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The inclusion prime ideal graph

of a semigroup and ring

Biswaranjan Khanra, Manasi Mandal, Sarbani Mukherjee (Goswami)

Abstract. We introduce the inclusion prime ideal graph In,(S) of nontrivial prime
ideals of a commutative semigroup S. We characterize a semigroup S for which the
graph In,(S) is null, complete or connected. Then we study various graph parameters,
thickness, metric and partition dimension of the inclusion prime ideal graph of the mul-
tiplicative semigroup Z, of integers of modulo n. Finally we characterize a ring R for
which the graph In,(R) is null, complete or connected and also some graph theoretic

and ring theoretic properties are studied.

1. Introduction

Nowdays in algebraic combinatorics, a major part of research is attached to
the application of graph theory and combinatorics in abstract algebra. In
particular, using graph theory to study a ring (resp. semigroup) draws so
much attention. Since the structure of a ring (resp. semigroup) is closely
tied with the behaviour of its ideals, it is interesting and worthy to consider a
graph with vertex set as ideals of a ring (resp. semigroup). Also as the ideal
structure reflects ring (semigroup) properties, several graphs that are based
on the ideals were defined (see [1], [2], [3]). Akbari et al. [3] introduced
the concept of inclusion ideal graph of a ring R, denoted by In(R), is a
graph with vertices are nontrivial left ideals of R and two distinct vertices
I, I are adjacent if and only if I; C Iy or Iy C I;. In [4], they studied
some graph parameters of In(R) like connectedness, diameter, girth and
perfectness. Recently Baloda et al. [8] studied the inclusion ideal graph of
a semigroup. Then Khanra et al.[16] studied various graph parameters of
inclusion ideal graph of a semigroup, in particular multiplicative semigroup
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Zy, of integers modulo n. Also we know that prime ideals play a highly
important role in studying the structure of a ring (resp. semigroup). These
observations prompted us to consider the inclusion prime ideal graph of a
commutative semigroup S (resp. ring R), denoted by In,(S)(resp. In,(R)),
is a graph with vertices are nontrivial prime ideals of S(resp. R) and two
distinct vertices Py, P, are adjacent if and only if P, C P, or P, C Py.

Here by a graph G = (V, E), we mean a simple undirected graph with
vertex set V(G) and edge set E. A graph G is said to be connected if there
exists a path between any two distinct vertices of G. A graph G is said
to be null if no two vertices of G are adjacent. If two distinct vertices u,
v € V are adjacent, we write it by w ~ v, otherwise by u ~ v. A graph
in which any two distinct vertices are adjacent is called a complete graph.
We use K, to denote the complete graph with n vertices. The girth of
G is the length of the shortest cycle in G and is denoted by gr(G). An
unicyclic graph is a connected graph containing exactly one cycle. A clique
of a graph G is a complete subgraph of it and the number of vertices in the
largest clique of G, denoted by w(G), is called the clique number of G. The
chromatic number of G, denoted by x(G), is the minimum number of colors
required for a vertex coloring of G. A graph is said to be perfect if and only
if w(H) = x(H) for every induced subgraph H of G. Here by a surface,
we mean a compact connected topological space such that each point has a
neighbourhood homeomorphic to an open disc in R?. We recall that a map
¢ : G — S is an embedding of a graph G into a surface S if ¢ represents a
drawing of G on S without any crossings. The genus of a graph G, denoted
as ¢g(@), is the minimal integer k such that the graph can be embedded
in S, where S denote the sphere with k handles attached with it. The
graphs of genus 0, 1, 2 are called planar, toroidal, bitoroidal respectively.
An outerplanar graph is a planar graph that can be embedded in a plane
without crossings in such a way that all the vertices lie in the boundary of
the unbounded face of the embedding. The thickness of a graph G, denoted
as 0(G), is the minimum number of decomposition of G into it’s planar
subgraphs. We denote [n] = {1,2,...,n} and for any set X we denote the
cardinality of a set X by |X|. By NJv], we denote the closed neighbourhood
of a vertex v of G. For undefined graph terminology, we refer [15] and [20];
for semigroup theory, see [11, 17, 21].

This paper is arranged as follows : In Section 2, we characterize a com-
mutative semigroup S for which In,(S) is null, complete or connected.
Then in Section 2.1, we determine various graph parameters like degree of
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a vertex, chromatic and clique number, vertex cover number, metric di-
mension, strong metric dimension and partition dimension of the prime
inclusion ideal graph In,(Zy,) of Z,. Also, we a pose a conjecture regarding
the Hamiltonian nature of Iny(Z,). Finally in Section 3, we characterize
a commutative ring R for which the graph In,(R) is null or complete and
compute the clique and chromatic number. Also we studied some graph
properties of the prime inclusion ideal graph of an arithmetical ring.

2. Prime inclusion ideal graph of semigroup

It is well known that a commutative semigroup S is archimedian if and only
if it has no proper prime ideals ([21], Theorem 1). So we have the following
immediate result.

Theorem 2.1. Let S be a semigroup. Then the following statements are
equivalent

(1) In,(S) is an empty graph.

(2) S is an archimedian semigroup.

Example 2.2. It is easy to observe that nontrivial ideals of the monogenic
semigroup Sy = {0, z,22%,..., 2™ 1} with zero element is of the form I; =
{0,2%,..., 2™ 1}, where 2 < t < m — 1. Therefore Sj; has no nontrivial
prime ideals and consequently In,(Sys) is an empty graph.

Theorem 2.3. Let S be a semigroup with zero element. Then In,(S) is a
null graph if and only if each nontrivial prime ideal is minimal.

Proof. Let S be a semigroup with zero such that In,(.5) is a null graph. Now
if S has exactly one nontrivial prime ideal then it is clear. So let P; and P»
be two distinct nontrivial prime ideals of S. If P} is not minimal, then there
exists a prime ideal P of S such that 0 # P C P;. It follows that P ~ Py,
which contradicts the fact that In,(S) is a null graph. Consequently, each
nontrivial prime ideal of S is minimal. The proof of the converse part is
obvious. O

Example 2.4. Let us consider the semigroup S = {0, a,b,ab : a®> = a,b* =
b,ab = ba} with zero element. The only prime ideals of S are {0, a,ab} and
{0,b,ab}, both are minimal prime. Consequently In,(S) is a null graph.

We know that if a semigroup has unity but not a group, then it has
a unique maximal ideal, which is prime also. So we have the following
immediate result.
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Corollary 2.5. Let S be a semigroup with unity. Then the following state-
ments are equivalent

(1) Iny(S) is a null graph.

(2) Each nontrivial prime ideal of S is maximal.

(3) S has a unique nontrivial prime ideal.

Since every ideal in a semigroup S with unity is contained in a unique
maximal ideal of .S, we have the following result:

Theorem 2.6. The prime inclusion ideal graph Iny(S) of a semigroup S
with unity is connected. Moreover, diam In,(S) < 2.

Theorem 2.7. Let S be a semigroup. Then the following statements are
equivalent:

(1) Iny(S) is a complete graph.

(2) S is a semiprimary semigroup.

(3) Prime ideals of S are linearly ordered.

(4) Semiprime ideals of S are linearly ordered.

(5) Semiprime ideals of S are prime.

(6) For each a, b € S, there exists k € N such that a|b* or bla”

Proof. (1) < (2). Let I be a semiprimary ideal of S. Then VI = () P,
where P,’s are prime ideal of S containing I. Since the graph In,(S) is
complete we have /I = P for some prime ideals P of S and hence S is a
semiprimary semigroup.

Conversely, let Py, Py € V(In,(S)) but P; ~ P». Then there exists z,
y€ Ssuchthatz € PL—Poandy € P,—P;. Thenzy € PPNPy, =P Ps,
a prime ideal of S as S is semiprimary. Hence x € PN Py or y € P N Py,
which is a contradiction. Consequently In,(S) is a complete graph.

(2) & (3). It follows from Theorem 1 of [17].

(3) & (4). Let I; and I3 be two semiprime ideals of S. Clearly I; N Iy
is a semiprime ideal of S. Then Iy NIy = /11 N I is a prime ideal of S.
Consequently semiprime ideals are linearly ordered. Converse is clear.

(4) & (5). Let I be a semiprime ideal of S. Then I = /T is a prime
ideal of S. For converse part, let I; and Is are two distinct semiprime ideals
of S. Clearly I N I is a prime ideal of S as semiprime ideals are prime.
Now in a similar way as in the proof of above cases it is clear that semiprime
ideals are linearly ordered.

( ) Let a, b € S and prime ideals of S are linearly ordered. Then

V(a \/ or v/(b) C /(a) which implies either a® € (b) or b € (a) for

some s, t € N Let k max{s t}. Therefore either a|b* or b|a*.
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Conversely, let P; and P» be two distinct prime ideals of S and ab €
Py N P, for some a, b € S. Then ab € P; and ab € P, which implies a € P;
orbe PLandaec Pborbe P,. Nowifae PLN Py or b e PN P then
it is clear that P, C P, or P, C P;. Now we consider the remaining cases
a € Prand b€ Pyora € P, and b € P;. Without loss of generality let
a € Py and b € P,. Then by assumption there exists £k € N such that a]bk
or bla®. Now if a|b¥ then b¥ = as € Py for some s € S, implies b € P; and
hence b € P, N P,. Similarly b|ak implies a € P; N P,. Consequently P, N P;
is a prime ideal of S. Hence the result follows. ]

2.1. The prime inclusion ideal graph of the semigroup 7Z,

Theorem 2.8. FEvery nontrivial prime ideal P of Z,, is of the form P =
U{piZy, : i € [k]}, where p1, pa,...,px are k distinct prime divisor of n.

Proof. Tt is well known that nonzero ideal of Z,, is of the form U{m;Z,

i € [k]}, where mq, ma,...,my are divisors of n such that m; { m; if
i # 7 ([22],Theorem 2). Let P be a nontrivial prime ideal of Z,. Then
P € U{m;Z, : i € [k]}, where mi, ma,..., my are divisors of n such that
m; t mj if @ # j. Now in the expression of P if one of m;’s is composite,
say my, then my = mgmy for some proper divisor m, and my of m;. Then
memy € P but neither m, € P nor my € P, contradicts that P is a prime
ideal of Z,. Since ideal generated by prime divisor of n is a prime ideal and
union of any collection of prime ideals of a semigroup is a prime ideal, we
have P = U{p;Zy, : © € [k]}, where p;’s (i € [k]) are distinct prime divisor
of n. Hence the result follows. ]

Proposition 2.9. The number of nontrivial prime ideal of Z,, is equal to

k
2k — 1, where n = [ p{.
=1

1

Proof. The nontrivial prime ideal of Z,, is of the form U{p;Z,, : i € [k]} (cf.
Theorem 2.8), where p;’s (i € [k]) are distinct prime divisor of n. Therefore
the number of nontrivial prime ideals of Z,, is *C1+%Cy + - - - +FC}, = 2F—1.

O

Corollary 2.10. The order of the graph Iny(Z,) is equal to 2F — 1, where

k o
n=[]p;".
i=1
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Let A = {1,2,...,t} C [k]. We use the sign Py or Pja_; to denote
the prime ideal (p1) U (p2) U--- U (pt) of Z,,. Clearly, for k = 1, we have
In,(Zy,) = Ki. So throughout this paper we consider the graph Iny(Z,),

k
where n = [] pi* with k > 2.
i=1

Since the multiplicative semigroup Z, has identity, by Theorem 2.6 we
have the following immediate result.

Corollary 2.11. The graph Iny(Zy) is a connected with diam(Iny(Zy))=2.

Theorem 2.12. (1) The girth of Iny(Zy,) is given by

gr(Iny(Zn)) =

0o, ifk=2
3, if k>3

(2) The graph is triangulated if and only if k > 3.
k
(3) The graph is k-partiate if and only if n = [ p;* with k > 2.
i=1
Theorem 2.13. The degree of a verter Py such that |A| = t(t € [k]) is
deg(Py) = 2t 4 2kt — 3.

Proof. Let Py be any vertex of In,(Zy,) such that |[A| = ¢(t € [k]). Then
the number of nontrivial prime ideals properly contained in Py is

O+ 10y + -+ Gy =20 — 2
Also the number of nontrivial prime ideals properly containing P, is

Therefore the total number of vertices adjacent to Py is = 2t —24+2Ft -1 =
2t 4 2k—=t _ 3 Therefore deg(Py) = ot 4 ok—t _ 3, ]

It is well known that a simple connected graph G is Eulerian if and only
if every vertex of G is of even degree. Since for k # t, deg(Py) = 2t4+2F -3
is an odd number, where |A| = ¢, we have the following immediate result

Corollary 2.14. The graph In,(Zy) is not Eulerian.

Lemma 2.15. Let Py, and Py, be any two vertex of In,(Zy). Then
deg(Pa,) =deg(Pa,) if and only if |A1] = [As] or [As] + |Ao] = k.
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Proof. Let |A1| = s and |Aa| = t. Then deg(Px,) =deg(Pa,). Consequently,
25 4 2k=s 3 — 2! 4 2k~t _ 3 which implies 2° — 2! = 222 80 cither
95 — ot or 9% £ 9t

If 25 = 2! then s =t = |A1] = |Asg].

If 28 # 2!, then 2% = 2% = k = s+t = |A1| + |A2| = k. Conversely, if
|A1] = |Az], then clearly deg(Py,) = deg (Ph,).

Now let |A1|+|As| = k = s+t = k. Therefore deg(P,,) = 2!+2F -3 =
2k=s 1 25 — 3 = deg (Py,). O

Theorem 2.16. The mazimum and minimum degrees of In,(Zy) are
A(Iny(Zy)) = 282 and §(Iny(Zy,)) = 2111 =3 (if k = 2t) and 6(Iny(Z,)) =
3(2' = 1) (if k =2t 4+ 1). Moreover, the degree sequence DS(In,(Zy)) is
2t 4 2k=t 3 (kCy times), ...,2+2F1 =3 (2.FCy times), 2% —2 when k = 2t
and 2! 4+ 2=t —3 (2.FCy times), ..., 24281 —3 (2.FCy times), 2¥ —2 when
kE=2t+1.

Proof. Since the vertex Pjo_ 1 is adjacent to every other vertex in In,(Z,),
we have A(In,(Zy)) =deg(Pya. k) = 2 — 2. To find the minimum degree
vertices in Iny(Zy), we consider the function f : [1,k] — R defined by

flx)=2" 2873 (1)
Now f/(z) =0 = 102;:2 — 12:9;; =0=z= %
k
Also f(x) = (ZOE:Q)Q + (lZ:;;)Q. Hence f"(%) = % > 0. Therefore f

has a minimimun value at z = % Since we are interseted in integer solutions

and also by combining Lemma 2.15, it is easy to observe that vertices of
the form Py such that |A| = % (if k is even) and |A| = % or k—gl (if k is
odd) have minimum degrees. So we have §(InP(Z,)) = 281 — 3 (if k = 2t)
and §(InP(Zy,)) = 3(2t — 1) (if k =2t +1).

It is clear to observe that for m > n in [1,¢] we have f(m) < f(n) and
for a > b in [t,k] we have f(a) > f(b) when k = 2¢t. Also for a > b in
[p+ 1, k] we have f(a) > f(b) and f(t) = f(t+ 1) when k = 2t + 1.

Therefore by applying Theorem 2.13 and Lemma 2.15 we have the re-
quired degree sequence. O

Corollary 2.17. The irregularity index of In,(Zy) is MW B(In,(Zy)) =
t+ 1, where k = 2t or 2t + 1.

Now we are interested in finding the number of edges of In,(Zy,).
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Theorem 2.18. The number of edges of Iny(Zy) is given by the equation
k . .
2|E,| = 2 FCi (28 + 2871) — 3|V, |, where |V,| and |E,| denotes the number

=1
of vertices and edges of In,(Zy,) respectively.

Proof. We know that sum of degrees of vertices of a graph is twice the
number of edges, hence the total no of edges of Iny(Zy) is

k 3 y k . .
= 2 FGi(2 + 25 = 3(2F 1) = G2 + 257) = 3|Vl
=1 i=1

Hence the result follows. O

3
Example 2.19. Let n = [[ p{*. Then k = 3 and |V,,| = 7. Hence by
i=1

3 . .

Theorem 2.18 we have 2|E,| = > 3C;(2" +237%) — 3.7 = 24 = |E,| = 12
=1

(see Figure 1(a)).

Theorem 2.20. The vertex connectivity of In,(Zy) is k(Iny(Zy,)) = 2t +
2kt _ 3 where k =2t or2t+1, t € N.

Proof. Let k = 2t or 2t + 1. Then the minimum degree of In,(Z,) is
2t 4 2F=t 3 in fact, every vertex of the form {Pp : |A| = ¢} is of minimum
degree. Now consider the set N(P,) of neighborhoods of any vertex of the
form {Py : |A| =t} . Clearly |[N(Py)| = 2¢ + 2+t — 3.

We claim that N(P,) is a minimal vertex cut of In,(Z,). It is easy
to observe that In,(Z,) has two components Cy and Cy where C7 = {Pp}
and Cs is the induced subgraph of In,(Z,) with vertex set V(In,(Z,)) —
{N(Pp)UP,}. Now if possible let In,(Zy)—S is a disconnected graph where
S C N(P,) be a vertex cut of In,(Zy,). Then there exists Py, € N(Py)—S
and hence Py, ~ Pp. Now it is easy to observe that Iny(Z,) — S is a
connected graph, a contradiction. Hence the result follows. O

Theorem 2.21. The graphs In,(Zy) and Iny(Zy) are isomorphic if and
only if n and m have same number of prime factors.

Proof. Let the two graphs In,(Zy) and In,(Z,) are isomorphic but n and
m have different number of prime factors. So without loss of generality
we assume s > t, where s and ¢ are number of prime factors of n and m
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respectively. Then |V (In,(Z,)| > |V (Iny(Zy,)|, a contradiction. Therefore
n and m have same number of prime factors.

Conversely, Let n and m have same number of prime factors. Now we
define a map f : Iny(Z,) — Iny(Zym,) by f(Pr) = Qa, where A is an
indexed subset of [s] = [t] and Q4 is the prime ideal |Ji_;(g;). One can
easily see that f is a bijection and two vertices in In,(Z,) are adjacent if
and only if their f-images are adjacent in Iny(Z,,). Hence the two graphs
are isomorphic. O

Lemma 2.22. Let A and Ay be two indexed subset of [k]. If |A1] = |Azl,
then Py, » Phy,.

Proof. For different A1 and Ay there exists s € Ay — Ay and t € Ay — Aq.
Hence Py, » Py,. O

Theorem 2.23. The clique number of the graph Iny(Zy,) is w(Iny(Zy,))=k.

Proof. Clearly L = {Py, P12, ..., P12k} is a clique of size k in In,(Zy,). If
possible let L U {P} be a clique containing L. Then P = Py, where A is
an indexed subset of [k]. Since P, is different from elements of L, we have
either 1 ¢ A or there exists s, t € [k] with s <t and s ¢ A but ¢t € A. Now
if 1 € A, then P; = P,, contradicts that L U {P} is a clique in Iny(Z,).
Again considering the second case we have Pjo_ s = Pj, a contradiction.
Hence L is a maximal clique in Iny(Zy).

Now if possible let L’ be a clique of size greater than equals to k + 1.
Then there exists ¢, J € L’ such that I = Py, and J = Py, where |[A;| =
|A2| =t for some 1 < t < k. Hence from Lemma 2.22, we have I » J, a
contradiction. Therefore w(In,(Zy)) = k. O

Theorem 2.24. The chromatic number of Iny(Zy)) is x(Iny(Zy,)) = k.

Proof. Since the inclusion ideal graph is perfect (|16], Theorem 1), clearly
In,(Zy,) is perfect. Therefore we have x(Iny(Zy)) = w(Iny(Z,)) = k.

Also we know x(Iny(Z,)) > w(Iny(Zy,)) = k. Here we demonstrate a
proper k-coloring of Iny(Z,). Let us define A; = {Py : A is an indexed
subset of cardinality ¢ € [k]}. Now put the colour i to the set of vertices
in A;, this is a proper k-coloring. Hence x(In,(Z,)) < k. Consequently,
\(Ing(Zn)) = w(Iny(Z,)) = k. .

A vertex cover of a graph G is a set of vertices that covers all the edges
of G. The minimum cardinality of a vertex cover in G is called the vertex
cover number of G, denoted by 7(G).
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Theorem 2.25. The vertex cover number of Iny(Zy,) ts given by 7(Iny(Zy,))
=2k _1— FC,, where k =2r or 2r+1 and r € N.

Proof. First we need to define a cover set C for the graph In,(Z,). Now
to cover highest number of edges with less number of vertices, we need
to start adding vertices in C' one by one that having highest number of
neighbourhoods.

Since the vertex Pjo.  is of highest degree it must be in C. Now we look
into the vertices which is of second highest degree and these vertices is of
the form {Py : |[A] =1 or k— 1} (see Theorem 2.16). Now to cover the rest
of the edges incident with the vertices {Py : |[A| =1} and {Py : |A| = k—1},
we have to add all these vertices. By continuing this way, the final step of
adding the vertices in C' is the set of vertices {Px : [A| =7 — 1 and r + 1}
if k is even or {Py : |A| = or r 4 1} if k is odd. Hence the vertex cover of
In,(Zy) is given by C = V(Iny(Zy)) — {Pa : |A| = r}. Consequently the
vertex cover number of Iny(Z,) is given by

k
T(Inp(Zn) = kCl + -+ kCT_l + kCr_H + ... ka = Z kCZ' —k C,
i=1
=2k—1-F(,. O

We know a set I is independent if and only if it’s complement is a vertex
cover. Hence the number of vertices of a graph G is the sum of independence
number and vertex cover number of G. So we have the following immediate
result.

Corollary 2.26. The independence number of In,(Zy) is *C,, where k =
2r or 2r + 1.

If £ = 2 then In,(Z,) = Ps, a path of length three and hence not a
hamiltonian graph. For k = 3, P1 ~ P12 ~ PQ ~ P23 ~ P3 ~ P13 ~ P123 ~
Py is a Hamiltonian cycle in Iny(Z,) and if k = 4 then P; ~ Pia ~ Piag ~
Pig ~ Py~ Po3 ~ Pogy ~ P3y ~ Py~ Pog ~ Py~ Piog ~ Py ~ Pigg ~
Pio34 ~ Py is a Hamiltonian cycle in Iny(Z,). Also for k =5, Py ~ Piy ~
Piog ~ Piogg ~ Prog ~ Poy ~ Py ~ Pog ~ Pogy ~ Pogys ~ Pogs ~ P35 ~
Py ~ P3y ~ P3g5 ~ Pi3gs ~ P13y ~ Piy ~ Py ~ Py5 ~ Piys ~ Prags ~
Poys ~ Pos ~ P5s ~ P15 ~ Pias ~ Piags ~ Pi3g5 ~ P13 ~ Piagys ~ P1 is a
Hamiltinian cycle in In,(Z,). In a similar way we can find a Hamiltonian
cycle k = 6,7 and so on. Hence we are in a position to make the following
conjecture

Conjecture 2.27. The graph In,(Zy) is Hamiltonian if and only if k > 3.
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Theorem 2.28. The following statements about In,(Zy) are equivalent:
(1) In,(Zy,) is an outer-planar graph.

(2) k=2.

(3) Iny(Zy) is a ring graph.

Proof. (1) < (2). If k = 2, then Iny(Z,) = P3, a path of order three
and hence outer-planar. Now it is easy to observe from Figure 1(a) with
vy = P, vo = P13, v3 = P3, v4 = Pa3, v5 = P1a3, vg = P12, v7 = P that
if k = 3, then Iny(Z,) contains a subdivision of the complete graph Ky
and hence not an outer-planar graph. Again if £ > 4, then the induced
subgraph formed by the set of vertices {P1, Py, P123, Pi234} is the complete
graph K4 and hence not outer-planar.

(2) & (3). Since every outer-planar graph is a ring graph, it is clear
that In,(Z,) is a ring graph for k = 2. Now if £ = 3, then from Figure 1(a)
it is clear that rank(In,(Z,)) = 6 # 7 =frank(In,(Z,)) (see Figure 1(a))
and hence not a ring graph ([14], Theorem 2.13). Also it is clear that for
k > 3, Iny(Zy,) contains a subdivision of the complete graph K4 and hence

not a ring graph. O
V7
\%
%\/4
Vv
\% 3
1 Vo
(a)

Figure 1: (a) I np(ZH3_1 i), (b) Subgraph of I np(ZH4_1 pi) homeomorphic
to K373 Y Y

Theorem 2.29. The graph Iny(Zy,) is planar if and only if 2 < k < 3.

Proof. Since every ring graph is planar, it is clear that Iny,(Z,) is planar for
k = 2. Since there is no crossing of edges in drawing the graph In,(Z,,) for
k = 3 in the plane (see Figure 1(a)), clearly it is planar. Now if k = 4, then
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In,(Zy) contains a complete bipartiate graph K33 as a minor (see Figure
l(b) with v = Pl, Vo = PQ, V3 = P3, V4 = P14, V5 = P13, Vg = P12, vr =
Pya3, vg = Piosq, vg = Plag, v19 = P134) and hence not planar. Again if k >
5, then the subgraph forms by the set of vertices { Py, P12, P123, P1234, P12345 }
is the complete graph K5 and hence not planar. O

Theorem 2.30. The graph In,(Zy,) has thickness one if and only if 2 <
k < 3 and has thickness two if and only if k = 4.

Proof. We know that a graph has thickness one if and only if it is planar.
Therefore Iny(Zy,) has thickness one if and only if 2 < k < 3 (see Theorem
2.29).

Let us consider the case for k = 4. It is easy to calculate that for k = 4,
In,(Zy,) has 15 vertices and 50 edges (cf. Theorem 2.18). Therefore we
have 0(In,(Zy))k=4 > 2 ([23], Lemma 2.3). The planar decomposition of
In,(Zy))k=4 as shown in Figure 2, we have 0(In,(Zy,))=4 = 2.

Now if k = 5, then In,(Z,) has 31 vertices and 180 edges (cf. Theorem
2.18). Therefore 6(In,(Zy))k=5 > 3 (|23], Lemma 2.3). Also for k > 5, the
graph Iny(Zy,) has a subgraph isomorphic to Iny(Z,,) where m = H?Zl Pyt
Therefore for k > 5, 6(Iny(Zy,)) > 3 (|23], Lemma 2.1). Hence the result
follows. O

Proposition 2.31. The graph In,(Zy,) is never toroidal and is not bitoroidal
for k> 4.

Proof. We complete the proof by considering the following cases:

Case (i). Let k < 3. Then we have vy(Iny(Z,)) = 0 (see Theorem 2.29).
Case (i7). Let k = 4. Then the graph In,(Z,) has n = 15 vertices and
e = 50 edges (see Theorem 2.18). Therefore by applying Proposition 4.4.4
of [20], we have

gUInp(Zn)) 2 [ — - +1] =2 (2)

Case (i17). Let k = 5. Then Iny(Zy) has n = 31 vertices and e = 180 edges
(see Theorem 2.18). Therefore g(Inp(ZH?_lp;xi)) > 16 (]|20], Proposition
4.4.4). Now if k > 6, then In,(Z,) contains a subgraph isomorphic to
Iny(Zy) where m = [[°_, P* and hence g(In,(Z,)) > 16. Combining all
the above cases we have the desired result. O

Now we recall the following result which is important to determine the
metric dimension of Iny,(Zy).
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Figure 2: A planar decomposition of I nP(ZHLlp?i)

Theorem 2.32 (|9], Theorem 1). If G is a connected graph of order n and
diameter d, then f(n,d) <dim(G) < n—d, where f(n,d) is the least positive
integer k such that k + d* > n.

Theorem 2.33. The metric dimension of In,(Zy,) is

1 ifk=2

dim(Iny(Zy)) = {k k>3

Proof. Case (1). Let k = 2. Then In,(Zy,) = P3. Hence dim(In,(Zy)) =1
(9], Theorem 2). Moreover any of the pendent vetrices P; or P is a metric
basis for In,(Z,).

Case (2). Let k > 3. Since In,(Z,) has 2% — 1 vertices and is of diameter
2, so by Theorem 2.32 we have f(n,d) < dim(In,(Z,)) < 2¥ — 3, where
f(n,d) is the least positive integers I such that [ 42! > 2% — 1. Clearly k is
the least positive integers such that k + 2F > 2% — 1. Therefore

k< dim(Iny(Z,)) < 2F -3, for k > 3. (3)

Now we prove that W = {Py, P»,..., P} is a resolving set for Iny(Zy,).
On the contarary, if possible let there exists distinct vertices Py, and
Pp, € V(Iny(Zy)) —W such that r(Py,, W) = (a1,...,ax) = (b1,...,bg) =
r(Ppy, W) where a; = b; =1 or 2 for i € [k].
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We claim that |A1| = |A2|. If not, without loss of generality, let |A\;] <
|A2|. Then there exists t € Ay — Ay, t € [k].Then (a1,...,a; = 2,...ax) #
(bi,...,by = 1,...b;), a contradiction. Therefore |A1| = |A2]. Now since
Py, and P, are distinct there exists i1 € A; — Ag and i2 € Ay — Ay, where
11, 19 € [k}]

Then (al,...,ail = 1,...(11'2 = 2,...,ak) = (bla'--;bil = 2,...,()1‘2 =
1,...bg), a contradiction. Hence Py, = Py,. Therefore distinct vertices of
In,(Zy,) has distinct representations with respect to W. So W' is a resolving
set of Iny(Zy), which implies

dim(Iny(Z,)) < k (4)

Now combining equation (3) and (4) we have dim(Iny(Z,)) = k for k > 3
with W as metric basis. O

To determine the strong metric dimension of Iny(Z,) we recall the fol-
lowing result.

Theorem 2.34 ([19], Theorem 2.2). For any graph G with diameter 2,
sdim(G) = |[V(G)| — w(Rq), where Rg is the reduced graph of G.

Theorem 2.35. The strong metric dimension is sdim(Iny(Zy)) = 28 —k—1
where k > 2.

Proof. Let Py, and Py, be any two vertices of Iny(Zy). Now if N[Py,] =
N[Py,] then we must have deg(Py,) =deg(Pa,), which is possible only if
|A1| = |Aa| or |[A1]| + |Az| = k (see Lemma 2.15).

Case 1. Let |[Aj| = |Az]. Then Py, € N[Py,] but Py, ¢ N[Py,]. Also
Py, € N[PAQ] but Py, ¢ N[PAQ]. Therefore N[PAI] #* N[PAQ].

Case 2. Let |Ai| + |A2| = k. Without loss of generality, let |A1| < |Agl.
Then there exists a € [k] such that a € Ag — A;. Then P, € N[Py,] but
P, ¢ N[Py,] and hence N[Py,| # N[Ph,].

Thus in any cases N[Py,] # N[Py,] and since Py, and Py, are arbi-
trary, we have Ry, (7, = Inp(Z,). We know that In,(Z,) is a graph with
2k — 1 vertices and w(In,(Zy)) = k. Therefore by Theorem 2.34 we have
sdim(Iny(Zy,)) = 28 — k — 1. O

The above result can be proved in a different way, which is as follows:
If N[Py,] = N[Py,] then we must have Py, ~ Py, otherwise Py, € N[P,,]
but Py, ¢ N[Pa,| and Py, ¢ N[Pa,] but Py, € N[Py,]. Now since Py, ~
Py,, either Ay C Ay or Ay C A;. Without loss of generality , let A; C As.
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So there exists t € Ay but t ¢ Ay and hence P, ~ Py, but P, ~ Py, which
implies N[Py,| # N[Py,], a contradiction. Therefore Ry, (7, = Iny(Zn).
Hence the result follows.

Now we are interested to find the partition dimension of the graph In,(Zy,).

Theorem 2.36 (|10], Theorem 3.1). If G is a graph of order n > 3 and
diameter d, then g(n,d) <pd(G) < n—d+1, where g(n, d) is the least positive
integer k for which (d + 1)¥ > n for integers n and d with n > d > 2.

Since for k = 2, In,(Zy,) = P3, we have pd(Iny(Zy)) = 2 ([10], Propo-
sition 2.1).

Theorem 2.37. The partition dimension of the graph In,(Zy) satisfy the
inequality k — 1 < pd(Iny(Zy,)) < k for k > 3.

Proof. Let k > 3. Since In,(Z,) is a graph of diameter 2, by applying
Theorem 2.36 we have g(n,2) < pd(Iny(Zy)), where g(n,2) is the least
positive integer | for which (2 + 1)) =3/ > n =2¥ — 1. Clearly | = k — 1.
Therefore we have the inequality

pd(Iny(Zn)) 2 k — 1 (5)

Now we present a k-resolving partition IT = (S, S2, ..., Sk) of V(In,(Z,))
where

S1 = N[P1],

Sy = {PQ,{PA2 : ‘AQ‘ =2and 2 € Ay but 1 ¢ A2}7---,{PAk_1 : ‘Ak,1| =
kE—1and 2 € Ag_1 but 1 ¢ Ag_1}},

Sk—1 = {Px—1, Pr—11},
Sk ={P}.

Let v; € S1. Then vy = Pp such that 1 € A and r(vq,1I) = (0, aq,...,a),
where a; = 1 if i € A otherwise a; = 2.

Let v € So. Then vy = Py, such that 2 € Ap but 1 ¢ Ay. Then
r(ve,II) = (1,0, as, ..., ax) where a; = 1 if i € Ay otherwise a; = 2.

Let vy € Sy, t € [k]. Then v, = Py, such that t € Ay but 1,2,...,t —1¢
A¢. Then r(v,II) = (1,a2,...,a; = 0,...,ax) where a; = 1if i € Ay

otherwise a; = 2.

Similarly as above for vy = Py, € S we have r(vg, II) = (0,1,1...,1).
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Since representations of all vertices with respect to the partition II
of V(Iny(Zy)) are distinct, clearly II is a resolving partition of In,(Zy,).
Therefore

pd(Iny(Zn)) < k (6)

Combining equation (5) and (6) we have the required result. O

Remark 2.38. Also note that for k = 3, no 2-partition can be a resolving
partition of In,(Zy,)k=3. Since for k = 3, In,(Z,) has seven vertices so one
set of a 2-partitions of V(In,(Z,)) must contain at least four vertex but
we cannot have four distinct representations with respect to II for this four
vertices. So pd(In,(Zy))k=3 = 3.

In a similar way we can prove that pd(In,(Z,))k=4 = 4.

3. Inclusion prime ideal graph of a ring

Throughout this section, by a ring R, we mean a commutative ring with
unity and domain is a commutative ring with unity having no zero divisors.
Here we consider the inclusion prime ideal graph of a ring R, denoted by
In,(R), is a graph with vertices are nontrivial prime ideals of R and two
distinct vertices are adjacent if and only if one is contained in the other. We
denote the Jacobson radical, set of all nonzero prime ideals and the set of
all maximal ideals of a ring R by J(R), spec(R) and Max(R) respectively.
For a prime ideal P of R, we define M(P) = {M; € Max(R) : P C M;}.
For undefined terminology in commutative ring theory, see[6] and [24].

Theorem 3.1. Let R be a ring. Then the following statements are equiva-
lent:

(1) Iny(R) is an empty graph.

(2) R is a field.

(3) In(R) is an empty graph.

Proof. (1) < (2). Let In,(R) be an empty graph but R is not a field.
Then I = (0) is not a maximal ideal of R. Hence there exists a maximal
ideal M containg (0) ([6], Corollary 1.4), which is prime also. Therefore
M € V(Iny(R)), which contradicts that In,(R) is empty. Consequently R
is a field. The converse is obvious.

(2) < (3). The proof is clear as every simple commutative ring with unity

is a field. 0
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Theorem 3.2. Let R be a ring which is not an integral domain. Then the
following statements are equivalent:

(1) Iny(R) is a null graph.

(2) Prime ideals of R are mazximal as well as minimal.

(3) R is a zero dimensional ring.

(4) Any quotient ring of R that is an integral domain is also a field.

Proof. (1) & (2). Let Iny(R) be a null graph and P be a nontrivial prime
ideals of R which is not maximal. Since R has identity, P must be contained
in some maximal ideal M of R ([6], Corollary 1.4). Since M is prime also,
we have P ~ M, which contradicts that In,(R) is a null graph. Hence every
nontrivial prime ideals are maximal. Also if possible let there exists a prime
ideal P; which is not minimal. Then there exists another non zero prime
ideal P, of R such that P, C P;. Then P; ~ P,, which is a contradiction.
Consequently every nontrivial prime ideals of R are minimal.

Conversely, let P;, P» € V(In,(R)). Then by hypothesis P; and P» are
maximal as well as minimal. Therefore Py »~ P> and hence Iny(R) is a null
graph.

(2) & (3) & (1) It is clear.

(2) < (4). The proof is clear by just recalling that an ideal I of a commuta-
tive ring R with unity is prime (resp. maximal) if and only if the quotient
ring R/ is an integral domain (resp. field). O

Example 3.3. The graph In,(R) of a regular ring R is a null graph since
every prime ideals of R is maximal (|18]). The graph In,(R) of an Artinian
ring R is a null graph as R is zero dimensional (|6], Theorem 8.5).

Theorem 3.4. Let R be an integral domain which is not a field. Then the
following statements are equivalent:

(1) Iny(R) is a null graph.

(2) Every non zero prime ideals of R are mazimal.

(3) Semiprimary ideals of R are primary.

(4) Valuation ideals are primary.

Proof. (1) < (2). The proof is straightforward.

(2) < (3). Let J be a semiprimary ideal of R. If J = (0), then J is prime
and hence semiprimary. Again, if J # 0, then v/J is a maximal ideal of R.
Therefore J is primary (|24, p. 153) and hence semiprimary. The proof of
the converse part follows from Corollary 3.2 of [12].

(2) & (4). It is clear from Theorem 3.1 of [13]. O
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Remark 3.5. Clearly if R is a principal ideal domain, then In,(R) is a
null graph. Moreover, rings R in which nonzero prime ideals are maximal,
the graph In,(R) is complete or connected if and only if R is local if and
only if R has exactly one nonzero prime ideal. So we have the following
immediate result.

Corollary 3.6. Let R be an Artinian ring. Then the following statements
are equivalent:

(1) Iny(R) is a complete graph.

(2) Iny(R) is a connected graph.

(3) Inp(R) = K;.

(4) R is local.

Theorem 3.7. Let R be a commutative ring with unity. Then the following
statements are equivalent:

(1) Iny(R) is a complete graph.

2) prime ideals of R are linearly ordered.

3) radical ideals of R are linearly ordered.

4) each proper radical ideal are prime.

5) The radical ideals of principal ideals of R are linearly ordered.
6) For each a, b € R, there exists k € N such that a|b* or b|a*.
7) Intersection of two prime ideals of R is a prime ideal.

8) 2-absorbing primary ideals of R are semiprimary.

9) R is local with incomparable prime ideals are co-maximal.

Proof. (1) & ( ) It is clear.

(2) < (3) < -+ < (6). It follows from Theorem 1 of [7].

(2 ) (7). It is clear.

(2) < (8). Let I be a 2-absorbing primary ideal of R. Since prime ideals

of R are linearly ordered, clearly v/I is a prime ideal and hence I is a
semiprimary ideal of R.

Conversely, let P; and P be two distinct prime ideals of R. Then PiNP;,
is a 2-absorbing primary ideal (|5], Theorem 1) and hence semiprimary by
hypothesis. Since P, N Py = P N Py, clearly P N Py is a prime ideal of
R. Therefore prime ideals of R are linearly ordered.

(1) © (9). Let Iny(R) be a complete graph. Then clearly R is local and as
there is no incomparable prime ideals in R, vacuosly they are comaximal.

For converse part, let P; and P, be two distinct nontrivial prime ideals of
R. Since R is a local, P, and P> must be contained in the unique maximal
ideal M of R. Now if they are incomparable, then P; + P, = R, contradicts
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that they both contained in M. Therefore P; ~ P5 and hence In,(R) is a
complete graph. ]

Theorem 3.8. Let R be a domain which is not a field. Then the following
statements are equivalent:

(1) Iny(R) is a complete graph.

(2) R is a local treed domain.

Proof. (1) < (2). It is clear by applying Theorem 3.7 and recalling that a
treed domain is a domain in which incomparable prime ideals are comaxi-
mal. O

Theorem 3.9. Let R be an arithmetical ring. Then

(1) a vertex P € V(Iny(R)) is universal if and only if P C J(R).
(2) Iny(R) is a complete graph if and only if R is local.

(3) The independence number of In,(R) is a(In,(R)) = |Maz(R)|.
(4)

4) gr(Iny(R))

_ {3 . if M(P1)NM(Py) # ¢ for some Py, Py € spec(R) — Maz(R)

oo, otherwise.

(5) Iny(R) is a star graph if and only if J(R) contains a prime ideal P of
R such that spec(R) — Max(R) = {P}.

Proof. (1). Let P € V(Iny(R)) be a universal vertex. Then P C M; for
every M; € Max(R) and hence P C J(R).

Conversely, let P C J(R) and Q € V(Iny(R)) — {P}. Clearly M(P)nN
M(Q) # ¢ and hence there exists M; € Maz(R) such that P, Q C M.
Since incomparable prime ideals of an arithmetical ring are comaximal,
clearly P ~ . Since @ is arbitrary, clearly P is a universal vertex in
Iny(R).

(2). Let Iny(R) be a complete graph. Then clearly R is local.

Conversely, let R be a local ring with maximal ideal M and Py, P»
be two distinct vertices in In,(R). Clearly P;,P» C M and hence not
comaximal. Since in an arithmetical ring incomparable prime ideals are
comaximal, clearly P ~ P». Therefore In,(R) is a complete graph.

(3). Since no two maximal ideals of R adjacent in In,(R), clearly Max(R) is
an independent set in In,(R). Now if there is an independent set I such that
Maz(R) C I, then there exists a prime ideal P; € I such that P, ~ M for
some maximal ideal M € Maxz(R), which is a contradiction. Now we prove
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that there does not exists any independent set of cardinality strictly greater
than [Maz(R)|. If possible, let I; be such an independent set in In,(R).
Then there must exists two prime ideals which are contained in some unique
maximal ideal of R and hence adjacent, which is a contradiction. Therefore,
oIny(R)) = |Maz(R)|.

(4). If there exists two prime ideals Pj, P» € spec(R) — Max(R) such that
M(P1) N M(P3) # ¢, then P and P, must be contained in some maximal
ideal M; € Max(R). Therefore P; ~ Py ~ M; ~ P, is a 3-cycle in In,(R)
and hence gr(In,(R)) = 3, otherwise gr(/n,(R)) = oo.

(5). Let In,(R) be a star graph with P as universal vertex. Then by (1),
P C J(R). Now if there exists another prime ideal P; € spec(R)— Max(R),
then P; and P must be contained in some maximal ideal M of R. Therefore
Py~ P~ M ~ P is a cycle in Iny(R), contradicts that Iny,(R) is a star
graph. Hence spec(R) — Max(R) = {P}.

Conversely, let J(R) contains a prime ideal P such that spec(R) —
Maz(R) = {P}. Then P is a universal vertex in In,(R) and no two prime
ideal ideals in spec(R) — {P} are adjacent. Consequently, In,(R) is a star
graph. O

Theorem 3.10. The graph Iny(R) is a perfect graph. Moreover,
w((Inp(R)) = x(Inyp(R)) =

dim(R) or dim(R)+ 1, if R is a domain or not with dim(R) < oo
00, if dim(R) = oo

Proof. In a similar way as in Theorem 2.8 of [16], we can prove that In,(R)
is a comparability graph and hence perfect. To compute the clique number
of In,(R), we consider the following cases:

Case (1). dim(R) = oo. Since any chain of nonzero prime ideals of length
k is a clique with k vertices, clearly w(In,(R)) = oo.

Case (2). Let dim(R) = k < oo. Then clearly w(In,(R)) > k or k + 1
according as R is an domain or not. Now we assume that W = {P; : 1 <
i < w(Inyp(R))} is the set of vertex of a clique in In,(R). We now prove
by method of induction, that the prime ideals Py, Ps, ..., P, form a chain,
where ¢t = w(In,(R)). The statement is clear for ¢ = 1. Now let the prime
ideals in Ay = {Py, P,,..., P}, where 1 < r < t, form a chain. We now
show that prime ideals in Ay = {P1, P,,..., P.41} also form a chain. Let
P, C P, C --- C P, where i; € [r], be the chain of elements in A;. If
P,41 C P, then there exists the chain P.yy C P, C P, C --- C P, in
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Ag. Otherwise, let P;, be the maximal element of A; which is a subset of
P, 1. Then easily P41 C P, ,. Therefore we have the chain P;, C P;, C
P, C Pryy C P41 C -+ C P, Therefore w(In,(R)) < kork+1as R is
a domain or not. Since Iny(R) is perfect, we have the desired result. ]
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