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Quasi-antiassociative bialgebras

Cyrille Essossolim Haliya, Gbévéwou Damien Houndedji,

Bakary Kourouma

Abstract. This work explores key characteristics and properties of quasi-antiassocia-

tive algebras, including their bimodules, matched pairs and bialgebraic structures.

1. Introduction

Mock-Lie algebras, recently introduced by P. Zusmanovich in [15], are com-
mutative algebras satisfying the Jacobi identity. These algebras have ap-
peared in the literature under various names (see [15] and [4] for details).
Two notable features of Mock-Lie algebras are: first, that algebras over the
operad Koszul dual to the Mock-Lie operad can be characterized in three
equivalent ways (see [15], [4]), and second, as noted in [13|, Mock-Lie alge-
bras can be derived from antiassociative algebras similarly to how they arise
from associative algebras, indicating a strong link between antiassociative
and Mock-Lie algebras. Here, “antiassociative algebras” refer to those where
the operation (a, b) — ab satisfies (ab)c+a(bc) = 0 for each a, b, c. This class
of algebras first appeared notably in [13]|, with main properties given, and
in [10] where M. Markl and E. Remm (2014) established results on Koszul
operads for n-ary algebras, with a focus on antiassociative operations.

In 2007, C. Bai examined left-symmetric bialgebras, which serve as ana-
logues to Lie bialgebras, in [1]. Left-symmetric algebras (also called pre-
Lie, quasi-associative, and Vinberg algebras) are Lie-admissible algebras
where left multiplication operators form a Lie algebra; these were first in-
troduced by Cayley in 1896. Bai highlighted that left-symmetric algebras
also emerged in various studies in geometry and algebra, such as convex
homogeneous cones [14, 9], affine manifolds, affine structures on Lie groups
[11], and associative algebra deformation [6]. Notably, a Lie algebra G with
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compatible left-symmetric structure is the Lie algebra of a Lie group G
with a left-invariant affine structure, where there is a left-invariant, flat,
and torsion-free connection 57 in G. The left-symmetric algebra structure
corresponds to the connection 37 given by XY = v xY for X,Y € G, where
left-symmetry reflects the connection’s flatness (8, 12].

Chapoton and Livernet noted in [5] that left-symmetric algebras feature
in many fields, and Burde reviewed areas where left-symmetric algebras
play key roles, including vector fields, rooted tree algebras, vertex algebras,
operad theory, and affine manifolds (see [3]).

This paper begins by examining a structure analogous to Lie algebras,
namely the Mock-Lie structure derived from antiassociative algebras, aim-
ing to define Mock-Lie admissible algebras as associative counterparts of
Lie admissible algebras. Next, we study the structure analogous to left-
symmetric and refer to it as the quasi-antiassociative structure, defined via
the antiassociator of the associated bilinear product.

The goal is to define Mock-Lie admissible algebras and investigate quasi-
antiassociative algebras, with particular emphasis on their bimodules, mat-
ched pairs and bialgebras.

Since quasi-antiassociative structures differ from left-symmetric struc-
tures only by a sign (see Definition 2.5), we conjecture that the quasi-
antiassociative structure may also correspond to a geometric connection.

The paper is organized as follows. Section 2 reviews basic concepts and
properties of antiassociative and Mock-Lie algebras, and defines Mock-Lie
admissible and quasi-antiassociative algebras. Section 3 covers bimodules
and matched pairs of quasi-antiassociative algebras. Section 4 studies the
quasi-antiassociative bialgebras. Section 5 concludes with final remarks.

2. Definitions and main properties

Throughout this work, we consider A a finite dimensional vector space over
the field K of characteristic 0 together with a bilinear product ” -7 defined
as: Ax A— Asuch that (z,y) = x-y.

Definition 2.1. [13] Let "-" be a bilinear product in a vector space A.
Suppose that it satisfies the following law:

(-y)-z2=—x-(y2)

Then, we call the pair (A, -) an antiassociative algebra.
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Definition 2.2. [15] An algebra (A,¢) over K is called mock-Lie if it is
commutative x ¢ y = y ¢ x and satisfies the Jacobi identity:

(xoy)oz+ (zox)oy+(yoz)ox =0
for any z,y,z € A.

Theorem 2.3. [15] Given an antiassociative algebra (A, -), the new algebra
AT with multiplication give by the "anticommutator”

aob=(a-b+b-a),
1s a mock-Lie algebra.

Definition 2.4. A Mock-Lie admissible algebra is a nonassociative algebra
which anticommutator is a Mock-Lie algebra.

Any antiassociative algebra is a Mock-Lie admissible algebra.

Definition 2.5. (A, ), or simply A, is said to be a left quasi-antiassociative
algebra if Vx,y,z € A, the antiassociator of the bilinear product - defined
by (z,y,2)-1:=(z-y)-z+x- (y-z), is symmetric in z and y, i.e.

(.1', Y, Z)—l = _(yaxv Z)—l'

As matter of notation simplification, we will denote x - y by xy if not
any confusion.

Proposition 2.6. Any antiassociative algebra is a left quasi-antiassociative
algebra, and

po(pu®id)+po(id@u)+po ((pot)®id) + pu(id® (o)) =0,
where p is the multiplication operator ant T is such that T(x @ y) = y @ x.
Proof. Let (A, -) be an antiassociative algebra. We have Vx,y, z € A

(@-y)z=-z-(y-2) e (@,y2)-1=0=—(y,z,2)-1.
Thus (z,y,2)-1 + (y,x,z)—1 = 0, which implies that
(xy)z + x(yz) + (yx)z + y(zz) = 0.

Supposing u be the bilinear product on A, then the previous relation can
be written as
p(u(r@y)©z)+pz@u(y®z))+u((pet)(z®y)®2)+u(y @ (pot)2@x) = 0

& po(p®id)+po (id@p)+po (por)®id) + p(id@ (por)) =0. O
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Definition 2.7. An algebra (A, -) over K with the bilinear product given by
(x,y) — x-y is called right quasi-antiassociative if the associator associated
to the bilinear product on A is symmetric in right, i.e. for all z,y,z € A

(:L‘v Y, Z)fl = —($, zvy)fl-

Theorem 2.8. The opposite algebra of the left quasi-antiassociative algebra
s a right quasi-antiassociative algebra. The opposite algbera of the right
quasi-antiassociative algebra is a left quasi-antiassociative algebra.

Proof. Suppose that (A, ) is a left quasi-antiassociative algebra and (A, o)
the opposite algebra of the algebra A. For any x, ¥,z € A we have:
(,9,2)-10 = (woy)oz+ao(yoz)=z-(y-x)+(2-y)-=
= (Zvyax)—l = —(y,Z,SC)_l =Y (Z : l‘) - (y : Z) T

=—(roz)oy—wo(zoy)=—(2,2,y)-10

Therefore, for all z,y,z € A, (z,y,2)-1,0 = —(x,2,y)-1,.. Conversely,
if (A, o) is a right quasi-antiassociative algebra, then by the same way we
easily show that the algebra (A,-) is left quasi-antiassociative. O

Theorem 2.8 proves the equivalence between left quasi-antiassociative
algebras and right quasi-antiassociative algebras. Thus, for the rest of this
paper, without any further clarification, left quasi-antiassociative algebras
are called quasi-antiassociative algebras.

Considering the representations of the left L and right R multiplication
operations:

L. A —
r +—— Ly: —
y — x-Y,

R: A — gl(A)
A — A

r — R,:
— Y-,

<

we infer the adjoint representation ad := L+ R of the sub-adjacent Mock-Lie
algebra of a quasi-antiassociative algebra A as follows:
ad: A — gl(A)

r — adg:

A

A —
y — [z,9],

such that V z,y € A,ad,(y) := (Ly + Rz)(y).
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Definition 2.9. [15] A vector space V' is a module over a Mock-Lie algebra

A, if there is a linear map (a representation) p : A — End(V') such that
plzoy)(v) = —p(x)(p(y)v) = p(y)(p(x)v)

for any z,y € Aand v € V.

Proposition 2.10. Let (A,-) be a quasi-antiassociative algebra. For any
x,y € A, the following relations are satisfied:

o The anticommutator associated to the bilinear product” -7 given by
[x,y] =2z -y+y-x defines a Mock-Lie algebra structure on A.

o The left multiplication operator gives a representation of the Mock-Lie
algebra, that is

L[x,y] = —[Lz, Ly];

and the following relation is also satisfied

Ly, Ry] = —Ry.y — Ry R,

where the linear map R is the right multiplication operator associated
to the bilinear product” -7 on A.

o [Ly, Ry| = —[Ry, Ly]
© Lyy+ LyLy=—Ly, — LyLy,
e ad = L+ R a linear representation of the sub-adjacent Mock-Lie al-
gebra of (A,-) and,
lady, ady] = ad,, .
Proof. Consider the quasi-antiassociative algebra (A, -). For any x,y,z € A
we have
[, [y, 2] + [y, [z, 2] + [2, [y, 2l] = [z, yz + 2y] + [y, 22 + x2] + [2, 2y + Y2
= z(yz) +x(zy) + (y2)z + (2y)z +y(za) +y(zz) + (z2)y + (22)y + 2(2y)
+2(yz) + (zy)z + (yz)z
={z(yz) + (yz)v + y(zz) + (22)y + z(2y) + (zy)z}
H(zy)z + 2(2y) + y(z2) + (22)y + 2(yx) + (yz)z}

={(z,9,2) , + (¥, 2,7) , + (z,7,9) ,}
H(zy,2) .+ (@,2,9) . + (y,2,2) )}

={(y,z,2) , +(z,9,2) .} +{(z,9,2) , + (y,2,2) ,} +{(z,2,9) ,
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(z,y,2) (y,2,2)_, & (vy)z + 2(y2) = —(yz)2 — y(22)
& (vy)z + (yz)2 = —2(y2) — y(z2)
& (Lyy + Lyz)(2) = —(LyLy + LyL,)(2)
& (Lay + Lyz)(2) = —[La, Ly)(2)

Therefore, L, = —[Ly, Ly] for all x,y € A holds.
We have for all z,y,z € A

(z,y,2), = —(y,2,2)_, & (2y)z + 2(yz) = —(yz)z — y(z2)
<(R,L, — LyR,)(y) = —(R.R; + Rs.)(y)
SR, L] (y) = — (R Ry + Ra2)(y),
Therefore, the following relation holds

[La, Ry = —(Ray + RyRy).

We have for all z,y,z € A

(L, Ry](2) = Ly (Ry(2)) + Ry (L(2))
=2(2y) + (v2)y = (z,2,9) , = —(2,2,9) ,
= —((z2)y + z(2y)) = — (Ry (Rx(2)) + Ray(2))
= — (R Ry + Ruy) (2)

= (2,9,2)_, = (2y)z + 2(yz) = Ry Ry(2) + Ray(2)
= —(y,2z,7) — (yz)x —y(2w) = =Ry Ly(2) — Ly R (2)
= _[RJHL?/](Z)
Therefore [Lg, Ry = —[Raz, Ly].
We have for all z,y,z € A

(Lay + LaLy) (2) = Lay(2) + La (Ly(Z)) = (z )Z + z(yz)

= (w Y.2) = —(y,2,2)_, = — ((yz)z + y(z2))
— (Lyz(2) + Ly(La(2 )))
= - (Lyw + LyL:t) ( )

Thus Lay + LeLy = —Lys — LyL,.
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We have for all z,y € A,

lady, ady] = [Ly, Ly] + [Lg, Ry] + [Ra, Ly] + [Ra, Ry
= [La, Ly] + [Rz, Ry]
= (LyLy + R.Ry) + (LyL, + RyR,)
=(L+R),, +(L+R),, =(L+R)
(L+R),, =ad

zy+yz
[z,y]

This completes the proof. O

Remark 2.11. From this proposition, quasi-antiassociative algebras are
Mock-Lie admissible algebras.

Thus, (A, -) can be called the compatible quasi-antiassociative algebra
product of the Mock-Lie algebra G(.A).

3. Bimodules and matched pairs

Definition 3.1. Let A be a quasi-antiassociative algebra, V' be a vector
space. Suppose [,7 : A — gl(V') be two linear maps such that

[l Ty] = - [lyﬂ"x] (3.1)
Loy + loly = —lys — 11, (3.2)

for all z,y € A. Then, (I,r,V) (or simply (I,r)) is called bimodule of the
quasi-antiassociative algebra A.

Proposition 3.2. Let (A,-) be a quasi-antiassociative algebra and V be a
vector space over K. Consider two linear maps, l,r : A — gl(V). Then,
(I,r, V) is a bimodule of A if and only if, the semidirect sum A @V of
vector spaces is turned into a quasi-antiassociative algebra by defining the
multiplication in A®V by V1,20 € A, v1,v9 €V,

(214 v1) * (22 +v2) = 1 - X2 + (lyy V2 + 72, 01).
We denote it by A le_rl V or simply Ax—1V.

Proof. It is obvious that the semidirect sum of two vector spaces is also a
vector space. Now suppose that (I,7, V) is a bimodule of A and show that
(A @V, %) is a quasi-antiassociative algebra. Since * is a bilinear product,
for all 1, x9, 23 € A and for all vy, v9,v3 € V, we have:
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((z1 +v1), (w2 + v2), (23 +v3))_,
= {(z1+v1) * (v2 +v2)} * (¥3 +v3) + (1 +v1) * {(22 + v2) * (x5 +v3)}
= (2122)23 + lp 2003 + Ty (lzy V2 + T2,v1) + 21 (2223) + 1z, (l2yv3)
oy (T2302) + Tapzs V1

= (2122)x3 + lgy 2003 + Ty (logV2) + 7oy (rayv1) + T1(x223) + gy (Lo, v3)
Flay (T2502) + Tzpasv1,
((.I'l + 1), (z2 + 1)2), (l‘3 + 1)3))
- (xb L2, x3)71 +(l$1$2 +l$1 lmz )1}3+(7’$3[$1 +l$1r$3)02+(r$3r$2 +T$2$3)Ul'
(2 + v2), (x1 4+ v1), (3 + v3))
= (w2, 21, 23) + (logzy +lapley )U3+ (Tegley +lenTas )V1+ (TagTey + 72125 V2.

Therefore,
(1 + 1,22 + V2,23 +v3)_, = —(v3 +v3, 22 + V2,21 +v1)_,
lzlxg + lmllacg - _lzg;tl - lmglaq
& Tasley + 1o Tos = —TusTo, — Toyas
Taoxs T TagToy = _T'xgl:cg - l$2T$3
< (A @V, %) is a quasi-antiassociative algebra. O

Furthermore, we derive the next result.

Proposition 3.3. Let A be a quasi-antiassociative algebra and V' be a vector
space over K. Consider two linear maps, l,r : A — gl(V'), such that (I,7,V)
is a bimodule of A. Then, the map: | +r: A — gl(V) x>l + 1y, is a
linear representation of the sub-adjacent Mock-Lie algebra of A.

Proof. Let (I,7,V) be a bimodule of the quasi-antiassociative algebra A.
Then, Vz,y € A [lo,ry] = —[ly, r2); loy + loly = —lyly — lyz. Besides, it is
a matter of straightforward computation to show that [ + r is a linear map
on A. Then, we have:
[+ 7)), +7r)W)] =lla + e, by + ryl=la, L] + [la, 7] + [r2, ] + 12, 7]

= Lo, ly] + [rz, 1y

= lply + lyly +rery +1y1s

= {lply +rory} + {lyly +1yra}

={loy + 72y} +{lyz +rya =0+ 7)ay + (+7)ya

= (l + T)[x,y]'
Therefore, (I,7,V) is a bimodule of A implies that [ + 7 is a representation
of the linear representation of the sub-adjacent Mock-Lie algebra of A. [
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Example 3.4. According to the Proposition 2.10, one can deduce that
(L, R, A) is a bimodule of the quasi-antiassociative algebra A, where L and
R are the left and right multiplication operator representations, respectively.

Definition 3.5. Let G and H be two Mock-Lie algebras and let p : H —
gl(G) and p : G — gl(H) be two Mock-Lie algebra representations. Then,
(G, H,p,p) is called a matched pair of the Mock-Lie algebras G and H,
denoted by H M;I’p G if and only if u and p satisfy: forall z,y € G,a,b € H,

p(x) [a,b] + [p(z)a, b] + [a, p(2)b] + p(p(a)2)b + p(u(b)z)a = 0, (3:3)
pla) [z, 4] + [p(a)z, y] + [z, pla)y] + plp(z)a)y + pp(y)a)z = 0. (34)

In this case, (G @ H,[,]) defines a Mock-Lie algebra with respect to the
product * satisfying:

[(z +a), (y +0)] = [2,y] + p(a)y + u(d)x + [a, b] + p(x)b + p(y)a.

Theorem 3.6. Let (A,-) and (B,0) be two quasi-antiassociative algebras.
Suppose that (Ia,74,B) and (Ig,r5,.A) are bimodules of A and B, respec-
tively, obeying the relations:

ra(x)([a, b)) =ralls(b)z)atralls(a)z)b+ao (ra(z)b)+bo (ra(r)a), (3.5)
—la(z)(aod) = la(lgla)x +rg(a)z)b+ (la(x)a + ra(z)a)ob
+  ra(re(d)x)a+ ao (la(x)b),
ra(@) ] = rs(lay)a)s + rsla@)a)y + 2(rs(@)y) + y(rs(@)z),  (3.7)

—lp(a)(zy) = Ip(la(z)a)y + (rg(a)zx)y + z(ls(a)y) +re(ra(y)a)z
+  (Is(a)x)y +Ip(ra(z)a)y, (3-8)

for all x,y € A and a,b € B. Then, there is a quasi-antiassociative algebra
structure on A @ B given by:

(z+a)* (y+b) = (z - y+igla)y+ra(b)z)+(a o b+lia(x)b+ra(y)a). (3.9)

We denote this quasi-antiassociative algebra by A Mﬁgl;lg"m B, or simply

by A<t B. Then (A, B,l4,74,l5, r5) satisfying the above conditions is
called matched pair of the quasi-antiassociative algebras A and B.

Proof. Consider z,y € A and a,b € B. We have

(x+a)*(y+0b)=(zy+gla)y +rad)z) + (aob+1ls(x)b+ra(y)a),
xxa=rgla)r+Ils(x)a, b=0,y =0,
axy=Ig(a)r +ra(y)a, z=0,b=0.
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Since (z,y,2) , = (xy)z + z(yz), we have

(x,b,¢) , = (x*b)xc+zx(boc)(rp(b)x+ia(z)r)*c+zx*(boc)
=r5(c)(ra(b)z) + (La(2)b) o ¢ + la(rs(b)z)c + rp(bo c)x + La(z)(boc),
(

(a,y,¢)_,= (axy)xc+ax(yx*c)

(Is(a)y +ra(y)a) * c + ax* (La(y)c + r8(c)y)

la(ls(a)y)c+rp C;(B(a)y) (ra(y)a)oc
Yy

(
ao (la(y)e) +ls(a)(ra(c)y) + ra(ra(c)y)a,
(x-y)*xc+xx(y*c)
(la(z - y)e+ra(c)(z ~y)*c+$*(lA(y)c+TB( )Y)
La(zy)e+rp(c)(zy)+a (ra(c)y)+la(@)(la(y)e)+ra(la(y)c)z,
(x*b)*xz+x*(bxz)
(la(x)b+rpb)x) *x z + x * (Ig(b)z + ra(z)b)
a(La(z)b)z + ra(2)(la(z)b) + (ra(b)z) - 2
z - (I8(b)2) +la(x)(ra(2)b) + ra(ra(z)b)z,

(a,b,c)_, =(aob)oc+ao(boc)

i [

(@, 9,¢)

('I’ b7 Z)—l

4+ 0

(axy)*xz+ax(y-z)
(Is(a)y +ra(y)a) 2 +1p(a)(y - z) + raly - 2)a
(Us(a)y)z+15(ra(y)a)z+ra(z)(raly)a)+is(a)(y - z)+raly - 2)a,

(aob)*xz+ax(bxz)
(iglaca)-z+r4(2)(aob))+ax*(Ip(b)z +ra(z)d)
Ig(aob)z+ra(z)(ob)+ao (ra(z)b)+is(a)(lp(b)z) —ra(ls(b)z)a,

(a,9,2) 4

(a,6,2)

The first part of the associator reads:

{(x+a)x(y+0b)}*(z+c)
= {(zy +ls(a)y +r5(b)x) + (a0 b+1a(y) + ra(y)a)} * (z + ¢)
= (zy +Ig(a)y +rp(b)x)z +I(aob+1a(x)b+ra(y)a)z
+r(c)(zy +Ig(a)y + ra(b)x) + (a0 b+ 1la(x)b+ra(y)a)oc
+la(a)(yz +1s(b)z + r(c)y) + ra(2)(aocbla(z)b +ra(y)a)
= (vy)z + (Ig(a)y)z + (r8(b)x)2z + lg(a o b)z + Ip(la(z)b)z + I5(r a(y)a)z
+rp(c)(zy) +ra(c)(is(a)y) + ra(c)(ra(b)r)) + (a0 b) o c+ (la(z)b) o c
+(ra(y)a) oc+la(a)(yz) +1a(a)(ls(b)2) + la(a)(rs(c)y)
+ra(z)(aob) +74(2)(a(2)b) +74(2)(ra(y)a)

while its second part:

(+a) «{(y+b)x (2 + )}
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= (z+a)*{yz +15(b)z + r5(c)y + boc+la(y)ec+ ra(z)b}
= z(yz + 1(b)z + ra(c)y) + ls(a)(yz + I5(b)z + r5(c)y)
+rg(boc+la(y)c+ra(z)b)z+ao(boc+la(y
+ra(2)b) +la(z)(boc+la(y)e+1a(2)b) +ralyz +
= z(yz) + z(lg(b)z) + z(rp(c)y) + ls(a)(yz) + Is(a)(ls(b)z)
+ig(a)(rs(c)y) +re(bo c)x +re(la(y)c)r + ra(ra(z)b)x
tao(boc)+ao(la(y)c)+ao (ra(z)b)+la(z)(boc)
Ha(x)(lay)e) +la(z)(ra(z)b) +ralyz)a+ra(ls(d

)e
yz +1p(b)z + ra(c)y)a
)%
(boc
)2)a+71a(rs(c)y)a
and the associator takes the form:

(r+a,y+bz+c)_,
={(zy)z —z(yz)} + {(acb)oc—ao(boc)}
+{ra(c)(ra(b)z) + (La(z)b) o c + La(rp(b)z)c
—rg(boc)z — lA( J(boe)Hlals()a)ye + r5(c)(ls(a)y) + (ray) o c
—ao (la(y)e) —ls(a)(rs(c)y) — ra(ra(c)y)a} + {la(lz(a)y)c
+rg(c)(lg(a)y) + (ra(y)a) oc —ao (la(y)c) — lp(a)(ra(c)y)
—ra(rs(c)y )a}+{l8(lA( )b)z + 1 4(2)(La(2)b) + (r5(b)x)2
—z(l(b)z) — la(x )( A(2)b)x} + {(Is(a)y)z + Is(ra(y)a)z
+ra(2)(ra(y)a) —ls(a)(yz )—TA(yz)a}Jr{lB(aOb)
+ra(z)(aob) —ao (ra(z)b) —Ils(a)(ls(b)z) — ra(ls(b)z)a}
= (z,9,2)_, +(a,b,¢)_, +{ra(c)(x - y) +la(z - y)c+z - (ra(c)y)
+lA(fC)(lA(y)C)+TB(lA( c)x} + {rs(c)(ra(b)z) + la(rs(b)x)c
—H’B(boc)l‘—i-(lA(x)b)oc—i-lA( )(boc)}—i-{(?’B() ) Z—i—lB( A( ) )
+ra(2)(la(z)b) + 2 - (I5(b)2) + r5(ra(z)b)z +la(z)(ra(2)b)}
+Hs(@)y) - 2 + Is(ra(y)a)z + ra(2)(ra(y)a) +ls(a)(y - 2)
+ray - z)at + {ra(c)(ls(a)y) + (ra(y)a) o c +la(ls(a)y)c
+ip(a)(ra(c)y) + ao (la(y)e) + ra(ra(c)y)at + {lg(aob)z
+ra(z)(aob) +1p(a)(ls(b)z) + ao (ra(2)b) +ra(ls(b)z)a}.

Further, we have

(@,y,¢)_, =ra(c)(@-y)+z-(ra(c)y) +ra(lay)c)z+ia(z-y)ctia(z)Laly)o),
(x,0,¢) ; = ri(c)(r5(b)x) +La(rs(b)z)e+(La(x)b)octrs(boc)r+la(x)(boc),
(x,0,2) = (r5(b)x) - 2 + I5(La(x)b)z + ra(2) (La(2)b) + 2 - (I5(0)2)
+ra(ra(2)b)e +La(z)(ra(z)b),

(a,9,2) 4 = (Is(a)y)-2+1ls(ra(y)a)z+ra(2)(ra(y)a)+is(a)(y-2)+ra(y-2)a,

(a,y,¢)_, = ra(c)(Ig(a)y) + (ra(y)a) o c + la(ls(a)y)c + lg(a)(ra(c)y)
+ao (la(y)e) +ra(ra(c)y)a,
(a,b,2)_, =lg(aob)z+r4(2)(aocb)+ig(a)(lp(b)z)+ra(lg(b)z)a+r4(lp(b)2)a

+a o (ra(z)b),
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which can also be re-expressed as:

(33 +a,y+0bz+ C)fl = (%y:z)% + (x7y7c)—1 + (:L',b,z _
+(a,y,2) , +(a,y,¢)_, + (a,b,2) , + (a,b,¢)_,.

~—
[S
+
—
&
S
2]
~—
L

Similarly,

W+brtazt+e), =z, +0bzz2),+yzc,)+(baz),
+(Y,0,2) . + (Y, 0,0)_, + (b,a,¢)_, + (b,z,¢) ;.

Since A and B are quasi-antiassociative algebras, we have

(:L‘a Y, Z)—l = _(ya z, Z)—l

(a,b,¢)_, = —(bya,c)_,.
Hence,
(x,b,2)_, =—(byz,2)_, < (y,a,2)_, = —(a,y,2)_{x = y,b > a,z— z}
Then, it remains to show that:
(wvaa y)71 - _(a x7y)71 (3'10)
(x,a,b)_, = —(a,z,b)_, (3.11)
(xvyaa)fl = —(y,x,a),l, (312)
(a,b,2)_, = —(by0,2)_, (3.13)
We have

(3.10) & Ip(la(z)a)y + ra(y)(la(z)a) + (r(a)x)y + 2(I5(a)y)
+a(z)(raly)a) + ra(ra(y)a)z
= —{(s(a)z)y +Ip(ra(z)a)y + ra(y)(ra(z)a)
+ip(a)(zy) + ra(ry)a}
& —lp(a)(zy) = l(la(x)a)y + (re(a)z)y + x(ls(a)y)+
+rp(ra(y)a)r + (Is(a)x)y + I5(ra(z)a)y + I(a)(vy)
[l

(3.10) < (3.8) since

(3.11) & rg(b)(re(a)x) + (Ia(zx)a) o b+ la(rg(a)r)b + ra(aob)x
Fla(z)(aob) = —{la(ls(a)z)b+ rp(b)(Is(a)r) + (ra(z)a) o b
+a o (la(x)b )+ls(a)(7’ (b)) + ra(ra(b)z)a}
& —la(z)(aob) =la(lg(a)z + ra(a)z)b+ (la(z)a + ra(z)a) o b
+r4(rg(b)z)a + ao (Ia(x)b) with, (Ig,rg) is bimodule of B
(3.11) < (3.6) with, (Ip,rp) is bimodule of B.
(

(3-12) & La(zy)a + rp(a)(zy) +2(rs(a)y) + la(x)(la(y)a) + re(la(y)a)

(y

Ty = —Tay — TyTa.
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= —{la(yz)a+rp(a)(yz)+y(rs(a)r) +la(y)(la(z)a)+rs(la(z)a)y}
s rala)z,y] = re(la(y)a)z + ra(la(z)a)y + x(rs(a)y) + y(rs(a)z)
(3.12) & (3.7), since (3.2) hold.

(3.13) « Ig(aob)z+ra(w)(acb)+ao(ra(z)b)+is(a)(ls(b)x) +ra(ls(b)r)a
= —{lg(boa)r+ra(z)(boa)+bo(ra(x)a)+15(b)(Is(a)r)+ra(ls(a)r)b}
(3.13) & ra(z)([a,b]) = ralls(b)r)a + ra(ls(a)z)b + ao (ra(x)b)

+bo (ra(z)a) since (3.2) hold,
(3.13) < (3.5) and g is a linear representation of the sub-adjacent Mock-Lie
algebra G(B).

Hence, A <! B is a quasi-antiassociative algebra if and only if (I4,7.4)
is a bimodule of A and (Ig,rp) is a bimodule of B and equations (3.5) —
(3.8) hold.

On the other hand, if A and B are quasi-antiassociative sub-algebras of
a quasi-antiassociative algebra C' such that C' = A @& B which is a direct
sum of the underlying vector spaces of A and B, then the linear maps

la,ra: A—gl(B), Ip,rg:B— gl(A).
defined by
xxa=Ilg(zr)a+rgla)r
axx=Ig(a)xr +ra(z)a

satisfy the equations (3.5) — (3.8). In addition, (l4,74) is a bimodule of A
and (Ig,rg) is a bimodule of B. O

Corollary 3.7. Let (A, B,la,74,l5,78) be a matched pair of quasi-antiasso-
ciative algebras. Then, (G(A),G(B),la+ 1r4,l5 + 8) is a matched pair of
sub-adjacent Mock-Lie algebras G(A) and G(B).

Proof. By using the Proposition 3.3 and the bimodules (I4,74,5) and
(Ig,rB,A), we have: ady := lq + r4 and adp := I + rg are the linear
representations of the sub-adjacent Mock-Lie algebras G(A) and G(B) of
the quasi-antiassociative algebras A and B, respectively. Then, the state-
ment that G(A) _1 ad““ G(B) is a matched pair of the Mock-Lie algebras
G(A) and G(B) follows from Theorem 3.6. By analogous step giving;:

ad 4(z) [0,5] — [ad a(2)a,b] — [a, ad 4 (2)0]
—ad(adg(a)x)b —ad4(adg(b)z)a = 0, (3.14)

adp(a) [z, y] — [ads(a)z,y] — [z, ads(a)y]
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—adp(ad4(z)a)y — adp(ada(y)a)z = 0. (3.15)
Thus, we first have:
ad 4(z)[a, b]—[ad4(x)a, b]—|a, ad 4 (x)b]—ad 4 (adp(a)x)b—ad 4 (adp(b)x)a
= (la+74) () [a,b] = [(la 4+ 74)(x)a, 0] — [a, (Ia +7.4)(2)b]
—(la+ra)((s+rp)(a)z)b— (la+ra)((5 +r8)(b)x)a
= la(@)]a,b] + ra(z)la,b] — [la(z)a,b] — [ra(z)a,b] — |a,la(z)d]
—[a,r4(z)b] = la(lg(a)x)b —la(rp(a)z)b—1r4(Ig(a)x)b— 1 A(rp(a)r)d
—la(lg(b)z)a —la(r(b)z)a —ra(lg(b)z)a — ra(ra(b)z)a
=la(x)(aob)+la(z)(boa)+ra(z)(aod)+ra(z)(boa)— (la(x)a)obd
—bo(la(x)a) — (ra(z)a)ob—bo (ra(z)a) —ao (la(z)b) — (la(z)b)oa
—ao (ra(z)b) — (ra(z)b)oa—Ia(lg(a)x)b—1a(rg(a)x)b—ras(lg(a)x)b
—rA(rs(a)e)b—1a(ls(D)x)a—1a(rs(b)z)a—ra(lp(b)z)a—r4(rs(b)r)a
= {ra(z)([a,b]) —ra(ls(b)z)a—ra(ls(a)z)b—ao(ra(z)b) —bo(ra(z)a)}
+{—la(z)(aob) —la(lg(a)x — rg(a)z)b — (la(x)a — ra(x)a) o b
—TA(rg(b))x)a —ao(la(x)b)}

)
+{—la(z)(boa) —la(lg(b)x — rg(b)z)a — (la(x)b — ra(z)b) o a
—ra(rs(a)z)b —bo (la(z)a)} = 0.
Secondly:
adp(a)[z, y|—[adg(a)z, y|—[z,ads(a)y] —adp(ad a(z)a)y—adp(ad 4(y)a)x
(lB+7'B)(a)[ yl — [(l3+r3)( )z, yl — [z, (Ig +18)(a)y]
—(lg + 7“/zs)((lA +ra)(z)a)y — (Is + TB)((ZA +ra)(y )a)
= lg(a)[z,y] + rp(a)[z,y] — [ls(a)z, y| — [ra(a)z,y] — [z, 15(a)y]
— [z, r8(a)y] = (la(z)a)y —lp(ra(x)a)y —ra(la(z )a)y ra(ra(r)a)y
—lp(la(y)a)r — lg(ra(y)a)er — re(la(y)a)zr — ra(ra(y)a)z
= {ra(a)lz,y] — re(la(y)a)z — ra(la(z)a)y — z(rg(a)y) — y(ra(a)z)}
+H—=ls(a)(zy) — Is(la(r)a)y — (ra(a)r)y — z(ls(a)y) — ra(ra(y)a)z
—(ls(a)z)y — l(ra(z)a)y — Ig(a)(zy)} + {~Is(a)(yz) — Is(lLa(y)a)>
—(rs(a)y)z — y(ls(a)z) — ra(ra(x)a)y — (Is(a)y)z — la(ra(y)a)z
—lp(a)(yx)} = 0.

Thus, we obtain
ad(x) [a,b] — [ada(z)a, b] — [a, ad (z)b]
—ad 4(adg(a)z)b — ad 4(adg(b)z)a = 0,

adg(a) [z,y] — [adg(a)z, y] — [z, adp(a)y]
- adB(adA( Ja)y — adg(ad (y)a)z = 0.

Hence, (G(A),G(B),ad4,adg) is a matched pair of sub-adjacent Mock-Lie
algebras G(A) and G(B). O
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Definition 3.8. Let (I,r, V) be a bimodule of a quasi-antiassociative alge-
bra A, where V is a finite dimensional vector space. The dual maps I*, r*
of the linear maps [, r, are defined, respectively, as: I*,7* : A — gl(V") such
that: for all z € A,u* e V¥, v eV,

A — gl(V")
Ve o v
x — Lo, K (3.16)

1, e Vo o—
“ Yy (Cu*,v) = (u*, lpv),

' A — gl(V")
v — VvV
r o T, V — K (3.17)

*, %,
wem T v o (riu* vy = (uF, =) .

Proposition 3.9. Let (A,-) be a quasi-antiassociative algebra and I, 7 be
two linear maps A — gl(V'), where V' is a finite dimensional vector space.
The following conditions are equivalent:

1. (I,r, V) is a bimodule of A.
2. (I* 4+ r*,—r*, V*) is a bimodule of A.
Proof. (1) = (2): Suppose that (I,r,V) is a bimodule of (A,-) and show
that (I* +r*, —r*, V") is also a bimodule of (A, -). We have: firstly,
T+ ey + 4172+ r7)ylu’,v) = (4 17)zyu’,v) + (T4 ") (74 77y Ju’, v)
= (4 1)ay (v),u") = ([ + )y (1 + 7)a] (v), u")
= —(("+ 1) yaus o) = ((U+ ")y (U4 17)2)u", v).
Therefore,
T+ 7 )ay + T+ ) e (U+ ")y = =+ 7 )ye — T+ 7))y ("+77)e, V,y e A (3.18)

Secondly,

*

<r; U+ r)eu™ (U 7" )aryu’ v> = (I 4+ r)zryv,u” )+ {ry(I + 7)zv, u™)
(la(ry (v)+72(ry(v), u") +(ry (Lo (V) +7y (1 (v)),u")
= (ra(ry(v)) + TacyU7U*>

(
((ryrs + T2y’ v).

Therefore

(= )y (=r)a + (=1 )ay = =[(I" +77)y, —r2], Yo,y € A. (3.19)
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By considering the relations (3.18) and (3.19), we conclude that (I* +r*, —r*, V") is
a bimodule of (A, ).

(2) = (1): The converse, (i.e., by supposing that (I" +r", —r*, V") is a bimodule of (A, -)
then (I,r, V) is also a bimodule of (A4,-)), can be proved by direct calculations by using
similar relations as for the first part of the proof. O

Example 3.10. Let A be a quasi-antiassociative algebra. Then (L,0),
(ad,0) and (L, R) are bimodules of A, where ad = L+ R : A — gl(A) is the
adjoint representation of the Mock Lie algebra G(A). On the other hand,
(L*,0), (ad*,0) and (ad*, —R*) are bimodules of A, too, where ad* and L*
are the dual representations of the adjoint representation and the regular
representation of the sub-adjacent Mock Lie algebra G(.A) respectively.

Theorem 3.11. Let (A, ) be a quasi-antiassociative algebra. Suppose that
there exists a quasi-antiassociative algebra structure” o” on its dual space
A*. Then, (A, A*,ad’, —R*, ad}, —RY) is a matched pair of quasi-antiasso-
ciative algebras A and A* if and only if (G(A),G(A*), L, L) is a matched
pair of Mock-Lie algebras G(A) and G(A*).

Proof. By considering the Corollary 3.7, setting [ 4 := ad* = L+ R’ r4 :=
—R’ Il := ad} = L + R.,rg := —R’, and exploiting the Definition 3.5
with G := G(A),H := G(A*),p:= L* u:= L, the proof is established. []

4. Quasi-antiassociative bialgebras

Definition 4.1. [2] Let (G,[,]) be a Mock-Lie algebra. A 1l-cocycle § is
associated to a representation (p, V') of (G, ],]), if the equation

§([z,y]) = —p(z)o(y) — p(y)d(x), Vz,y € G, (4.1)

is satisfied.

Proposition 4.2. Let (G, [,]) be a Mock-Lie algebra. Suppose p : G — gl(V)
and i : G — gl(W) be two linear representations of G, where V- and W are
two vector spaces. Then, the linear map p@1+1@u: G — gl(VRW) given
by (p@1+1@p)(z)(v,w) == p(z)v@w+v® u(z)w is also a representation
of G.

Proof. Let (G,[,]) be a Mock-Lie algebra, (G, p) and (G, u) be two repre-
sentations of (G, [,]). For all z,y € Gand v®@w € V ® W, we have

(p@14+1@ p)([z,y]) = p(lz,y]) @ 1+ 1@ p([z,y])



Quasi-antiassociative bialgebras 247

=—p(@)p(y) ®1 - 1@ p(x)u(y)
—1® p(y)pu() — ply)p(r) @1
= —p@)p(y)v @1 -1 p(z)u(y)
—1® p(y)pu() — ply)p(r) ®1
—p(z) @ p(y) — p(x) @ u(y)
—p(y) @ p(x) — ply) @ p(x)
= —[p(@) @1, p(y) ® 1] — [p(z) ® 1,1 @ u(y)]
—[1®p(x),ply) @ 1] — [®u()M)®H

Therefore, we have Va,y € G;

(p@1+1@p)([z,y]) =-[pl@) @1+ 1@ pu(x),ply) @1+ 1@ uy)],

which exactly means that p ® 1 + 1 ® p is a representation of (G;[,]) on
VeWw. O

Theorem 4.3. Let A be a quasi-antiassociative algebra with the product
given by the linear map B* : A ® A — A. Suppose there is a quasi-

antiassociative algebra structure ” o” on the dual space A* provided by a

linear map o* : A* @ A* — A*. Then, (G(A),G(A*),L*, LY) is a matched
pair of Mock-Lie algebras G(A) and G(A*) if and only if o : A - AR A is
an antiderivation of G(A) associated to . @1+1®ad. and 5 : A* — A*®@ A*
is an antiderivation of G(A*) associated to Lo ® 1 + 1 ® ad, .

Proof. Let {ej,ea, -, ey} be abasis of A and {e},e5,--- e} its dual basis.

n

Consider e; - ¢; = Z 5 sex and e o e} meek, where cw,fzj € K are

k=1 k=1
structure constants associated to - and o, respectively. Then, it follows that:

Z fzjez ® €5, Z cije; ®@ej, and

b=t i,j=1
ol = 30 3 {(ch + kst em o "
m,l=1k=1
cal= S S Ukt aed
m,l=1k=1

Now, let us compute the quantities:

{(=L)(e)) @1 + 1@(=ad.)(ei) tale;) +{(=L)(e;) @1 + 1@ (- ad.)(ej) }a(e;)
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and
{(=Lo)(e;)@14+1®(— ado)(€7) } B(e} ) +{(—Lo) (€] ) @1+1®(— ado ) (€]) } B(€7 ).
We have:

(L)) ® 1+1® (~ad.)(e) yale;) +H{(-L)(e)) 1+ 10 (ad ) (e) aler)
= {~(L(e)@)ale;) = (Llej)@Vale)} + {~(10ad.(e;))afe)
— (1@ad.(e)aley)} =S {=F (L. () @ 1) (ex@er) — fiy (L.(e)@ 1) (epBer)}

k=1

+ Z {—f%k(1®ad'(€i>)(€m®€k) - f;ﬁk(lg}ad'(ej))(em@ek)}
m,k=1

= > {~fileiex]@e) — fiy(lej, ex]@er)}

kl=1
+ 3 = F(em®les ex)) = firlem®les, ex])}
m,k=1
= > {—fil <Z< o+ c@})(%@ez)) — (Z(% + c@)(em@@eo) }
k=1 m=1 m=1
+ { (Z Zk+clki><em®ez)> — fix (Z(céwcij)(em@ez))}
m,k=1 =1 =1

i j l l i l l
=S S e e i o) — Fal et o) —Fhlchir )} em®en).
m,l=1k=1

Therefore, we have:
{(;L.)glei)®1+l®(— ad.)(e;) Ya(ej)+{(—L.)(ej) ®14+1@(—ad.)(e;) }a(e;)
= > > S+ ) = Faleh + o) — F(cii + cha) (4.4)
ml=1k=1
i Cik T ckj)}em ® €.
Taking into account the fact that « is an antiderivation of G(.A) associated

to L. ® 1 + 1 ® ad., and using the relations (4.2) and (4.4) yield:

Z(Cw"‘cy fml—Z{ sz C]k+cky) fgl(cﬁ—l—cﬁ)—ffﬁk(c;k-i—cij)—filk(cik—i—cﬁn)}.(4.5)

k=1

Besides, we obtain:

{(=Lo)(ei)@1 + 1@ (= ado)(e)}B(e7) + {(—Lo)(€;) @1 + 1@ (—ado)(e5) } B(ei)
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B(ej) + (=Lo)(e; ®1)B(ei) }
(e0))B(ej) + (1@ (—ads)(e;)) Blei)}
= {—cu(Lo(e])®1) = cia(Lo(e)@1) Her @er)

+ ) {-d(1®ade(e))) = chr(1®ads(€))) }(er, ek)

k=
_ = _ J * ®1 i * * * = * —CJ * ®] i * *
Ckl [62 ) ek} Ckl [6] ) ek] ®el + €m ® mk [ez 9 ek] Cmk [63 9 ek]

kl 1 m, k=1
3 S (i + ) — a5+ )} (i)
k,l=1m=1
JFZ Z{ W (Fik + fii) C:nk(f;l'kJrfzij)}(efn@e?)
m,k= ll 1

:Z { e (fiR+1is) — ckl(fﬂ"‘flzrjb')_cznk(filk"_fllci)_c:nk(fjl'k"_fllfj)}(6:n®37)~

Thus
{n L:)(e,)®1+1 ® (—ado)(ef)}B(e])+{(—Lo)(e]) ® 1+1 ® (—ado)(e})}B(er)

= (=l (FiR+ £ —cha(Fir 4+ ) =D (Fik A fha) = ok (Fik+ fhy ) Hem @ eF ). (4.6)

m,l=1k=1

Since f is the antiderivation issued from L, ® 1 + 1 ® ado, using the relations (4.3) and
(4.6) we obtain:

Z(flﬁfﬂ )crmi —Z{ i (ffitfiy) =y (i) — o (Firtfig) — oo (£t fra) - (4.7)

k=1 k=1

Now, let us find the relations associated to the equations (3.3)-(3.4) of the matched pair
of Mock-Lie algebras G(A) and G(A*). We have Vi, j,k :

n

(L) (ei)es, exy=—(e} ,Lei)ery=— (€], [ei, ex]) = — <€§7Z (cik +Cﬁ)6m> =—(clpt ),

m=1

(~L7)(eelen) = — <z<cfk+c;;i>e;,ek> ,

k=1
providing
(_ 6; 6] = _Z ’Lk+ck’b
Similarly, no A
(—L3)(e)es = = > (fi+Floex,
k=1

n

(7Lz)(6jn)[ei7ej] = Z(ij C?l) em €r — ZZ Cij — C]z fml flkm)ela

k=1 =1 k=1
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and,
n

(7LZ)(6m ehej - Z Cl]+cjl fml+fllfm)el

=1 k=1
Then
— L(L (ei)em)ej+ei, Lo(em)es] — Lo (L7 (e5)em )eit[Lo(em)es, €]
= > (et Lier)e; — > (fort fim)le ex]
k=1

k=1
= > (cfrtciLi(er)es = > (Frnt fim)ler, €]
k=1 k=1
= =2 { R (Ft Fider+ (Fiuct flo) (€t ehier}
k=11=1

n

a ; i {(cﬂ—’_c%)(fél+flik)el+(f:nk+flim)(cggj+C§'k)€l}

== ZZ{(C;z+Cz)(fiiz+fl]k)+(fgnk+flgm)(cik+0§m)
=1 k=1
+ (i) (Fur+ Fik) + (Pt Fhm) (clj +¢5) et
Using the fact that (G(A),G(A*),L", L}) is a matched pair of Mock-Lie algebras, we
have

n

Z(ij+0§i)(f'ril+fl{€m) = *Z{(C%Jrcﬁ)(fiﬁfﬂ)ﬂ 3k ) (it chi)

k=1 k=1
+ (Cﬁ"‘cﬁ)(flzl+lek)+(f51k+flzm)(cék+cécj)}a
that is,

n

n
Z(C?j +C§i)frknl+Z(C§7§+Cﬁ)f;€z+(CékJrCLi)ffnkJr(CﬂJFC@)flzz+(Cé‘k +ki) Frnk
k=1 k=1
n n

== (cli+c5) flm — Z(C?IPFCZ;)J% — (hrtChi) flm — (Sci) fik = (CirtChg) Flom-
k=1 k=1
Replacing [ (resp. m) by m (resp. 1) in the right-hand side of the equality leads to:

n

n
Z(ij +c5i) f :Z{—(C%—Fcz)ﬂz —(ciutchi) Foup — (it ciy) fur— (et ci) i}

k=1 k=1
which is identical to the equation (4.5). Besides,

n

(—ad)emlet ) = = 30 3 { (A + ) el i

=1 k=1

—ad”(ad}(e *)em)e*—&—[ef,ad,*(em)e;]—ad (ad}(e Fem)en +[ad” (e m)ersef]
_(a'd*)( )[61’6]]
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S A=+ Dt cl) = (Cht Clon) (Fir+ i) = (A ) (ha+ci)

=1 k=1
— (¢ k+ckm)(fkj+f;k)}€7-

M:

Then, with G(A) l><1:1L’: g (A*) and the above relation gives

n n

k=1 k=1
—( m+fk])(ckl+clk) (inlc—i_C?cm)(le‘k—"_fIlcj)v

i.e.
n

Z k"' kz ml+z 1 (Fl 4+ FD) (R4 £+ el bt i) = G ( ]l'k"’_flij)
k=1

=> (L) el el ST AT =i ST Ji) = Gl (Flk - Tki) = G (Fi1 - Fiy)-
k=1 k=1

Replacing [, (resp. m), by m,(resp. [), in the right-hand side of the equality
leads to

n n

Z i) Zciz i+ Iri) C;d( it feg)— ‘(k"_sz) mk(fllcj+f]l'k)7

k=1 k=1

which is identical to the equation (4.7). O

Definition 4.4. Let A be a vector space. Aquasi-antiassociative bialgebra
structure on A is a pair of linear maps (a, ) such that o : 4 — A® A,
g A — A* @ A* satistying:

1. o : A*® A* — A* is a quasi-antiassociative algebra structure on A*,
2. f*: A® A — Ais a quasi-antiassociative algebra structure on A,

3. a: A— A® Ais a l-cocycle of G(A) associated to L. ® 1 + 1 ® ad.,

e~

B A* - A*®A* is a 1-cocycle of G(A*) associated to Lo®@1+1®ad, .

We also denote this quasi-antiassociative bialgebra by (A, A*, a, 8) or sim-
ply (A, A").

Remark 4.5. A quasi-antiassociative bialgebra can also be called a Mock-
pre-Lie bialgebra or a pre-Jacobi-Jordan bialgebra.

Proposition 4.6. Let (A, A*, «,fB) be a quasi-antiassociative bialgebra.
Then its dual (A*, A, B, ) is also a quasi-antiassociative bialgebra.
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Proposition 4.7. Let (A,-) be a quasi-antiassociative algebra and (A*, o)
be a quasi-antiassociative algebra structure on its dual space A*. Then the
following conditions are equivalent:

1. (A, A* ad’, =R’ ad}, —R}) is a matched pair of quasi-antiassociative
algebras;

2. (G(A),G(A*), L*, LY) is a matched pair of sub-adjacent Mock-Lie al-

gebras;
3. (A, A") is a quasi-antiassociative bialgebra.

Definition 4.8. Let (A, A", a4,B4) and (H,H*, az, fy) be two quasi-
antiassociative bialgebras. A homomorphism of quasi-antiassociative bial-
gebras ¢ : A — H is a homomorphism of quasi-antiassociative algebras
such that ¢* : H* — A* is also a homomorphism of quasi-antiassociative
algebras, that is, ¢ satisfies

(e@@)aa(r) = an(p(z)), ("@¢")Bu(a") = Ba(¢"(a™)),Vz e Aa™ € H".

An isomorphism of quasi-antiassociative bialgebras is an invertible homo-
morphism of quasi-antiassociative bialgebras.

Proposition 4.9. Two matched pairs of Mock-Lie algebras are isomorphic
if and only if their corresponding quasi-antiassociative bialgebras are iso-
morphic.

Proof. Let (G(A) > G(A"),G(A),G(A")) and (G(H) > G(H"),G(H), G(H))
be two matched pairs of Mock-Lie algebras. Let {ey,--- ,e,} be a basis of A
and {e},--- ,e}} beits dual basis. If ¢ : G(A) < G(A*) = G(H) > G(H") is
an isomorphism of matched pairs of Mock-Lie algebras, then ¢|4: A — H
and |4+ 1 A* — H* are isomorphisms of quasi-antiassociative algebras.
Moreover, |4« = (|4)* ' Hence (A, A*) and (H,H*) are isomorphic as
quasi-antiassociative bialgebras. On the other hand, let (A, A*) and (H, H*)
be two isomorphic quasi-antiassociative bialgebras and ¢’ : A — H be an
isomorphism of quasi-antiassociative bialgebras. Set ¢ : A® A* — H O H*
be a linear map given by

p(z) = ¢'(x), pla’) = (¥") ("), Vo€ Aa* e A"

Then it is easy to know that ¢ is an isomorphism of the two matched
pairs of Mock-Lie algebras (G(A) > G(A*),G(A),G(A*)) and (G(H) >
G(H),G(H), G(H")). [
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