holds. We define the mapping v : P (WTT(T_L’P)(

P (WT{(’“P)(X”))” by 7(A) = (A,...,A) forall A € P (W @ 7>)(Xn)).
NEAR

n) -

n-times
Obviously, v is an injective mapping. It easy to see that ’y(A—/i:B) =
v(A)¥vy(B). Thus 7 is a homomorphism. Therefore, the semigroup

(P (Wffﬁ”’) (Xn)> ,q\—) is embeddable into (P (Wﬁffﬁ”’) (Xn)>n ,:k\). O

The following theorem gives connection between structures of full terms
preserving a partition under different operations and their extensions.

Theorem 2.13. The following statements are valid:
(1) (Wg;(ﬁ’P)(Xn),S”) is embeddable into (P (Wg;(ﬁ’m (Xn)>n,§”),
(2) <W£(n 79)( n),+> is embeddable into <P( T(n P) n)) ,—/i:>,

(3) (Wg(ﬁ’P)(Xn)”,*) is embeddable into( ( T(np) n))n,:’:)

Proof. In order to show that the statement (1) holds, we define the mapping
pWIEP xy 5 p (WTTJ”“P) (Xn)> by u(t) = {t} forallt € W) (X,,).
Clearly, p is an injective mapping. Moreover, it has a homomorphism
property, i.e., u(S™(t,s1,...,5n)) = S™ (u(t), u(s1),...,u(sn)). We give
a proof by induction of the complexity of ¢t. If t = f; (aca(l), e ,xa(n)) and
a € T(n,P), we get that
(Sn(fz( a .. ,xa(n)),sl,...,sn))

= 1 (fi (saq)y-- - an))

- {fz( - Sa) }

- {fz(a(l 7ran)‘7'a 6{5 }j:1-~-7n}

= 9" ({fi (way s 7o )} {81} {sn3)

- ( (fl( (1) - "axa(n)))’:U’(Sl)""vu(sn))'
If t = fi (t1,...,ty) and assume that for each t;, j = 1,...,n, the statement
is satisfied, then
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7] (Sn(fz (tl, - ,tn) ;81 .- ,Sn))
= w(fi (S™(t1,81.y8n)sevey S™(tnyS1---,5n)))
= {fl (S”(t1,81...,sn),...,S"(tn,sl...,sn))}
= {feu ) e ST s ()
— ,gn ({fz (tl,...,tn)},{sl},...,{Sn}>
= S"(u(fi (try..oytn)), pu(s1), ..oy mu(sn))-
Thus, p is a monomorphism. Therefore, the superassociative (WTT <F“”()Q),S")

n

is embeddable into (P (WTTTL(ﬁ’P) (Xn)”) ,§”) Next, to prove the state-
ment (2), we define the mapping A : ng(ﬁ’m (Xp) — P (WTTn(ﬁ’P) (Xn)) by

A(t) = {t} for all t € WT:CL(ﬁ’P)(Xn). Obviously, A is an injective mapping.
Furthermore, it is not difficult to see that A(s 4+ t) = A(s)FA(t). Finally,
we prove that (3) holds. Let (t1,...,t,) be n-tuple of full terms that pre-
serve a partition in WTTn(ﬁ’P)(Xn)”. The mapping S : Wg(ﬁ’P) (Xp)" —
P (Wﬂ(ﬁ’”(xn))" is defined by 8 ((t1,...,ta)) = ({t1},. .., {tn}). Obvi-
ously, 8 is an injective mapping. It follows from the statement (1) that 3
is a homomorphism. O

3. Mappings whose images belong to WTTn(ﬁ’P)(Xn)

This section aims to apply the notions of full terms preserving a partition
and their languages to construct a class of equations in an additional step.

Recall from [15] that full hypersubstitution o that preserves a partition
on a finite set 7 is a mapping which taken from {f; | i € I} to Wg(ﬁ’m (Xn).
For instance, let 73 = (3, 3) with the corresponding ternary operation sym-
bols fi and fo. If 01(f1) = fo(x1,23,22) and o2(f2) = fi(x3,x3,21), then
both o1 and oy belong to the set Hyp? G:HL2L) (7). In this situation,
the notation oy stands for o which takes operation symbols to a term ¢.

On the set H ypT(ﬁ’P) (7n), it is natural to define the binary operation
+n by

(01 +n 02)(fi) = 5™ (01(fi), 02(fi), - - -, 02(f3))

n—times

for every a1,09 € Hyp' ™P)(1,).

Following the paper [16], a non-deterministic full hypersubstitution o”
was given. Infact, it is a mapping of the form o™? : {fi|i € I} — P(WE (X,,)).
Thus, we restrict our attention to the subset P(Wg;(ﬁ’m (Xn)) of P(WE (X5)).

d
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Indeed, a non-deterministic full hypersubstitution ¢™* which preserves a
partition is a mapping o that sends any n-ary operation symbol to a set of
full term preserving a partition. By the symbol H ypz;gﬁ’m (Tn), we denote
the set of all such mappings. Moreover, by af}ld we mean o™ which sends
fi to a subset A of P(ng(ﬁ’P)(Xn)).

Using the non-deterministic operation §”, we now define the binary

operation —T—h on Hypfflﬁ’P)(Tn) by

(0773 ) (fi) = S™ (o1 fi), 057 (fi)s - - -, 05 (fi)-
As a consequence, we prove the following theorem.
Theorem 3.1. The following assertions are true:

(1) (Hyp" ") (1), +1) and (Hypt "7 (7,), F4) are semigroups,

(2) there is a monomorphism from the semigroup (WTZQ(ﬁ’P) (Xn),+) into

(Hyp" ™P) (1), +1),

(3) there is a monomorphism from the semigroup (P(WTj;(ﬁ’P) (X)), F)
into (Hyp%n’m (Tn), Fn),

(4) (Hyp:éﬁ’P)(Tn), +1) can be isomorphically embedded into
7, P ~
(Hypp ™™ (), F1).

Proof. First, we give a proof of (1). To do this, let 01, 09 and o3 be elements
in Hyp”™P)(r,). Due to the superassociativity of S on WTTn(n’P) (X,), we
have

((01 +h 02) +h 03>(fz‘) = 5" ((01 +n 02)(fi), 03(fi)s - -- 703(f¢)>
= 5"(S"(01(f), 02(fi). - 02 1)), 08( £ - 3(£i))
= §"(01(£). §" (@2 05(Fi)s - 03(£)): -
S™(o2(fi), o3(fi), - - 703(fi)))
= 5" (01(£): (02 +4 03) (£ - (02 +n 03) (1))
= (01 +n (02 +n 03)) (fi),
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which show that -+ is associative over the set Hyp” (™F)(r,). The proof
of a semigroup (Hypnén P) (Tn), ) is similar to (Hypzc(lﬁ’m(m),+h) but
it depends on the fact that S™ on P(W,, I, 73)(Xn)) satisfies the superas-
sociative law. To prove (3), for any ¢ in Wg;(np (Xn), we define ¢ :
WTT"(nP)( X,) — P(WT(nP)( X,)) by &(t) = o¢. Suppose that s and ¢
are terms in WTTn(n P)(Xn). Then we have (s +t) = £(S™(s,t,...,t)) =
Ogn(st,.t) = Os+nor = &(s)+r&(t). Thus, € is a homomorphism. Clearly, £
is an injection because from os = oy, we have o(f;) = o¢(f;) and that s = ¢.
The proof of (3) can be done by setting a mapping & : P(W. T(n ) (Xn)) —
HypT(” P)( X,,) by £(A) = 0% for all subset A of WT(n P (Xn). Finally,
to prove that (4) holds, let f; be an n-ary operation symbol. For any
full hypersubstitution o that preserves a partition of type 7,, the mapping
omd: {filiel} — P(WT(n P)( X,,)) can be defined by o(f;) = {o(f;)}.

T (7, P)( )

It is clear that o™d belongs to the set Hyp, ; In order to prove that

a monomorphism from Hyp! ™F)(7,) to H ypT(n )( Tn) €xists, we construct
the mapping ¢ : Hyp” ™) (1) — HypT(" P)(Tn) by ¢(c) = o™ for all o €
HypT P )( ). Obviously, the mapping ¢ is an injection. Next, we let 01,02
be two mappings in Hyp” ™) (1,). We first show that m = G1+1032.
In fact, by Theorem 2.13, we have (o1 +, 02)(fi) = {(01 +n 02)(fi)} =
(8701 o2(fi)s - 02(f)} = S Uor(F) b (o2 f s {2(f)]) =

{o1(fi)}r{o2(fi)} = (G1+r02)(fi). As a result, ¢ is a homomorphism be-
cause ¢(o1 + 02) = 01 +1, 02) = T1+1,02 = d(01)Frd(02). O

Following the paper [16], any extension of non-deterministic full hyper-
substitutions of type 7,

g PWIP) (X)) — P(WIP)(X,)),
can be inductively defined as follows:
(1) G fi(@a(r)s- - -+ Tagm)}] = (@"(f))a Where a € T(@, P),

(2) 3" {filtr, - ta)}] = S™(0™(f), 8" {t1}],- ., 5" [{ta}]) and as-
sume that each 5"¢[{t;}] is already defined for all 1 < j < n;,

(3) a™T U ™ [{t}] where T C W, T, )( Xy,) and |T| > 1,
teT

(4) a"[0] = 0.
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An extension of non-deterministic full hypersubstitutions of type 7, is
an endomorphism of the algebra (P(W£ (X)), S™), which means that the
following identity holds:

GMSM(T, Ty, ..., T, = S*(@E"T), 5", ..,5"T))

for all T,T; C Wg(ﬁ’P)(Xn). Under the binary operation o,4 defined on
the set Hyp® (7,) of all non-deterministic full hypersubstitutions of type
T, given by 074 0,4 034 = 574 0 o3 for all o7 o8? € Hyp® (1,,), then by
the fact that any extension of non-deterministic full hypersubstitutions is
an endomorphism on (P(W1 (X)), S™) it was proved that (Hyp® (), ona)
forms a semigroup.

We now turn our concentration to a non-deterministic full hypersub-
stitution that preserves a partition. Similar to the definition of "% re
called above, in the case when we consider a singleton set of the form
{fixaq), > Tam))} where a is a transformation on T'(72,P), an exten-
sion of each ¢™® in H ypgén’P)(Tn) may be defined in the same manner of
(1) and others are not different.

Let us consider a type 13 = (3,3) with operation symbols A,V and
aj € T(3,{{1},{2,3}}) for j =1,...,5 given by

(123 (123 (123
“M={132/)*2 \311)" \333)
(123 (123
M=\9g 99 )T\ 1 92 3/

Let T'= {A(%a, (1)) Tay(2) Tar (3)) 1> 11 = {V(Zay (1) Tas(2)s Tas(3))s V(Tas (1)

Tas(2)s Tas(3) 1> 12 = {A(Tag(1): Tag(2)> Tas(3)) 1> T3 = {A(Tas (1) Tas(2)> Tau(3))
be elements in P(Wé(g)’{{l}’{m}})(Xg)) and let

O_’nd . {A’ v} N P(Wéfg)’{{l}7{273}}) (Xg))

be defined by
A = {V(Zas (1) Tag(2) Tas(3)) }>

V = {A(Tay(1)) Tas(2)s Tas(3)) }-
Then 6" [S3(T,T1,...,T,)]
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= " A(V (3,21, 21), A2, 29, T2), A3, 23, 73)), A(V (21, 29, 73),
A(:CQ,:C%SCQ),A(Cl?g,l‘g,d?g))}]
= o"{A(V(3, 1, 21), A2, 32, 22), Alws, 23, 73)) }]
U ™ {A(V (21, 22, 23), Ao, 22, 72), (23, 73, 73))}]
= SB3(0"(A), 5"V (x5, 21, 21)}], 6" U{A(22, T2, 2)}], T { A3, 3, 23)}])
LAJ§3(0”d(A),3ndHV(ﬂf1,3?2,373)}]7t?"d[{A(%$27$2)}]7?f"d[{A(xsvxs,xs)}])
= S(V(z1,22,23), V(21,23,23), A3, 03, 73), Aw2, 22, 22))
U S3(V(x1, 2, 23), V(21, 22, 3), A(23, 23, 23), A2, 22, T2))
= {V(V(21,23,23), A(x3, 23, 23), A2, T2, 72)), V(V (21, 22, 23),
A(z3, w3, 73), A(T2, 72, 72)) }.

On the opposite side, by the definition of "¢ and the operation o™ we

obtain that

88T, 6" (T1], 5™ [Ts), 5[ T3))
= §3({A(1’1,x2,x3)},{V(:cl,scg,wg),V(zl,zg7z3)}7{A(azg,azg,xg)},{A(:cg,xg,wg)})
= {A(V(z1,23,23), A(ws, 3, 23), A2, T2, ¥2)), A(V (21, 22, 73),
A(Z‘g, 3, .%'3), A(.%'Q, 9, xg))}
From these processes, we note that the range of 5™, i.e., 8"‘1[§3(T, Ti,...,Ty)]
and the result of composition S3(5"[T], 5™4[T], 5"4[Ty], 5[T3]) are differ-
ent, which implies that in general an extension of each non-deterministic
full hypersubstitution that preserves a partition does not satisfy an endo-

morphism property of the algebra (P(WTTn(ﬁ’P) (X)), S™).

We remark here that the monoid Hyp”(™P) (15) with respect to the

composition o,y will not be obtained since its extension of each member
does not preserve the operation. Moreover, in our perspective, full-solid
non-deterministic varieties determined by a non-deterministic full hyper-
substitution preserving a partition will not arise.

To address the absence of this property, the following problems are
listed! First, what are the conditions under which "% is an endomor-
phism. If any, can we apply the operation o,4 on the set H ypgc(ln’P) (1n)? If
none, try to apply the concept of near homomorphism, as described in [5],
to solve these difficulties. Another way to continue this work is to apply
theory of conjugate pairs of additive closure operators, see [4], for describ-
ing a characterization of full-solid non-deterministic varieties of algebras via
non-deterministic full hypersubstitutions that preserve a partition.
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