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From trigroups to Leibniz 3-algebras
Guy Biyogmam and Calvin Tcheka

Abstract. In this paper, we study the category of trigroups as a generalization of
the notion of digroup [5] and analyze their relationship with 3-racks [1] and Leibniz 3-
algebras [3]. Trigroups are essentially associative trioids in which there are bar-units and
bar-inverses. We prove that 3-racks can be constructed by conjugating trigroups. We
also prove that trigroups equipped with a smooth manifold structure produce Leibniz

3-algebras via their associated Lie 3-racks.

1. Introduction

An axiomatic definition of the concept of digroups was introduced by M.
Kinyon in [5] as a generalization of groups in his partial solution to the
coquecigrue problem, which consists of generalizing Lie’s third theorem to
Leibniz algebras |7]. Other axiomatic descriptions of digroups were indepen-
dently studied by R. Felipe in [4] and R. Liu in [6] . It is worth mentioning
that prior to these axiomatic definitions, the notion of digroups already
appeared implicitly in Loday’s work on dialgebras [8]. Similarly to how
digroups are related to groups, a trigroup is a set A endowed with 3 bi-
nary operations k-, | and - so that (A,+, ) is a digroup, and (A, F, 1) and
(A, L, ) are disemigroups in which the operations are compatible with bar-
units and appropriate inverses. In this paper, we generalize the conjugation
of digroups to trigroups and show that every trigroup A is equipped with
a pointed 3-rack structure, and thus produces a pointed rack structure on
A x A by [1, Example 2.6]. When trigroups are also smooth manifolds,
their associated 3-racks inherit the smooth manifold structure, and pro-
duce Leibniz 3-algebras thanks to [1, Corollary 3.6]. Another analysis of
a relationship between Leibniz 3-algebras and an algebra with 3 associa-
tive operations, namely trialgebras [8, Definition 1.1], was conducted in [2].
Similarly to digroups, trigroups along with their homomorphisms constitute
a pointed category, which generalizes both the category of groups and the
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category of digroups. This category is a subcategory of the category of as-
sociative trioid introduced by J. L. Loday and M. O. Ronco in [8, Definition
1.1].

2. Disemigroups

Definition 2.1. A left disemigroup (A,F,*) is a set A together with two
binary operations - and * such that (A,F) and (A, x) are semigroups satis-
fying the following relations:

(L1) zF (yF2)=(x*xy) F 2,

(L2) o+ (y*x2)=(xFy)*xz

for all x,y,z € A.

Remark 2.2. (xx(ykFz2))Ft=(x*xy)F (zFt) for all z,y,2,t € A.

Proof. We use (L1) and the fact that the operation I is associative:
(zx(ykFz)Ft=a2kF(yFz)Ft)=(xF(yFz)kHt

=(zxy)F2)Ft=(x*xy)F (zF1). -

Definition 2.3. A right disemigroup (A,x,) is a set A together with two
binary operations * and —f such that (A, ) and (A, ) are semigroups satis-
fying the following relations:

(R1) a4 (ydz)=x(yx=z2),
(R2) (z*y)dz=z*(y=2)
for all z,y,z € A.
Similarly to Remark 2.2, we have
Remark 2.4. z - ((y 42)*t) = (x dy) 4 (2 xt) for all z,y,z,t € A.

Remark 2.5. (A,F, ) is a disemigroup (|5, Definition 4.1]) if it is both a
left disemigroup and a right disemigroup.

Definition 2.6. A disemigroup (A,F, ) is a left digroup (resp. right di-
group) if there exists an element 1 € A such that 1 -z = x (resp. x 41 = x)
for all z € A, and for all x € A, there exists 27! € A satisfying z - 27! =1
(resp. 271 4z =1).

Remark 2.7. A set (A,F, ) is a digroup if and only if it is a left digroup
and a right digroup.
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3. Trisemigroups

The following generalizes the definition of disemigroups to a ternary algebra.

Definition 3.1. A trisemigroup (A,F, L, ) is a set A equipped with three
binary operations F, 1 and - respectively called left, middle and right, and
satisfying the following conditions:

T1) (A,F,H) is a disemigroup,

(T1)
(T2) (A,+, L) is a left disemigroup,
(T3) (A, L,H) is a right disemigroup,
(T4) (

T4) (zHy) Lz=a L (yt 2) forall x,y,z € A.

Note that there are 11 axioms in the conditions (T1), (T2), (T3) and
(T4). These axioms are exactly the 11 relations of the definition of an
associative trioid introduced by Loday and Ronco |8, Defintion 1.1]. It is
worth mentioning that J. D. Phillips’s work [9] on digroups reduces these 11
axioms to 7 axioms. In this paper, we use the terminology "trisemigroup"
instead of "associative trioid" to remain in the semigroup jargon. Also, we
use the notation ”ass” to refer to the associativity of the operations -, 1, .

3.1. From disemigroups to trisemigroups

Using J. D. Phillips’s work [9] on digroups, it is clear that a trisemigroup
(A, L,4) is equipped with at least 3 disemigroup structures, namely:
(A, F,4), (A,F, L) and (A, L,). Now, let G be a set endowed with two
binary operations -, 4. Then define on G x G the following binary opera-
tions:

a) (u,h) > (v,k)=(htv,ht k),
b) (u,h) < (v, k) = (u,h k),
c) (u,h) A (v,k)=(h—v,h4k)

for all u,v,h, k € G.
Then we have the following:

1. (u,h) < ((v,k) < (w,1)) = (u,h) < (v, k1) = (u,h 4 (k1)),
2. (u,h) < ((v,k) & (w, 1) = (u,h) < (Edw, k41 = (u,h 4 (k1)),
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3. (u,h)A(vk)) < (w, )= (hdv,h k) < (w,))=(hdv,h 4 (k-1)),

h) A (v,k 1) = (h—dv,h4(kAI)),

l)
4. (u,h) A (v, k) < (w,l)) =
1))

5. (u,h) > ((v, k) > (w, h)r (kb w,kE1)

F(kFw), bt (kD))
6. ((u,h) & (v, k) > (w, 1)

nr
h-4v,h k) > (w,)
(h k) Fw, (h4k) 1),

7. (u,h) > (v, k) & (w,1))

h) > (kdw, kA1)
F(k-dw),ht (kA1)),

hr
hi-v,htk) A (w,l)
(h+k) Hw, (hF k) 1),

8. ((u,h) > (v,k)) A& (w, 1)

9. ((u,h) < (v,k)) & (w, 1)

k) A (w,1)
(h k) Aw, (h 4 k) 1),

10. (u,h) A ((v, k) > (w,1)) = (u,h) & (k- w, k1)

A4 (kFw),h4(kE1),

11. ((u,h) < (v,k)) > (w, u,h 4 k) > (w,l)

(u,
(
= (
(
(
(
= (
(
(
(u
(
(u,
= (h
= (
=({(h4k)Fw,(hHk)F1),

12. (u,h) > ((v, k) < (w, 1)) = (u,h) > (v,k41) = (h+v,h = (kEH1)),

13. ((u,h)> (v, k) <(w,l)=(hFv,hE k)< (w,l) = (hFwv,(hEE) 1),

14. (u,h) < ((v, k) > (w, 1) = (u,h) < (kFw, k1) = (u,h 4 (EF1)).

As a consequence, we have the following results:

Proposition 3.2. Let G be a set endowed with two binary operations =, .

a) (G x G, A,<) is a right disemigroup.

b) If (G,F,H) is a disemigroup, then (G x G,1>, <) is a disemigroup.

c) If (G,F,A) is a left disemigroup, then (G x G,>,A) is a left disemi-
group.

d) If (G,F,) is a left disemigroup, then (G x G,1>, A, <) is a trisemi-
group.
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Proof. 1t is easy to verify that >, < and A are associative whenever -, -
and L are associative. For a), the axioms (R1) and (R2) are always satisfied
for < and A by 1.,2.,3. and 4. For b), the axiom (L1) is satisfied for &> and
< by 5. and 11. whenever they are satisfied for - and 4. The axiom (R1)
is satisfied for > and < by 1. and 14. whenever they are satisfied for - and
- . Also the axioms (L2) and (R2) are satisfied for > and < by 12. and
13. whenever they are satisfied for - and 4 . For c), the axioms (L1) and
(L2) are satisfied for > and A by 5.,6.,7. and 8. whenever they are satisfied
for F and 4. For d), It remains to verify (T4). It is verified by 9. and 10.
whenever (R1) holds for - and - . O

4. Trigroups

In this section, we introduce the notion of trigroups and study several prop-
erties on the conjugation operation on them.

Definition 4.1. A trisemigroup A is a trimonoid if there exists an element
1 € A such that

lbe=2x=2-1 forall ze€ A (1)

Note that the distinguish element 1 € A satisfying () may not be unique.
Set
Up:={e€A:etax=x=x-e forall z € A}.

This set is referred to as the set of bar-units in A.
A trimonoid is a trigroup if for all x € A, there exists = € A (called
inverse of ) such that

sz l=1=z"'42z and zLla'=1=2"" 1L x.

A morphism between two trigroups is a map that preserves the 3 binary
operations and is compatible with bar-units and inverses.

Remark 4.2.

a) If (A,F, L, ) is a trigroup, then (A, F, ) is a digroup. In other words,
there is a forgetful functor Trig — Dig from the category of trigroups
to the category of digroups.

b) e is a bar-unit in (A,F, L, ) if and only if e is a bar-unit in the
underlying digroup (A,+, ).
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¢) If F=1=H, then we simply have a group. So we get a functor from
the category of groups to the category of trigroups. Moreover, we may
regard the trivial group as a trigroup, and thus a zero object in the
category of trigroups.

Example 4.3. Let M be a set and H a group acting on the left of M.
Suppose that there exists e € M satisfying he = e for all h € H, and H acts
transitively on M — {e}. Now define on A := M x H, the following binary
operations:

i) (u,h)-(v,k) = (hv, hk),
i) (u,h)(v,k) = (u, hk),
iii) (u,h)L(v, k) = (e, hk)

for all u,v € M and h,k € H. One readily shows that (A,F, L,) is a
trigroup with distinguish bar-unit (e, 1) in which (e, h~1) is the inverse of

(u, h).

Example 4.4. Let Z(K,n) be the center of GL(n,K), the general linear
group of degree n with coefficients in K. Define on A := K" x Z(n,K) the
following binary operations:

i) (z, M)-(y,N) = (My, MN),
ii) (z,M)4(y,N) = (x, MN),
i) (2, M)L(y,N) = (0, MN)

for all z,y € K® and M, N € Z(n,K). Then by Example 4.3, (A,F, L, ) is
a trigroup with distinguish bar-unit (0, I,) in which (0, M~!) is the inverse
of (x, M), where I,, is the identity matrix.

Lemma 4.5. Let (A, L, ) be a trigroup. Then the following is true:
HaFl=1laox=2l1l=14z= (27! for all z € A.
3) (zLy)t=ytLa ! forallz,yc A

) (zrFy)t=ytraet=y 4z = (x 4y~ for all 2,y € A.
Consequently, (z=1)71)~t =2~ 1L

2) sl raky=atalFy=y foralzycA.
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5) The set J = {ox~! : x € A} is a group in which F=1=- . This
produces a functor from the category of trigroups to the category of
groups.

6) The mapping ¢ : A — J defined by x — (z~1)~! is an epimorphism
of trigroups that fixes J, and ker ¢ = Ll 4.

Proof. Let x € A. Then
xl—1:x|—(x_1j_ac)L:2(xl—x_1)J_lej_m.

Similarly, one proves 1 4 =« L 1. In particular, 1 L 1=1F1=141=
1. Also,

(zll)Llat=@Ll@t4z) L2t 2 (z Lz Hz) Lzt
—(1Hdz)La ' B1l@ra)=11L1=1
Similarly, one proves that x=! L (1 L z) = 1. Therefore, 1) follows by

[5, Lemma 4.3(2)] and [5, Lemma 4.5(1)] . 2) follows from |5, Lemma 4.5]
since (A,+, ) is a digroup. To prove 3), let x,y € A. Then

ass 1)

(b 'Lla ) Ll@ly = (L Le) Ly=y L1 Ly =1

Similarly, one proves that (z Ly) L (y=! L2~ =1. Also
@ly k@ La ) Zak k@ La ) Zak (yFy™) Lah)

N

:xl—(1J_x_1)L:2(:L‘I—l)J_:L‘_llz(l—Mc)J_x_l
Bil@ra)=111=1
Similarly, one shows that (y~! L 271 4 (z Ly) = 1.
For 4), note that by [5, Lemma 4.5(2)], It is enough to show that
(ylraz ) L(zkFy)=1land (z4y) L (y~ ! 427!) = 1. Indeed,
. _ L2 _ _ T4 _ .
(y'Fa) L@k Sy @ Lky) =y E (@ Ha) Ly))

Sy ALy 2yt ) B Ly

=1F1=1.

The proof that (z 4y) L (y~! 427!) = 1 is similar. The consequence
above mentioned follows as (™)™ )" ! =(zF 1) =1F 27! =27 due
to 1).

For 5), note that since (A,+,) is a digroup, it follows by [5, Lemm 4.5]
that J is a group in which F=-. It remains to show that 1 =F . Indeed, for
all z,y € A,
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I3

(@ Ly ) Ay Ha) = (@ Ly ) Hy) e
('L tHy)Hdz=(tL1)Hz

B ll(14a)

=1 since (z7)"'=2z+1 by Lemma 4.5(1).

(@' Ly HA(yta)

1

Also,
(yka)b (@' Ly

IS

(yFao)Fa ™) Ly 'S (yh(eka™h)) Ly
=(yr1y Ly
=1 since (y ) '=ykF1 by Lemma 4.5(1).

Moreover,

(ho) L@ Ly ) (gra) La ) Lyt 2 ((yh (o Lah) Ly
=(yF1) Ly '=1 by Lemma 4.5(1).

Finally,

@' Ly HLlyra) e Ly Liyka) Ea Ly Hy) La)
=z '1(1Lla)=1

since (r ) '=2F1=112by Lemma 4.5(1).

Sorx ' Ly t=(yFa)t=2"!Fy L Therefore L=F in J.
For 6), it is clear that for x € {\, L, 4}, and for all z,y € A, we have

dxxy) = ((xxy) ) =@ xa) T = @) x ()T = d(@) *x(y),

and

¢(1) =gz o) = (@) F o) =@ ) F () ™H)!
2 (e H ke l=@rzH=1)"=1

Moreover, it is clear that ¢(z~!) = ((z71)71) ™! = (¢(x))"!. So ¢ is a
trigroup homomorphism. ¢ is onto because ¢(J) = J, since for any y :=

z=t € J, we have ¢(y) = (y 1)t = ((@=H)~H ! Yo y. In addition,

we have for all e € U4,

ple)ry=gle)rat=¢(e)F oz ) =dlera ) =g ) =2 =y
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So ¢(e) € iy ie. ¢(e) =1 since J is a group. Therefore Ly C ker ¢. Now
let 7 € ker ¢, i.e ¢(z) = 1. Then by 1), 1 4z =2+ 1= (z71)7! = 1. So for
all y € A, we have

ass

zFy=2F(QFy) = (F)Fy=1Fy=y,

and
y—|x:y—i(1|—x)gy%(l%x)zy%lzy.

It follows that = € 4. Therefore ker ¢ C 4. This completes the proof. [

Example 4.6. Consider the trigroup A := M x H of Example 4.3 . Then
J ={e} x H and {4 = M x {1} since for all u € M and h € H, we have
(u, 1) = (v, k) = (v, k), (v,k) 4 (u,1) = (v,k) and (e, k~1) is the inverse of
(v, k) for all w € M and (v, k) € A.

Let (A,F, L, ) be a trigroup, and consider the ternary operation
[—,—, —]:Ax Ax A — A defined by [z,y,z]=(x Ly)F 2z (y~! La1).
This operation is a generalization of the conjugation on digroups |5, Equa-
tion (13)] to trigroups.

Lemma 4.7. Let (A, L, ) be a trigroup. Then the following is true:
1) et € Uy for alle € Ua.
2) [x,y,1] =1 for all x,y € A.

3) [e1,e2,x] = x for all e1,es € Uy and x € A.

4) For all z,y € A, the map A [m’y—’;} A which associates [x,y, z] to any
z € A is an epimorphism of the underlying trimonoid A.

Proof. To prove 1), let z € A and e € 4l4. Then
elhz=elF(QF2)=etF(1He)F2)
e t-1He) k2
—1Fz=2z since (e7')"'=eF1 by Lemma 4.5(1).
Similarly, we show that z 4 e~! = 2. Therefore e~ € 4.
To prove 2), let x,y € A, and set § = x1 L x2. Then
2,y ] =@ Ly 1@y La ) =(@ Ly F)H (e Ly
=@F1)407'=1 since () '=0F1 by Lemma 4.5(1).
To prove 3), let z € A and ey, ey € Uy. Then
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[e1,e9,2] = (e1 Leg) 2z 4 (efl 1 651) =((eg Lex)F2)H (ef1 1 651)
Lzl(61I—(egl—z))—|(el_lj_ez_l):(egl—z)—i(el_lJ_eg_l)
:z—|(el_lJ_egl)Iilz—i(efl—ieQ_I)L:lz—iel_llz)z.
To prove 4), let x1,22,y,2 € A and set § = 21 L x5. Then
i) [xl,xg,y]—|[x1,x2,z]:(9|—y—|0_1)—1(0|—z—|9_1)
Bor(yH4o) 40 (z-407Y)
LOE(yHOTH0OF (z4607Y))
Bor (40404 EA401)
OO H0) A (z4671))
=0k (y4(14(z467Y))
Borw4ar (46
=0 (440 Z o (yH42) 4671
= [x1, 29,y 1 2].
ii) [ml,xg,yl—z]:el—(yl—z)—mfl
=0k ((yA1)Fz) 40"
=0+ ((y4 0 140)F2) 467t
ZOF (g0 o) F2)H467E
ZO0F (w40 HF@OF2)4671
(O @) (@OF2)H467!
BorwH4o ) (0Fz2) 46
=@FyH40 ) @OFz407")
= [z1, 22, y] - [21, 22, 2].
iii) (1, 20,y L 2] =0F (y L2)4671
=0y L(1Fz2)467t
=0y L((OPLOF2)4671
Yok (y ( L 2)) 4ot
_QF(( HLrFz)H6e7t
BoryHo) L(orz2)46!
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BorwH4o ) L(0rz) 46
[$15$27y] J‘ [CCl,.’EQ,Z].

In addition we have by 2) that [z,y,1] = 1 for all z,y € A. That [z,y, —|
is onto follows by 3). O
Lemma 4.8. Let x1,22,y1,Yy2,2 € A and set 0 = x1 L xo

1) 0F z = [z1,22,2] 16.

2) 0F (y1 Ly2) = [x1,22,y1] L (OF y2).

3) |21, 22, [y1,y2,2)] = [t1,t2 - 0,2] where t1 = [z1,22,11] and to =

[37171'2792]

Proof. For 1) we have
[r1,22,2] 40 =(0OF 240740 =((0F2) 4671 46

LOF)HO ) =OF2)H1=0F 2
For 2),
OF (y1 Ly2) =0 (1 41) Lya) =0F ((yr (67" 46)) L)

EOE (14071 H40) L) EOF((y1407) L@+ y2))

ZOF@i—407) L OF y) = [zaay] L (0F ).
For 3),
(21,22, [y1, 92, 2]] = (z1 L 22) F [y1,92,2] 7 (w1 L zg)
=0 ((y1 Ly2)Fz-(p L)) H67"
EOF @ Ly)FzA((p Lyt 407
=(OFw1 Ly2)FzA4(0F(y1 Lye))™' by Lem. 4.5(4)

)
(t1 LOFy)Fzd(t L(0Fy)!
)

(tl (tg = 9) F 2z (tl 1 (tg = 9))71 = [tl,tg = 0,2]
]

&2

=

5. Relating trigroups to Leibniz 3-algebras

Given a field K of characteristic different to 2, a Leibniz 3-algebra [3] is
defined as a K -vector space g equipped with a trilinear operation [—, —, —] :
g%3 — g satisfying the identity

[$1,m2,[y1, Y2, y3]] = [[x17x27y1]7y27y3]+[y17[x1? r2, y2}7y3]+[y17 yQa[xla z2, y3]]
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Recall also from [1, Definition 2.1] that a 3-rack (R, [—, —, —]) is a set
R endowed with a ternary operation [—, —, —] : R x R x R — R such that

(3r1) [z1,22,[y1, 92, 2]] = [[z1, 32, 31], [21, 22, y2], (w1, 2, 2]]

for all 1, z2, 1,12, 2 € R.

(3r2) For z,y,b € R, there exists a unique z € R such that [z,y, z] = b.

If in addition there is a distinguish element 1 € R such that
(3r3) [1,1,2z] =z and [z1,29,1] =1 forall xy,29,2 € R,
then (R,[—,—,—],1) is said to be a pointed 3-rack.
In the next proposition, we equip a trigroup with a structure of 3-rack.
This provides a functor from the category of trigroups to the category of

pointed 3-racks, analogue to the functor from the category of digroups to
the category of pointed racks studied in [5].

Proposition 5.1. Let (A,F, L, ) be a trigroup with distinguish bar-unit 1.
Then (A, [—,—,—]) is a 3-rack pointed at 1, where the operation [—,—,—] :
Ax AxA— Ais defined by

[,y,2] =(x Ly Fz- @yt Latb).

Proof. To verify the axiom (3rl), we have by the property 3) of Lemma 4.8
that [z1, 22, [y1,y2, 2]] = [t1, %2 1 0, 2] where t1 = [v1, 22, y1], ta = [71, 22, Y]
and § = x21 L z9. So

[acl,acg, [yl,yg,z]] = [tl,tz — 9,2’] = (tl 1 (tg - 9)) [ z - ((tl 1 (tg - 9))_1
Bt L) 40) b2 ((ty Lta) 46)7
(ty L) 40) 2407 4 (¢ Lta)™)
(th Lta)F (OF 24071 4 (4 Lta)™))
@ (tl 1 tg) F ((9 FzA 9_1) = (tl 1 tQ)_l
(tl 1 tg) = [1‘1,1‘2,2] - (tl 1 tg)_l = [tl,tg, [xl,xg,zﬂ
= [[$1,x2,y1], [x1,x2,y2], [T1, 22, zH
To show the axiom (3r2), let z,y,b € A, and set § = x L y and z9 =
6=+ b 6. Then
[z,9,20lr=0F O FbH4) 40 =@F0 ) b4 (0467
=1FbH41=0b41=0.

~

1
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For uniqueness, let z € A such that [x,y,2]g = bie 0+ 246071 =b.
So

A =1 (40 =0 HO) (2407
Yo tr@or(z40 ) =0"F0.
Therefore

z=zA1=240""40)=(z40")40=(0""Fb) 40 = 2.
The axiom (3r3) is satisfied by the properties 2) and 3) of Lemma 4.7. [

Now, we pay a particular attention to trigroups equipped with a smooth
manifold structure.

Definition 5.2. A Lie trigroup (A,F, L,-) is a smooth manifold A with
a trigroup structure such that the operations -, 1,4: A x A — A and the
inversion (.)~!: A — A are smooth mappings.

Clearly, the pointed 3-rack of Proposition 4.7 induced by a Lie trigroup
inherits the smooth manifold structure, and is therefore a Lie 3-rack. It was
proven in [1, Corollary 3.6] that the tangent space of a Lie 3-rack at the
distinguish element 1 has a Leibniz 3-algebra structure. As a a consequence
we have the following Corollary.

Corollary 5.3. Let (A,F, L, ) be a Lie trigroup and (A, [—, —, —]) its in-
duced Lie 3-rack, and let g := T1A. Then there exists a trilinear mapping
[—, —,—lg: 9 xgxg— g such that (g,[—, —, —]g) ts a Leibniz 3-algebra.

Concluding remarks

Let (A,F, L, ) be a trigroup with with £ C A the set of bar-units and
J < G the group of inverses. Then (A, +, ) is a digroup. So by [5, Theorem
4.8], there is an isomorphism 6 from (E x J,>,<) to A = E - J defined
by 0(u,h) = uw - h, where > and < are given by the formula (14) and
(15) in [5, Theorem 4.8]. The question arising naturally here is whether
one can define a binary operation A on E x J such that (A,F, L, ) and
(E x J,>>, A, <) are isomorphic as trigroups. To open the discussion on a
solution to this question, consider the trigroup A := M x H of Example
4.3. Then J = {e} x H and Uy = M x {1} are respectively its set of
bar-units and group of inverses. Then by |5, Theorem 4.8|, there is an
isomorphism 6 from 4 x J to the underlying digroup (A,F, ) defined
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(e,h). Now for u,u’ € Uy and h,h' € J, we have:
((u,1) (e, h)) L ((u',1) H (e, 1))
(u,1) L ((e,h) = (', 1) A (e, 1))

= (u,1) L (b, ) F (e, ) = (u,1) L (et ')

= (e,hh’) = (e, 1) - (e, hh)

— 0((e, h')) = O((u, ) L (', ).
So 6 is a trigroup isomorphism between the trigroups (Uy x J, >, L, <)
and (A := Uy - J,F, L, H). So for this example, Kinyon’s result in [5,
Theorem 4.8] for digroups trivially extends to trigroups with A=1 . In
general, providing any given digroup with a non-trivial trigroup structure

and characterizing trigroups in a sense similar to [5, Theorem 4.8| is open
for a future project.
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