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Gyrotransversals of order p2

Ratan Lal, Ramjash Gurjar and Vipul Kakkar

Abstract. The isomorphism classes of gyrotransversals of order p2 is calculated in the
group Zp n Zp2 corresponding to a fixed subgroup of order p, where p is an odd prime.
As a consequence, a lower bound for the non-isomorphic right gyrogroups of order p2

is obtained. Also, we obtain a lower bound for the non-isomorphic right gyrogroups of
order p2 of nilpotency class 2.

1. Introduction

Let H be a fixed subgroup of a group G and S be a right transversal to H
in G with e ∈ S, where e is the identity of the group G. Then the set S
together with the induced binary operation ◦ defined by {x ◦ y} = S ∩Hxy
becomes a right loop with identity e (see [10]). Also, S is a right transversal
in the group 〈S〉 to the subgroup 〈S〉 ∩ H of 〈S〉 (see [4]). Identifying S
with the set of all right cosets of H in G, we get a group homomorphism
λ : G −→ Sym(S) defined by {λ(g)(x)} = S ∩ Hxg for all g ∈ G and
x ∈ S. The kernel of λ is CoreG(H), the core of H in G. The group
GS = λ(〈S〉 ∩H) is called the group torsion of S (see [4, Definition 3.1]).
Identifying S with λ(S), we get λ(〈S〉) = GSS. Note that, the group GSS
depends only on S and not on H. Also, S is a right transversal to the
subgroup GS in the group GSS (see [4]). Moreover, S is a group if and only
if GS is trivial.

Gyrogroups are special loops which are the generalization of the groups.
Most of the properties of groups are shared with gyrogroups. The first ex-
ample of gyrogroup structure is given by Ungar [13] which is the relativistic
gyrogroup (R3

1,
⊕

) consisting of the unit ball R3
1 in the Euclidean 3-space

R3 with Einstein’s addition. In [1], [13] and [14] Ungar and Foguel described
the properties of gyrogroups and introduced the gyrotransversals in a group
to a subgroup of it (see [1, Definition 2.9]).
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In [8], Lal and Yadav studied the right gyrogroups, gyrotransversals and
their deformations. They proved that right gyrogroups and gyrotransversals
are same in some sense (see [1, Theorem 2.12]). In this paper, we have
used the Cauchy-Frobenius Formula to find the number of gyrotransversals
upto isomorphism in the group G = Zp n Zp2 to a fixed subgroup H of
order p, where p is an odd prime. For this, we take the natural action of
AutH(G) on the set of all the gyrotransversals to the subgroup H in G,
where AutH(G) = {θ ∈ Aut(G) | θ(H) = H}.

Let S and T be two right transversals to the subgroup H in G such that
〈S〉 = G = 〈T 〉 and S ' T . Then by the Proposition [7, Proposition 2.7],
there exists θ ∈ AutH(G) such that θ(S) = T . Also, AutH(G) acts transi-
tively on the set of all right transversals isomorphic to the right transversal
S. Since |H| = p, if S is a right transversal to H in G, then either S is
a subgroup of G or 〈S〉 = G. Therefore, the number of orbits under the
action of AutH(G) is equal to the number of isomorphism classes of right
loops. This gives us a lower bound for the number of gyrotransversals of
order p2 upto isomorphism in the group G. Lal and Yadav [8] have shown
that S is a right gyrogroup precisely when S is a gyrotransversal to GS
in the group GSS. Thus, we get a lower bound for non-isomorphic right
gyrogroups of order p2. In [11], it is proved that any gyrogroup of order p2

is a group. But a right gyrogroup of order p2 may not be a group. In this
paper, we have found the lower bound of non-isomorphic right gyrogroups
of order p2. Also, a lower bound for the non-isomorphic right gyrogroups
of nilpotency class 2 is obtained.

Throughout the paper, Zn denotes the cyclic group of order n and U(n)
denotes the group of units of (mod n). d(n) denotes the set of non-trivial
divisors of n, that is, not including 1 and o(a) denotes the order of an
element a in a group. φ(n) denotes the Euler phi function for any positive
integer n.

2. Preliminaries

In this section, we give the preliminaries that we will use throughout the
paper.

Definition 2.1. [1, Definition 2.3] Let (S, ◦) be a groupoid with a right
identity e and a right inverse a′ for each element a ∈ S such that a ◦ a′ = e.
Then (S, ◦) is called a right gyrogroup if,
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(i) for any x, y, z ∈ S, there exists a unique element f(y, z)(x) ∈ S such
that

(x ◦ y) ◦ z = f(y, z)(x) ◦ (y ◦ z),

(ii) the map f(y, z) : S −→ S given by x 7→ f(y, z)(x) is an automorphism
of (S, ◦),

(iii) for all y ∈ S,
f(y, y′) = IS .

By [8, Corollary 5.7], (S, ◦) is a right loop with identity e and a′ is also
the left inverse for each a ∈ S.

Definition 2.2. [1, Definition 2.9] A right transversal S in a group G to a
subgroup H is called a gyrotransversal if
(i) e ∈ S, where e is the identity of the group G,
(ii) x−1 ∈ S, for all x ∈ S,
(iii) h−1xh ∈ S, for all x ∈ S, h ∈ H.

Theorem 2.3. [Representation Theorem for Right Gyrogroups] [1, p. 33]
A right loop (S, ◦) is a right gyrogroup if and only if it is a gyrotransversal
to GS in its group extension GSS.

Proposition 2.4. [8, Lemma 5.11] Let S be a gyrotransversal to a subgroup
H in a group G and g : S −→ H be a map such that g(e) = e. Then the
transversal Sg = {g(x)x | x ∈ S} is a gyrotransversal if and only if

g(x−1) = g(x)−1

and
g(h−1xh) = h−1g(x)h,

for all x ∈ S and h ∈ H.

The map g : S −→ H such that g(e) = e and satisfying the conditions
in the Proposition 2.4 is defined as the deformation map and the gyro-
transversal Sg is called the deformed gyrotransversal corresponding to the
fixed gyrotransversal S to the subgroup H in a group G. The map g induces
a binary operation ◦g on S defined as, x ◦g y = xg(y) ◦ y for all x, y ∈ S
such that (Sg, ◦) ' (S, ◦g).

Two right transversals are said to be isomorphic if their induced right
loop structures are isomorphic. If S is a gyrotransversal to H in G and T
is isomorphic transversal, then T is also gyrotransversal to H in G.
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Theorem 2.5. [Cauchy-Frobenius Formula] [10, Theorem 3.1.2]
Let a group P acts on a set Y . Then the number of orbits of P on Y is
equal to the average number of points left fixed by the elements of G, that
is,

number of orbits =
1

|P |
∑
p∈P

Fix(p),

where Fix(p) = {y ∈ Y | p · y = y}.

3. Gyrotransversals in the Group Zp n Zp2

Let G = H nK be a group, where H is abelian and K be any group. Let
S be a gyrotransversal to the subgroup H in the group G and g : S −→ H
be a deformation map. Then for all s ∈ S and h ∈ H, we have

g(h−1sh) = h−1g(s)h = g(s). (1)

Let H acts on the set S \ {1} by the action defined as (h, s) 7→ h−1sh.
Then for any s ∈ S \ {1}, the orbit of s is given as s = {h−1sh | h ∈ H}.
Using the Equation (1), one can easily observe that it is sufficient to find the
images of the representatives of the H-orbits on S\{1}. Let {s1, s2, · · · , sn}
be the set of representatives of the H-orbits on S \ {1}. Note that, for all
h, hj ∈ H, h−1(hjsi)h = hj(h

−1sih) = hjsi. Thus, h−1sh ∈ S, for all h ∈ H
and s ∈ S holds trivially. Therefore, we only have to check the condition
that S−1 = S for S to be a gyrotransversal to H in G. Now, we calculate
the total number of gyrotransversals to the subgroup H in the group G.

Theorem 3.1. Let G = H nK be a group, where H is abelian and K be
any group. Then, the total number of gyrotransversals to the subgroup H in
the group G is

=

{
|H|

n
2 , if n is even

|H|
n+1
2 , if n is odd

,

where n is the number of H-orbits on S \ {1}.

Proof. Note that, any right coset of H in G is of the form Hk, where k ∈ K.
Thus using the discussion above the Theorem 3.1, a right transversal S of
H in G satisfying the condition h−1Sh ⊆ S is given by

S =

n⋃
i=1

{1} ∪ hjisi,
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where hji ∈ H and 1 6 i 6 n. Note that, if hjsi ∈ S, then (hjsi)
−1 =

s−1i h−1j = h−1j (hjs
−1
i h−1j ) ∈ h−1j s−1i . Therefore, S−1 = S if and only if

h−1j s−1i ⊆ S whenever hjsi ⊆ S. Thus, if n is even, then we have to choose
only half of the orbits, that is n2 orbits and if n is odd, then we have to choose
n−1
2 + 1 = n+1

2 orbits. Thus, if S is a gyrotransversal to the subgroup H in
the group G, then

S =
N⋃
i=1

{1} ∪ hjisi ∪ h−1ji s
−1
i ,

where N = n
2 or n+1

2 accordingly as n is even or odd respectively.
Therefore, the total number of gyrotransversals to the subgroup H in

the group G is equal to all the possible choices of the sets hjisi, for all
hji ∈ H and 1 6 i 6 N . Hence, the total number of gyrotransversals are

=

N∑
r=0

NCr × (|H| − 1)r

=(1 + (|H| − 1))N

=|H|N .

Now, let G denotes the group Zp n Zp2 with the presentation

G = 〈a, b | ap2 = 1 = bp, bab−1 = a1+p〉, (2)

where p is an odd prime. From now onwards, G will denote the group as
represented in the Equation (2) and H will denote the subgroup 〈b〉 of G.
Then one can easily observe that if S is a gyrotransversal to H in G which
is not a group, then H ' GS and G ' GSS.

Lemma 3.2. (bjai)n = bnjani−
n(n−1)

2
pij, for all n, 0 6 j 6 p − 1 and

0 6 i 6 p2 − 1.

Theorem 3.3. The total number of gyrotransversals to the subgroup H in
the group G is equal to pp−1.

Proof. Note that, Hai (0 6 i 6 p2 − 1) are all the right cosets of H in G.
Thus, a right transversal of H in G is given by

S =

p−1⋃
i=1

({1} ∪ bjiai ∪ {bj′iapi}), (3)
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where 0 6 ji, j
′
i 6 p− 1.

Now, for all 0 6 j, k 6 p − 1 and 1 6 i 6 p − 1, bj(bkai)b−j =
bk(bjaib−j) = bkai(1+p)

j
= bkai+pij = bkai+pl, where l ≡ ij (mod p). Then,

under the action (h, s) 7→ h−1sh of H on the set S \ {1}, the orbit of an
element bkai is given as

bkai = {bkai+pl | 0 6 l 6 p− 1}.

Thus, if S is a gyrotransversal to H in G, then

S =

p−1
2⋃
i=1

({1} ∪ bjiai ∪ b−jia−i ∪ {bj′iapi} ∪ {b−j′ia−pi}). (4)

So, the set of representatives of orbits is

{a, a2, a3, · · · , ap−1} ∪ {ap, a2p, · · · , ap(p−1)}.

Thus total number of orbits is equal to n = 2(p − 1) and so, N = p − 1.
Hence, using the Theorem 3.1, the total number of gyrotransversals are
pp−1.

Now, we calculate the isomorphism classes of gyrotransversals to the
subgroup H in the group G. We will use the Cauchy-Frobenius Formula
to find the isomorphism classes of gyrotransversals. Let X denotes the
collection of all the gyrotransversals to the subgroup H in the group G. As
given in [6], any automorphism θ ∈ AutH(G) is given by

θ(a) = bjai and θ(b) = b,

where 0 6 j 6 p− 1 and i ∈ Zp2 such that gcd(p, i) = 1. One can easily
observe that the map θ ∈ AutH(G) fixes the elements of H. The restriction
map of the map θ to S will give an isomorphism between S and θ(S). In
this way, AutH(G) acts naturally on the set X of all gyrotransversals. Note
that, the image of any map θ ∈ AutH(G) depends only on the images of
the elements of the subgroup 〈a〉 of G. So, we will only look at the image
of the subgroup 〈a〉 for any θ ∈ AutH(G). Therefore, whenever we take
θ ∈ AutH(G), we will define only θ(a), because θ(b) = b. Now, we find the
set Fix(θ) = {S ∈ X | θ(S) = S}, for all θ ∈ AutH(G).

Lemma 3.4. Let S be a gyrotransversal to the subgroup H in the group G
and θ, θl be two automorphisms in AutH(G) defined by θ(a) = bjak and
θl(a) = bjak+pl, for all 1 6 l 6 p − 1. Then θ(S) = S if and only if
θl(S) = S.



Gyrotransversals of order p2 63

Proof. Let θ, θl ∈ AutH(G) be defined by θ(a) = bjak and θl(a) = bjak+pl,
for all 1 6 l 6 p − 1. Then using the Lemma 3.2, for all 1 6 i 6 p − 1,

we have, θ(ai) = θ(ai) = (bjak)i = bijaki−
i(i−1)

2
pjk = bijaki and θ(api) =

(bjak)pi = akpi. Also, θl(ai) = θl(ai) = (bjak+pl)i = bija(k+pl)i−
i(i−1)

2
pj(k+pl) =

bijaki and θl(a
pi) = (bjak+pl)pi = akpi. Hence, θ(S) = S if and only if

θl(S) = S.

Lemma 3.5. Let θi ∈ AutH(G) be defined by θi(a) = ai, where i ≡
1 (mod p). Then |Fix(θi)| = |X|, for all i ∈ {1, 1 + p, · · · , 1 + p(p− 1)}.

Proof. Let θi(a) = ai, where i ≡ 1 (mod p). Then for any bjak+pk′ ∈ bjak,
we have θi(bjak+pk

′
) = bjak+pk

′i ∈ bjak, as i ≡ 1 (mod p). Thus, θi(bjak) =

bjak and so, θi(S) = S, for all S ∈ X. Hence, using the Lemma 3.4, we get
Fix(θi) = X, for all i ∈ {1, 1 + p, · · · , 1 + p(p− 1)}.

Lemma 3.6. Let θij ∈ AutH(G) be defined by θij(a) = bjai, where i ≡
1 (mod p), 1 6 j 6 p− 1. Then |Fix(θij)| = 0.

Proof. Let θij(a) = bjai, where i ≡ 1 (mod p), 1 6 j 6 p − 1 and S be a
gyrotransversal to the subgroup H in the group G such that θij(S) = S.
Then for any bkal ∈ bkal ⊆ S, θij(bkal) = bk(bjai)l ∈ bk+jlail = bk+jlal,
as i ≡ 1 (mod p). Thus bkal and bk+jlal both are subsets of S which is
possible only if bjl = 1 which implies p divides jl. Since gcd(j, p) = 1,
l = 0, which is a contradiction. Therefore, in this case, Fix(θij) = ∅, for all
i ∈ {1, 1 + p, · · · , 1 + p(p− 1)} and 1 6 j 6 p− 1.

Lemma 3.7. Let θij ∈ AutH(G) be defined by θij(a) = bjai, where i 6≡
1 (mod p), 0 6 j 6 p− 1 and order of i (mod p) is m. Then

|Fix(θij)| = Γm =

{
1, if m is even
p2α, if m is odd ,

where α = p−1
2 gcd( p−1

2
,m)

.

Proof. Let θij(a) = bjai, where i 6≡ 1 (mod p), 0 6 j 6 p − 1 and the
order of i (mod p) be m. Let S be a gyrotransversal to H in G such that
θij(S) = S. Using the Equation (4), elements of the set S are either of the
form bkapl or the elements in the sets bkal, where 1 6 l 6 p−1 and 0 6 k 6
p− 1. Now, we find the images of these elements under the map θij . Then,
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θij(b
kapl) = bkaipl and θij(bkaipl) = bkai

2pl and so on. Similarly, if bkal ⊆ S,
then θij(bkal) = bk+jlail ⊆ S. Again, θij(bk+jlail) = bk+jl+ijlai2l ⊆ S and
so on. Thus, we get the sets

T(k,l) = bkal ∪
m−1⋃
r=1

bk+jl(1+i+···+i
r−1)airl ⊆ S (5)

and
T ′(k,l) = {bkapl, bkaipl, bkai2pl, · · · , bkaim−1pl} ⊆ S

such that S is the union of all such sets T(k,l) and T ′(k,l), θij(T(k,l)) = T(k,l)
and θij(T

′
(k,l)) = T ′(k,l). Now, we find all such sets T(k,l) and T ′(k,l). Then

all the possible combinations of these sets will give all the gyrotransversals
that are fixed by the map θij . For this, we consider two cases, first, when
m is even and second, when m is odd.

Case(i). Let m be even. Then note that, i
m
2 ≡ −1 (mod p) and

m
2 + u ≡ −(m2 − u) (mod m), for all u. Now, bk+jl(1+i+···+i

m
2 −1)ai

m
2 l =

bk+jl(1+i+···+i
m
2 −1)a−l and (bkal)−1 = b−ka−l. Therefore, using S−1 = S,

we have

k + jl(1 + i+ i2 + · · ·+ i
m
2
−1) ≡ −k (mod p)

=⇒ 2k + jl

(
i
m
2 − 1

i− 1

)
≡ 0 (mod p)

=⇒ 2k + jl

(
−2

i− 1

)
≡ 0 (mod p)

=⇒ k(i− 1) ≡ jl (mod p).

Since for given l and j, k is unique that satisfies the above congruence
relation, there is only one set T(k,l) such that θij(T(k,l)) = T(k,l) and the
number of such sets T(k,l) is equal to α = p−1

2 gcd( p−1
2
,m)

. By the similar

argument, we get θij(T ′(k,l)) = T ′(k,l) if and only if k = 0 and the total
number of such sets T ′(k,l) is equal to α = p−1

2 gcd( p−1
2
,m)

. Since k is unique, in

this case, Fix(θij) = {S}.
Case(ii). Let m be odd. Note that, if bk′al′ and b−k′a−l′ both lies in the

set T(k,l), then using θij(T(k,l)) = T(k,l), we get |T(k,l)| = m = even, which
is a contradiction. Therefore, only one of bk′al′ or b−k′a−l′ lies in the set
T(k,l). Thus, we only have to focus on half of such sets T(k,l), that is p−1

2
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sets, as other p−1
2 sets are the inverses of these sets. Now, the number of

such sets T(k,l) is α = p−1
2 gcd( p−1

2
,m)

. By the similar argument, we have the

number of sets T ′(k,l) is α = p−1
2 gcd( p−1

2
,m)

. Let us denote such sets as T(k,l)r
and T ′(k,l)s , where 1 6 r, s 6 α. Then, such a gyrotransversal S is given by

S =
⋃

16r,s6α

({1} ∪ T(k,l)r ∪ T(k,l)r
−1 ∪ T ′(k,l)s ∪ T

′
(k,l)s

−1
).

Also, there are p choices of k for each set T(k,l)r and T ′(k,l)s . Hence, the
total number of gyrotransversals fixed by the map θij is equal to pα× pα =
p2α.

Theorem 3.8. The number of isomorphism classes of gyrotransversals to
the subgroup H in the group G is equal to

1

p− 1

pp−2 +
∑

m∈d(p−1)

φ(m)Γm

 , (6)

where Γm is defined as in the Lemma 3.7.

Proof. Using the Lemmas 3.4, 3.5, 3.6, 3.7 and the Cauchy - Frobenius
Formula, we have, the number of isomorphism classes of gyrotransversals is
equal to the number of orbits, that is,

=
1

|AutH(G)|
∑

θ∈AutH(G)

Fix(θ)

=
1

p2(p− 1)

p× pp−1 + 0 + p2 ×
∑

16=i∈U(p)
o(i)=m

Γm


=

1

p− 1

pp−2 +
∑

m∈d(p−1)

φ(m)Γm

 .

Corollary 3.9. The lower bound for the number of right gyrogroups of order
p2 is given by the number in (6).

Proof. Using the Theorems 2.3 and 3.8, the result holds.
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Next, we will find the lower bound of non-isomorphic gyrotransversals
such that the corresponding right gyrogroup is of nilpotency class 2. Note
that, the center of the group G, Z(G) = 〈ap〉. Now, we will find the
deformations of the gyrotransversals such that g(Z(G)) = 1, that is, a
gyrotransversal of the form given below,

T = ap ∪
p−1⋃
i=1

bjai.

Theorem 3.10. Let T be any gyrotransversal to the subgroup H in the
group G such that g(Z(G)) = 1. Then T is of nilpotency class 2.

Proof. Note that S = {1, a, a2, · · · , ap2−1} is a gyrotransversal to the sub-
group H in the group G. Let g : S −→ H be a deformation map such that
g(Z(G)) = 1. Then, a corresponding gyrotransversal T is given as,

T = Z(G) ∪

p−1
2⋃
i=1

(bjai ∪ b−ja−i).

Since Z(G) defines a unique maximal central congruence on the group
G, Z(G) also defines a unique maximal central congruence on the right
loop T (see [2, Definition 2.3, p. 5123]). Therefore, Z(G) is the center
of the right loop T and T/Z(G) is a right loop of order p. The map
η : T −→ T/Z(G) is a natural right loop homomorphism defined by
η(x) = Z(G) ◦ x. Now, the map η induces a group homomorphism η :
GTT −→ GT/Z(G)T/Z(G). Then the restriction map η|GT

: GT −→
GT/Z(G) is an onto group homomorphism. Since |GT | = p, |GT/Z(G)| = 1
or p. If |GT/Z(G)| = p, then |GT/Z(G)T/Z(G)| = p2 and so, the group
GT/Z(G)T/Z(G) is an abelian group. Therefore, the core of the group
GT/Z(G) in the group GT/Z(G)T/Z(G) is GT/Z(G) 6= {1}, which is a contra-
diction to the fact that CoreGTT (GT ) is always trivial (see [9, Proposition
1.8, p. 2683]). Thus, |GT/Z(G)| = 1 and so, T/Z(G) is a group of order p.
Hence, we have a central extension

0 Z(G) T T/Z(G) 1i η
.

Since, T/Z(G) is an abelian group, T is a nilpotent right loop of class 2.
Thus, T is a gyrotransversal of nilpotency class 2.
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Now, we find the total number of such gyrotransversals to the subgroup
H in the group G.

Theorem 3.11. The total number of gyrotransversals in the group G to the
subgroup H such that g(Z(G)) = 1 is equal to p

p−1
2 .

Proof. The proof is similar to the proof of the Theorem 3.3.

Theorem 3.12. The number of isomorphism classes of gyrotransversals to
the subgroup H in the group G such that g(Z(G)) = 1 is equal to

1

p− 1

p p−3
2 +

∑
m∈d(p−1)

φ(m)Γ′m

 , (7)

where

Γ′m =

{
1, if m is even
pα, if m is odd

Proof. The proof is similar to the proof of the Theorem 3.8.

Corollary 3.13. The lower bound for the number of right gyrogroups of
order p2 having the nilpotency class 2 is given by the number in (7).

Proof. Using the Theorems 2.3, 3.12 and 3.10, the proof follows immedi-
ately.

3.1 Examples

Example 1. Consider the group G = Z3nZ9 = 〈a, b | a9 = 1 = b3, bab−1 =
a4〉 and the subgroup H = 〈b〉 of order 3. Then there are 33−1 = 9 gyro-
transversals to the subgroup H in the group G listed as follows,

S1 = {1, a, a2, a3, a4, a5, a6, a7, a8},
S2 = {1, a, a2, ba3, a4, a5, b2a6, a7, a8},
S3 = {1, a, a2, b2a3, a4, a5, ba6, a7, a8},
S4 = {1, ba, b2a2, a3, ba4, b2a5, a6, ba7, b2a8},
S5 = {1, ba, b2a2, ba3, ba4, b2a5, b2a6, ba7, b2a8},
S6 = {1, ba, b2a2, b2a3, ba4, b2a5, ba6, ba7, b2a8},
S7 = {1, b2a, ba2, a3, b2a4, ba5, a6, b2a7, ba8},
S8 = {1, b2a, ba2, ba3, b2a4, ba5, b2a6, b2a7, ba8},
S9 = {1, b2a, ba2, b2a3, b2a4, ba5, ba6, b2a7, ba8}.
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Now, any map θ ∈ AutH(G) is given by

θ(a) = bjai and θ(b) = b,

where j = 0, 1, 2 and i ∈ U(9). So, |AutH(G)| = 18. Now, one can easily
check that the maps θi(a) = ai, where i ∈ {1, 4, 7} fixes all the gyrotransver-
sals. Therefore, |Fix(θi)| = 9, for all i ∈ {1, 4, 7}. The maps θl(a) = al,
where l ∈ {2, 5, 8} fixes only one gyrotransversal S1. So, |Fix(θl)| = 1, for
all l ∈ {2, 5, 8}. The maps θij(a) = bjai, where i ∈ {1, 4, 7}, j ∈ {1, 2} do
not fix any gyrotransversal. Therefore, |Fix(θij)| = 0. At last, the maps
θl(a) = bal, where l ∈ {2, 5, 8} fixes only one gyrotransversal S4 and the
maps θl(a) = b2al, where l ∈ {2, 5, 8} fixes only one gyrotransversal S7.
Thus,

∑
θ∈AutH(G)

Fix(θ) = (3× 9) + (3× 1) + 0 + (3× 1) + (3× 1) = 36.

Hence, using the Cauchy - Frobenius Formula, we get, the number of
orbits is equal to 36

18 = 2.
On the other hand, one can easily check that under the map defined as

θ(ai) = (ba)i, θ(b) = b, S1 ' S4 ' S7, S2 ' S5 ' S8 and S3 ' S6 ' S9.
Also, under the map defined as θ(ai) = a2i, θ(b) = b, S2 ' S3. Hence, we
get two classes of isomorphism of gyrotransversals given as {S1, S4, S7} and
{S2, S3, S5, S6, S8, S9}.

Also, the number of gyrotransversals of H in the group G such that
g(Z(G)) = 1 is equal to 3, namely S1, S4 and S7 which are isomorphic to
each other as shown above, where Z(G) = {1, a3, a6}. Hence, the number of
isomorphism classes of gyrotransversals of order 9 having nilpotency class
2 is equal to 1. Also, by the Theorem 3.12, number of orbits is equal to
3+1+2×1

6 = 1.

Example 2. Using the similar process as in the above example, we have
checked that the number of isomorphism classes of gyrotransversals in the
group Zp n Zp2 to the subgroup Zp, for p = 5, 7, 11 and 13, is equal to
32, 2818, 235794818 and 149346704264 respectively. Also, the number of
isomorphism classes of gyrotransversals of order 25, 49, 121 and 169 having
nilpotency class 2 is equal to 2, 11, 1469 and 30970 respectively.
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4.Discussion on the lower bound of gyrotransversals

Let Sym(n) denotes the symmetric group of degree n. In [5], it is observed
that all non-isomorphic groups of order n can be realized as right transver-
sals in Sym(n) to the subgroup Sym(n − 1) of Sym(n). In [9, Theorem
3.7, p. 2693], it is observed that all non-isomorphic right loops(in particular
all non-isomorphic loops) of order n can be realized as right transversals in
Sym(n) to the subgroup Syn(n − 1). But, it is not true for the right gy-
rogroups. In [8, Corollary 5.13, p. 3570] it is observed that there is a unique
gyrotransversal in Sym(n) to the subgroup Sym(n − 1). This prompts us
to pose the following problem.

Problem: Classify the pair (G,H) of group G and its subgroup H with
index [G : H] = n, which contains all non-isomorphic right gyrogroups of
order n as gyrotransversals.

By Theorem 2.3, a right loop (S, ◦) is a right gyrogroup if and only
if it is a gyrotransversal in GSS to the subgroup GS . By [7, Proposition
1.9, p. 647], the core, CoreGSS(GS) of GS in GSS is trivial. This implies
that GSS is realized as a subgroup of Sym(m), where |S| = m. To get the
information of right gyrogroups of order 9, we have searched various possible
subgroups G of Sym(9) and a subgroup H of G with [G : H] = 9. Using
GAP [12], we found the isomorphism classes of gyrotransversals in G to the
subgroup H, for various possible cases. We found that there is a subgroup
G of Sym(9) isomorphic to Z6 × Sym(3) and H ' Z2 × Z2 such that the
number of isomorphism classes of gyrotransversals in G ' Z6 × Sym(3)
to H ' Z2 × Z2 is 75. We are not sure that these are all non-isomorphic
right gyrogroups of order 9. But there are at least 75 non-isomorphic right
gyrogroups of order 9.

References

[1] T. Foguel, A.A. Ungar, Involutory decomposition of groups into twisted
subgroups and subgroups, J. Group Theory. 3 (2000), no. 1, 27− 46.

[2] V. Kakkar, R.P. Shukla, On the Congruences in Right Loops, Commun.
Algebra. 43 (2015), no. 12, 5121− 5130.

[3] T. Kepka, Structure of triabelian quasigroups, Comment. Math. Univ. Car-
olin. 17 (1976), no. 2, 229− 240.

[4] R. Lal, Transversals in groups, J. Algebra. 181 (1996), no. 1, 70− 81.



70 R. Lal, R. Gurjar and V. Kakkar

[5] R. Lal, V. Kakkar, Classifying gyrotransversals in groups, Asian J. Math.
14 (2021), no. 10, 2150182.

[6] R. Lal, V. Kakkar, Automorphisms of semidirect product fixing a non-
normal subgroup, Jordan J. Math. Stat, 17 (2024), no. 2, 241− 248.

[7] R. Lal, R.P. Shukla, Perfectly stable subgroups of finite groups, Commun.
Algebra. 24 (1996), no. 2, 643− 657.

[8] R. Lal, A.C. Yadav, Topological right gyrogroups and gyrotransversals,
Commun. Algebra. 41 (2013), no. 9, 3559− 3575.

[9] R.P. Shukla, Congruences in right quasigroups and general extensions, Com-
mun. Algebra. 23 (1995), no. 7, 2679− 2695.

[10] J.D.H. Smith, A.B. Romanowska, Post Modern Algebra, John Wiley &
Sons Inc., New York, 1999.

[11] T. Suksumran, K. Wiboonton, Lagrange’s theorem for gyrogroups and
the Cauchy property, Quasigroups Relat. Syst. 22 (2014), 283− 294.

[12] The GAP-Groups, Gap-Groups, Algorithms and Programming (4.11.1)
(2021),

[13] A.A. Ungar, Thomas rotation and the parametrization of the lorentz trans-
formation group, Found. Phys. Lett. 1 (1988), no. 1, 57− 89.

[14] A.A. Ungar, Thomas precession: its underlying gyrogroup axioms and their
use in hyperbolic geometry and relativistic physics, Found Phys. 27 (1997),
no. 6, 881− 951

Received September 17, 2024
R. Lal
Desh Bhagat Pandit Chetan Dev Government College of Education
Faridkot, Punjab, India
E-mail: vermarattan789@gmail.com

R. Gurjar, V. Kakkar
Department of Mathematics, Central University of Rajasthan,
NH-8, BandarSindri
Ajmer, India
E-mails: ramjashgurjar83@gmail.com, vplkakkar@gmail.com


