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Topological semigroups from quasi-pseudometrics

and quasi-norms: an asymmetric generalization
Hamza Boujouf

Abstract. We explore topologies on semigroups and groups induced by families of quasi-
pseudometrics and quasi-norms, aiming to transform them into topological semigroups and
groups. We establish conditions under which these topologies are compatible with the algebraic
operations of semigroups and groups. Finally, we demonstrate the potential of these topologies

to endow a group into a bitopological group structure.

1. Introduction

The problem of constructing topologies on algebraic structures that are compati-
ble with their operations is a fundamental one in topology and algebra. A classical
method for achieving this involves using families of distance functions. The pseu-
dometric space, originally introduced by Kuratowski, generalizes the concept of
metric space. Another significant and valuable generalization is the concept of a
quasi-pseudometric space, introduced and developed by Kelly J.C.[5]. A pivotal
result in this area is due to Markov A.A. [7], who showed how to constructed a
topology on groups using norms. This was later expanded upon by Mukhin V.V
and Boujouf H. [2], who established a characterization theorem for semigroups and
groups. Their work showed the equivalence between the joint continuity of multi-
plication, the continuity of right translations, and a pointwise uniform condition
for families of symmetric pseudometrics and norms. In recent years, the study of
non-symmetric topology has gained considerable attention due to its applications
in theoretical computer science and applied physics. This shift brings structures
such as quasi-pseudometrics and quasi-norms to the forefront, naturally raising
a fundamental question: do the classical compatibility results still hold when the
assumption of symmetry is abandoned?

In this work, we answer this question affirmatively. We investigate topologies
on semigroups and groups generated by families of left-invariant, right-invariant,
and invariant quasi-pseudometrics, pseudometrics, quasi-norms, and norms. The-
orem 2.5 is a non symmetric generalization of the result in [2]. We prove that the
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fundamental equivalence between joint continuity, continuity of tanslations and
a pointwise condition holds for families of left-invariant quasi-pseudometrics. To
provide a powerful tool for applying this theory we introduce the concept of a right
X-closed family(Condition D), which offers a verifiable sufficient condition for a
topology to be a semigroup topology.

A key insight of this paper is that the theory for quasi-norms is not a separate
endeavor but rather a direct and elegant application of our main results on quasi-
pseudometrics. By viewing a quasi-norm N as generating a left-invariant quasi-
pseudometric fy(z,y) = N(y~'z), we seamlessly translate problems about quasi-
norms into our established framework. This approach allows us to efficiently derive
a complete characterization of group topologies generated by families of quasi-
norms (Theorem 2.8).

Finally, we demonstrate that these topologies can transform a group into a
bitopological group. We examine the relationship between the natural left and
right topologies induced by quasi-norms, providing conditions under which they
together form a bitopological structure.

A mapping f : X x X — [0,400) is called a quasi-pseudometric on a set X
if for all x,y,z € X , f(z,z) =0 and f(z,y) < f(z,2) + f(z,y). Additionally, if
f(z,y) = f(y,z) then f is said to be a pseudometric. A quasi-pseudometric (or
the pseudometric) f on a semigroup X is said to be left-invariant (resp. right-
invariant) if f(zy,xz) = f(y,z) (resp.f(yz,zz) = f(y,2)) for all z,y,z € X.
Furthermore, f is called invariant if it is both left-invariant and right-invariant.

A semigroup (group) X is called a topological semigroup (topological group)
if it is endowed with a Hausdorff topology and the multiplication (z,y) — zy :
X x X — X is jointly continuous (and in the case of a group, the inversion
x> 271 X — X is also continuous).

If a group X is endowed with two topologies 7 and 79, where the mappings
(z,y) = ay: (X,71) X (X,72) = (X,71); (x,y) = 2y : (X,71) x (X, 72) = (X, 72);
v ol (X)) = (X,m); 2= a7t (X, 1) = (X,72) are continuous, then
(X, -, 71, 72) is called a bitopological group.

Let (G,-) be a group. A function N : G — [0,+00) is called a quasi-norm if
N(e) = 0,where e is the unit element of the group G, and there exists a constant
K > 1 such that N(zy) < K(N(z) + N(y)) for all z,y from G. If, in addition,
N(x) = N(x~1) then the quasi-norm is called a norm.

For undefined notation and terminologies on bitopological spaces, we refer the
interested reader to [5].

2. Results

A family ® of quasi-pseudometrics on a set X generates a topology 7y on X. A
subbase for this topology is given by the sets Bf(a,e) = {x € X : f(a,z) < €} for
any f € @, a € X, and € > 0.
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Theorem 2.1. Let a topology Ty on a semigroup X be generated by a family of
quasi-pseudometrics P.

(1) If each f € ® is left-invariant, then for any z € X the left translation
Ayt X = X,z zx is continuous in (X, 7).

(2) If each f € ® is right-invariant, then for any z € X the right translation
p.: X = X,z — xz is continuous in (X, 7y).

Proof. (1). We show that the preimage of any subbasic open set U = By(a,¢)
is open. For this let zg € A\;1(U), so f(a,2x0) < €. Let 6 = € — f(a,zzg) > 0.
Consider the neighborhood V' = Bjy(zy,d). For any = € V, f(z9,z) < §. By
left invariance, f(zxo,z2x) = f(xo,z) < §. By the triangle inequality, f(a,zz) <
fla,zz0)+ f (220, 22) < f(a,2z0)+8 = €. Thisshows z € A\;1(U),s0 V C A 1(U).
Since z was arbitrary, A\;}(U) is open and it follows that A, is continuous in
(X, Tf)'

The proof of (2) is analogous, using the right-invariance property. O

Theorem 2.2. Let a topology T¢ on a semigroup X be generated by a family of in-
variant pseudometrics {f}. Then, for any fized a,b € X the two-sided translation
map Nap 1 X = X, 2+ axb is continuous in (X, 1y) .

Proof. The map 7,4, can be written as the composition 1,.,(z) = pp(Aa(z)). By
Theorem 2.1, both p, and A\, are continuous. Since the composition of continuous
functions is continuous, it follows that 7, is also continuous. O

Corollary 2.3. Under the same conditions as in Theorem 2.2, the central trans-
lation map n, : X — X,z — zxz is continuous.

Proof. This is the special case of Theorem 2.2 with a = b = z. O

Remark 2.4. Let 7 be a topology on a set X generated by the family ® of quasi-
pseudometrics; that is, 7 is the topology induced by the uniformity Ug, which has
as a base the entourages {(z,y) € X x X: f(x,y) <€}, f € D, e> 0.

It follows from the definition of a uniform space that different families of quasi-
pseudometrics may generate the same topology. In particular, if ¢ is another family
of quasi-pseudometrics such that the uniformities Ug and Uy, coincide, then ¥ also
generates 7. Consequently, when studying properties of the topological structure
(X, 7) that depend only on the topology (and not on the specific choice of a
generating family), we are free to replace ® by any uniformly equivalent family.
This flexibility is used in the proof of Theorem 2.3, where we construct a right
X —closed family ®* that generates the same topology as the original family ®.

Theorem 2.5. Let (X, ) be a semigroup, and let ; be the topology on X generated
by the family © of left-invariant quasi-pseudometrics. The following conditions are
equivalent:

(A) (X,-,7) is a topological semigroup.
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(B) For every a € X, the right translations p, : X — X,z — xa are continuous.

(C) For every a € X, every f € ®, and every € > 0, there exist g1,...,g9n, € @
and a number § > 0 such that for all x,y € X
lrgggxngi(y,x) <d= f(za,ya) < e.
(D) The family ® is right X-closed, i.e. for every f € ®, and every z € X, the
function f.(x,y) = f(zz,yz) is also belongs to .

(E) For every a € X, the right translation map pe: (X, Us) = (X, Up) is unifor-
mly continuous, where Uy is the left-invariant uniformity generated by ®.

Furthermore, if X is a group and f(x,e) = f(e,x) for all x € X, where e is the
identity, then any of the obove conditions implies that the inversion map x +— x !
18 continuous.

Proof. We establish the equivalences by demonstrating the cycle (D) = (C) <
(E)=(A)= (B)= (C)= (D).

(D) = (C): If ® is right X-closed, then for any a € X, any f € ®, the function
fa(z,y) = f(za,ya) belongs to ®. Taking g1 = f, and J = €, we obtain (C).

(C) & (E): This follows directly from the definition of uniform continuity of
the right translation p, with respect to the uniformity generated by ®.

(E)= (A): Fixa,be X, f € @, and € > 0. By (E), there exist ¢g1,...,9, € ®
and a number § > 0 such that 1rga<xngi(y,x) < 0 = f(ab,yb) < e. Using left-

X

invariance, if x is sufficiently close to a and y is sufficiently close to b, then xy is
close to ab. This proves joint continuity of multiplication at (a,b) i.e., (X,-,7) is
a topological semigroup.

(A) = (B): If multiplication is continuous, then for any fixed a € X, the map
x — xa = pg(x) is continuous, as it is the composition of the continuous map
x + (z,a) and the continuous multiplication.

(B) = (C): Assume all right translations p, are continuous. Let a € X,
€ >0, and f € ®. For a fixed z € X The set By(za,e) = {z € X : f(za,z) <
€} is T—open neighborhood of za = p,. By the continuity of p,, the preimage
pa L (Bf(za,€)) is T—open neighborhood of z. Since 7 is generated by ®, there exist
91s---,9n € ® and § > 0 such that: {y € X : 1n<1ia<xngi(y,m) < 8} C pa ' (By(za,e)).

This implies that if maz 9i(y,x) < 4, then f(xa,ya) < e, which is condition (C).

(C) = (D): Assume condition (C) holds. Fix z € X and f € ®, and define the
function f,(z,y) = f(zz,yz). We show that f, belongs to the uniform closure of ®.
By (C) applied to a = z, for every € > 0 there exist ¢1,...,9, € ® and § > 0 such
that 1rgla<:vngi(y, x) < d = f(xz,yz) < e. This implies that the entourage {(z,y) €

X x X: f.(z,y) < €} contains the entourage (), {(z,y) € X x X: gi(y,z) < 6}.
Consequently, f, is uniformly continuous with respect to the uniformity generated
by ®. Now define ®* = {f,: f € ®,z € X}. Since each f, is 7o —continuous, the
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topology generated by ®* is contained in 7. Conversely, ® C ®* so 73 C 7g=«.
Thus, ®* generates the same topology 7. By Remark 2.4, we may replace ®
with the uniformly equivalent family ®*. By construction, ®* is X-closed. This
establishes (D).

Now, suppose X is a group and one of the equivalent conditions holds, with
f(z,e) = fle,x) for all f € ® and x € X. The inversion is continuous at
the identity e, indeed, consider ¢ > 0, By the joint continuity of multiplica-
tion (condition (A)) at (e,e), there exist ¢1,...,9, € ® and § > 0 such that
if maxg;(x,e) < 0 and mazg;(y,e) < 0, then f(zy,e) < elet z € X satisfy

1 K3

maxg;(z,e) < §. Then f(zx~! e) = f(e,e) = 0 < e. Using symmetry and left

invariance, f(z7!,e) = f(e,27!) = f(z,e) < e. Hence, inversion is continuous at
e. Since the topology 7 is translation -invariant, inversion is continuous on all of
X. This completes the proof. O

Example 2.6. 1. The semigroup (N, +).

Define d(z,y) = |z —y|. Then dy(x,y) = |(z+a) — (y+a)| = |z —y| = d(z,y).
Hence, the family {d} is right N-closed, so the induced topology is compatible with
the semigroup structure.

2. The semigroup (RT,-).

Define d(z,y) = |z — y|. For a > 0, do(x,y) = |za — ya| = a|x — y|, which is
again a multiple of d. Thus, the family {d} is right R-closed, and the topology is
semitopological.

3. Matrix semigroups.

For S = M, (R) with matrix multiplication, let d(A, B) = ||A — B|| for some
operator norm. Then d,(A, B) = ||[AP — BP|| = ||(A—-B)P| < |P||- ||[A— B, so
the family {d} is right S-closed. Hence, M,,(R), endowed with the operator norm
topology, is a semitopological semigroup.

Corollary 2.7. Let ® be a right X-closed family of left-invariant quasi-pseudometrics
on a semigroup X . Then the topology T generated by ® makes (X, -, ) into a topo-
logical semigroup.

Proof. This is an immediate consequence of the implication (D) = (A) in Theorem
2.5. O

Remark 2.8. The proof of the equivalence of the conditions (4), (B), and (C)
in Theorem 2.5, established via the cycle (C) = (A) = (B) = (C), is particularly
noteworthy. It does not rely on the symmetry property of the quasi-pseudometrics.
The crucial step in the argument, which generalizes the proof in [2], hinges on
the fact that for a function g; € @, the relation g;(sh,sy) = g¢;(h,y) holds as
a direct consequence of left-invariance. This demonstrates that the fundamental
compatibility between the algebraic and topological structures is determined by
the properties of invariance and the triangle inequality, not by the symmetry of
the metric.
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Remark 2.9. In [2], the equivalence among conditions (A4), (B), and (C) was
established. The present theorem extends this result by showing that these condi-
tions are further equivalent to (D) and (E). Thus, right-closure of the generating
family and uniform continuity of right translations provide natural structural char-
acterizations of topological semigroup topologies.

Theorem 2.10. Let G be a group, and let a topology T on G be generated by
a family of invariant pseudometrics ®. Then, for any a,b € G, the two-sided
translation map Mg : G — G, defined by ngp(x) = axb, is a homeomorphism.

Proof. Continuity follows from Theorem 2.2. To show it is a homeomorphism,
we note its inverse is also a two-sided translation: (17,) ' (z) = n,-15-1(z) =
a~'zb~!. Since o' and b~ exist in a group, and Ng—1 -1 is also continuous by
Theorem 2.2, it follows that 745 is a homeomorphism. O

A classical construction provides a canonical example of a right X-closed family,
thereby illustrating the power of Corollary 2.7. Let p be a finitely additive measure
defined on a ring S of subsets of a semigroup X, which is left-invariant on .S; that
is, u(B) = p(zB) for any B from Borel sets B(X) and x € X.

Theorem 2.11. Let Sy C S be a subfamily such that for each A € Sy, we have
w(A) < 0o and xA € Sy for all z in the semigroup X . Then the function fa(x,y) =
w(xAAyA) defines a left-invariant pseudometric on X. Furthermore, the family
O = {fa}taes, is right X-closed. Consequently, the topology generated by the family
{fa}aes, turns (X,-,7) into a topological semigroup.

Proof. The verification that f,4 is a pseudometric is standard (see,e.g., [8, Lemma
6, p.67] ). To prove left-invariance, let z,y,a € X. Then

falaz,ay) = plarAAayA) = pla(zAAyA)) = p(xAAYA) = fa(z,y),

where the critical second equality holds because the symmetric difference com-
mutes with the bijection z — az, and the third equality follows from the left-
invariance of the measure pu.
Next, since for every fa € ® and every z € X, (fa).(z,y) = fa(zz,yz) =
p(xzAAyzA) = foa(z,y), then the family {fa}acs, is right X-closed.
Consequently, by an immediate application of Corollary 2.7 the topology gen-
erated by this family turns (X, -, 7) into a topological semigroup. O

The following theorem provides a powerful and elegant characterization of
group topologies. It generalizes Theorem 4 from [2], by replacing the family of
globally symmetric pseudometrics with a family of quasi-pseudometrics that are
only required to be symmetric at the identity. This distinction is crucial, as it
shows that a weaker algebrac property can still yield the same strong topological
result.
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Theorem 2.12. Let G be a group and T a topology on G. Then (G,-,7) is a
topological group if and only if the topology T is generated by a right G-closed
family @ of left invariant quasi-pseudometrics, along with f(x,e) = f(e,x) for all
fedand allx € G.

Proof. (=). Assume that (G, -, 7) is a topological group.

1. Construction of left-invariant pseudometrics. Let N(e) denote the filter of
neighborhoods of the identity e in G. For each U € N(e), define a function
dy: GxG — [0, +00) by dy(x,y) = inf{n > slantl: xy~t € U} where Ul = U
and U™t = U™ . U. Tt is a standard result (see [3],p.59) that each dr; is a left-
invariant pseudometric, and the family ¥ = {dy: U € N(e)} generates the left
uniformity and the topology 7. Since each dy is a pseudometric, it satisfies the
symmetry condition dy(x,e) = dy(e,x) for all x € G.

2. Closing under right translations. Define ® = {(dy), : duv € ¥,z € G}, where
(dv).(z,y) = (dv)(zz,yz). Since each dy is left-invariant, each (dy), is also left-
invariant. By construction, ® is right G-closed: for any (dy), € ® and any w € G,
((dv)2)w (@, y) = du(zzw, yzw) = (dv)2w(z,y) € .

3. @ generates 7. For any diy € U, we have dy = (dy). € ® so the topology gener-
ated by ® contains 7. Conversely, for any z € G, the right translation p,: G — G
is a homeomorphism of (G, 7). Hence, the pseudometric (dy ). generates the same
topology as dyy. Therefore, ® generates exactly the topology 7.

4. Symmetry condition. For any (dy), € ® and any x € G, (dy).(z,e) =
dy(zz,ez) = dy(zz,2), and (dy).(e,z) = dy(ez,xz) = dy(z,xz). Since dy is a
pseudometric, dy(rz,2z) = dy(z,2z). Hence, (dy).(x,e) = (dy).(e,z), and the
symmetry condition holds for the entire family ®.

Thus, @ is a right G-closed family of left-invariant quasi-pseudometrics satisfying
the symmetry condition at the identity, and it generates 7. This establishes the
necessity.

(«<). Assume that the topology 7 is generated by a family ® with the given
properties. By Corollary 2.7, a topology generated by a right G-closed family
of left-invariant quasi-pseudometrics makes G into a topological semigroup. This
ensures that the multiplication map is jointly continuous. Moreover, the symmetry
condition at the identity f(x,e) = f(e,x) for all f € ® is precisely the condition
required by Theorem 2.5 to guarantee that the inversion map is also continuous.
Since both multipliction and inversion are continuous, (G,-,7) is a topological
group. O

This section applies the general theory developed above to the important spe-
cial case of topologies generated by families of quasi-norms on a group. We es-
tablish characterization theorems and explore the resulting bitopological struc-
tures. Note that every quasi-norm N, on the group G naturally induces two
quasi-pseudometrics:

e The left-invariant quasi-pseudometric : fy (z,y) = N(y~1z).
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e The right-invariant quasi-pseudometric gy (z,y) = N(xy~!).

Let N be a family of quasi-norms on G. This family generates two natural
topologies:

e The left topology 7, generated by the family ®;, = {fy : N € N}.

e The right topology 7., generated by the family ®, = {gn : N € N}.

In general, 7; and 7, are distinct. The primary focus is on the left topology 7,
which we will often denote simply by 7.

Note that each norm N is a continuous function with respect to both the right
and left topologies.

Theorem 2.13. Let N be a nonempty family of quasi-norms on the group G.
Define ®; = {fn(x,y) = N(y~tx) : N € N}, and let 7 be a topology on G
generated by ®;. The following conditions are equivalent:

(A") (G,-,7) is a topological group.
(B') For every a € G, the right translations p, : G = G, x — xa are continuous.

(C") For every a € G, N € N, and o > 0, there exist Ni,..., N € N and a
number > 0 such that mqai‘Ni(x_ls) < B = N((za)"'sa) < a for all

i

s,z €G.

(D' the family N is conjugation-closed, i.e., for every N € N and every z € G,
the function N, defined by N,(z) = N(z 1xz) also belongs to N.

(E') For every a € G, the right translation p, : (G, U) — (G, U) is uniformly
continuous, where U is the uniformity generated by ;.

Furthermore, if each N € N satisfies N(x) = N(x™1) for all x € G, then the
inversion map T — x 1 is continuous.

Proof. The equivalences follow by translating the conditions (A) — (E) from The-
orem 2.5 into the family ®; generated by N € N:

The equivalence of (A’), (B’), (E’) is immediate from the difinitions, since
(4) & (4), (B)) & (B), (F) & (E).

The equivalence of (C') with (C) follows by substituting f = fx and g; = fn;,
which shows that (C”) is precisely (C) expressed in terms of quasi-norms.

The equivalence of (D’) with (D): Assume N is conjugation-closed ((D’)). Let
fx € ®and z € G. For x,y € G, (fn):(z,y) = fn(vz,y2) = N(z7 'y laz) =
N.(y~'z) € ®;. Thus, &, is right G-closed (condition (D)). And conversely if @,
is right G-closed, then for N € N and z € G, (fn), € ®; implies some quasi-norm
M € N satisfies N,(z) = M(x), i.e. N, € N.Therefore, N is conjugation-closed
(condition (D).

Finally, if N(z) = N(z~!), then fy(z,e) = fn(e,z). And by Theorem 2.5,
the inversion map is continuous. Hence, all conditions are equivalent. O
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Example 2.14. 1. ADDITIVE GROUP (R,+). Let N = {N(z) = |z|}. Then
& = {fnv(z,y) = |y — z|}, which is right-closed. The topology generated is the
usual topology, making (R, +) a topological group.

2. MATRIX GROUP GL,(R). Let N(A) = ||A|| be an operator norm. For
z € GL,(R), N,(4) = ||z7'Az|| € N, so the family N is conjugation-closed.
The induced topology is the usual norm topology, making GL, (R) a topological
group.

3. LOCALLY CONVEX VECTOR SPACES (V,+). Let N = {N,(z) = p(x)}, p a
seminorm on V. Since (V,+) is abelian group, conjugation is trivial, and thus N
is automatically conjugation-closed. The generated topology coincides with the
usual locally convex topology, making (V, +) a topological group.

4. FREE GROUPS F,, WITH WORD LENGTH. Let F,, be the free group on n gener-
ators, and let N(w) = N(w~!) be the reduced word length. Conjugation-closure
holds up to equivalence (the length changes by bounded length), and symmetry
holds N(w) = N(w™'). The topology generated by fy(z,y) = |y~'x| is the
standard word-metric topology on F;, making it a topological group.

Corollary 2.15. If N is conjugation-closed, then the left topology generated by N
makes G a topological group.

Proof. This follows immediately from Theorem 2.13 ((D') < (B')). O

Theorem 2.16. Let 7 be a left topology on a group G for which the left transla-
tions are continuous. Then (G,-,T) is a topological group if and only if, for every
neighborhood U of the identity e, there exists a continuous quasi-norm N on G
such that N(G\ U) = {1} and N(U) C [0,1).

Proof. (=). Assume (G, -, 7) is a topological group. let U be a neighborhood of e.
Then there exists a symmetric neighborhood V' of e such that V-V C U. According
to [4, Theoreml], there exists a quasi-norm N on G such that N(G \ V) = {1}
and N(V) C [0,1). Since V C U, it follows that G\ V C G \ U. Therefore, for
any ¢ € G\ U, N(z) =1, 1ie, N(G\U) = {1}.

(«<). Assume that the condition holds. Since 7 is a left topology for which
the left translations are continuous, the multiplication is continuous (see [1]). It
remains to prove that inversion is continuous.

Let U be an arbitrary neighborhood of e. By hypothesis, there exists a con-
tinuous quasi-norm N such that N(G \ U) = {1} and N(U) C [0,1). Define
W = N~1([0,1)). Since N is continuous and N(e) = 0, the set W is an open
neighborhood of e. Moreover, if x € W, then N(z) < 1, which implies z € U.
Therefore W C U. Now, consider the set U~!. Since left translations are home-
omorphisms and U is a neighborhood of e, U~! is also neighborhood of e. By
applying the hepothesis to U~!, there exists a continuous quasi-norm M such
that M(G\U™') = {1} and M(U~') C [0,1). Define V.= M~1([0,1)). Since
M is continuous and M (e) = 0, V is an open neighborhood of e. Furthermore, if
x € V, then M (x) < 1, which implies € U~!. Therefore V C U~!, which means
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V~1 C U. This proves that inversion is continuous at e, and by left-invariance, it
is continuous everywhere. Therefore, (G, -, T) is a topological group. O

Remark 2.17. The necessity of the continuity of inversion is highlighted by the
Sorgenfrey line. Endowed with the usual addition and the Sorgenfrey topology, it
is a paratopological group (multiplication is jointly continuous and translations are
continuous) but inversion is not continuous. In this case the condition in Theorem
2.14 fails, there does not exist a continuous quasi-norm for every neighborhood of
the identity. The Sorgenfrey line is an example that demonstrates the necessity of
the continuity in this theorem and shows that the requirement of the continuity
of inversion is essential and cannot be omitted.

Theorem 2.18. Let N be a norm on the group G. Then, the left and right
topologies coincide, 7, = 7., and (G, -,T) is a topological group.

Proof. Basic neighborhood of the identity e are given by

Vi={ze€G: fx(r,e)<el={reG:N(elz)<e}={r€G:N(x) < e}

Vi={r€G:gn(z,e) <e}={r€G: Nwel)<e}={r€G: N(x)<e}.

Thus, these neighborhoods coincide, and hence 7, = 7.

Now, let V.= {# € G : N(z) < €¢}. Since N is a norm, N(z) = N(z7!).
Then V! C V, proving inversion is continuous at e. By translation invariance,
inversion is continuous everywhere.

The multiplication is also continuous. Indeed, let V' = {z € G : N(z) < €}.
Since N is a quasi-norm, there exists K > 1 with N(zy) < K(N(x) + N(y)).
Choose § = 5% and U = {z € G : N(x) < 0}. Then for z,y € U, N(zy) <
K(N(z)+ N(y)) < K(2§) = e. Thus, zy € V, proving joint continuity at (e,e).
Left invariance extends this to all points. Hence, (G, -, 7) is a topological group. [

Example 2.19. 1. ADDITIVE GROUP (R, +). Let N(x) = |z|. Then 7, = 7, is
usual topology, making (R, +) a topological group.

2. MATRIX GROUP GL,(R). Let N(A) = ||A—I|| for an operator norm ||-||. Then
7). = Tr,coincides with the standard norm topology, making GL, (R) a topological
group.

3. LOCALLY CONVEX VECTOR SPACES (V,+). Let N = {N,(z) = p(z)} be a
seminorms defining on V' a locally convex topology. Then 7, = 7., making (V, +)
a topological group.

Theorem 2.20. Let N = {N,}icr be a family of quasi-norms on a group G. Let
71 be the left topology generated by the family of left-invariant quasi-pseudometrics
{fn,(z,y) = N;y(y~tz) : N; € N}, and let 7, be the right topology generated by the
family of right-invariant quasi-pseudometrics {gn,(z,y) = N;(xzy~1) : N; € N}.
Then (G, -, 1, 7) is a bitopological group if and only if both (G,7;) and (G,T,) are
topological groups and the identity map id : (G, 7)) — (G, ) is a homeomorphism.

Furthermore, a sufficient condition for these properties is that every quasi-norm
N; € N is a norm.
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Proof. (=). Assume that (G, -, 7, 7) is a bitopological group. Then the multipli-
cation is continuous from (G,7) x (G, 7.) into both (G,7;) and (G,7.). And
inversion is continuous in both (G,7;) and (G,7,). Hence (G,-,7), (G,-, )
are topological groups. Indeed, take a € G. A basic 7,.-neighborhood of a is
V={yedG: q@eaJﬂcgNi(a,y) <e ={yeG: T?eafNi(ay_l) < €}, for some

finite J C I, € > 0. By continuity of multiplication at (e,a) in the mixed topol-
ogy (G,7) x (G,7) — (G, 7.), there exist a 7-neighborhood U of e and a 7,.-
neighborhood W of a such that U - W C V. Sincea € W, U -a CU-W C V.
Because right translations are homeomorphisms in 7;, the set U - a is 1-open,
hence V' is 7j-open. Thus id : (G,7;) — (G, 7,) is continuous. So the multiplica-
tion in (G, 7;) is continuous because it is the composition (G, 7;) x (G, 7;) L,
(G, ) x (G, 1) & (G, 1), with p(z,y) = xy. The first map is continuous since id
is, and the second by assumption.

A symmetric argument shows that multiplication is continuous in (G, 7).

Now let us show that id is a homeomorphism. We already proved id : (G, 7;) —
(G, 7,.) is continuous. For the inverse, take a € G. A basic 7-neighborhood of a
sU={yeG: TeafFNi (a,y) <et={yeG: q@eaf]\f,;(ayfl) < €}. By continuity

of multiplication at (a,e) in the mixed topology (G, 1) x (G,7;) = (G, 1), there
exist a 7.-neighborhood V' of a and a 7;-neighborhood W of e such that V-W C U.
Sincea e V,a-W CV-W C U. Because left translations are homeomorphisms
in 7,., the set a - W is 7.-open, hence U is 7.-open. Thus id~' : (G,7,) — (G,7;)
is continuous. So id is a homeomorphism.

(«<). Conversely, assume that both (G, -, 1), (G, -, 7.) are topological groups,
and that id : (G,7;) — (G, 7,) is a homeomorphism. Then inversion is continu-
ous in both by assumption; composing the continuous map (z,y) — (x,id " (y))
is continuous from (G,7) x (G,7,) to (G,7) x (G,7) with multiplication in
(G, ) shows continuity of the multiplication (G,7;) x (G, 7,) = (G, 7); the map
(G,m) x (G, 1) = (G, 7,) is continuous by symmetry. Hence (G, -, 7y, 7gy) is a
bitopological group.

At the end, suppose each N; is a norm, i.e., N;(x) = N;(2~!). Then fy,(z,y) =
Ni(y~tz) = Ni((y~'2)~") = Ni(z™'y) and g, (z,y) = Ni(zy ") = Ni((zy~")~") =
N;(yz~1). In a neighborhood of e in 7; has the form {z € G : N;(z) < €}, while
in 7, it is {x € G : N;(71) < €}. By symmetry this coincide, so 7, = 7,.. Thus,
this common topology is generated by a family of norms, which, by Theorem 2.13
makes G a topological group. With 7; = 7., both conditions are satisfied, hence
(G,-,7,7) is a bitopological group. O

Theorem 2.21. Let N = {N,}icr be a family of quasi-norms on a group G. Let
71 be the left topology generated by the family of left-invariant quasi-pseudometrics
{fn,(z,y) = N;y(y~tz) : N; € N}, and let 7, be the right topology generated by the
family of right-invariant quasi-pseudometrics {gn,(z,y) = Ni(zy~') : N; € N}.
A sufficient condition for (G, -, 7, 7) to be a bitopological group is that N satisfies
the following asymmetric symmetry condition: there exists a constant C > 1 such
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that for every N; € N and every x € G, N;(z71) < CN;(x).

If this condition holds, then both (G,-,7;) and (G,-, 1) are topological groups.
If in addition, the identity map id : (G, 7)) — (G, 7.) is a homeomorphism, then
(G, -, 71, 7) is a bitopological group.

Proof. We prove the claim for (G, -, 7;); the argument for (G, -, 7;.) is analogous.

Since 7; is generated by left-invariant quasi-pseudometrics, all left translations
are homeomorphisms. Hence, to check continuity of group operations, it suffices to
verify continuity at the identity e. Let W = {y € G : N;(y) <¢,N; € N, e > 0} be
a basic 7-neighborhood of e. By the asymmetric symmetry condition, N;(z~!) <
CN;i(z), define U = {x € G : Ny(z) < &}. Then U is a 7-neighborhood of e. If
z € U, then Nj(z™') < C-Nj(z) < C-& =¢s0a"t € W. Thus, U"' C W.
Hence inversion is continuous at e, and therefore everywhere.

Let us now show the joint continuity of multiplication in (e,e). Let W = {z €
G : N;(2) < ¢,N; € N e > 0} be a basic 7;-neighborhood of e. Since each N; is a
quasi-norm, there exists a constant K; > 1 such that N;(zy) < K;(N;(z)+ Ni(v)),
for all z,y € G. Choose § = 57—, and define U = {r € G: N;(x) <é,N; € N,§ >
0}, then for z,y € U, N;(zy) < K;(Ni(z) + Ni(y)) < K;(d +6) = 2K;0 = ¢, so
axy € W. This proves that multiplication is jointly continuous at (e, e), and hence
everywhere.

Therefore, (G, -, 7;) is a topological group. By a symmetric argument, (G, -, 7;.)
is also a topological group.

By Theorem 2.20, (G, -,7;,7) is a bitopological group if and only if (G, -, 7;),
(G, -, 1) are topological groups, and the identity map id : (G,7;) — (G,7.) is a
homeomorphism.

The asymmetric symmetry condition guarantees the first requirememt. If, in
addition, the identity map is a homeomorphism, then the bitopological group
structure follows. O

Corollary 2.22. If every quasi-norm N; € N is, in fact a norm, then (G, -, 7, 7)
s a bitopological group. In this case, the topologies Ty and T, coincide.

Proof. If each N; is a norm, then The asymmetric symmetry condition is satisfied
with constant C' = 1, since N;(z~!) = N;(z). Therefore, by Theoerem 2.21, both
(G,-, 1), (G,-, 1) are topological groups. Moreover, the neighborhood bases at
the identity coincide : Bl (e,€) = {x € G : Ny(x) < e} and By (e,¢) = {z € G :
N;(z) < €}

Hence,7; = 7,.. Since both topologies are translation-invariant, it follows that
the identity map id : (G,7;) — (G, 7,) is trivially a homeomorphism. Therefore,
by Theorem 2.20 (G, -, 7, 7) is a bitopological group. O

Note. Corollary 2.22 shows that if the generating quasi-norms are symmetric (i.e.
true norms), then the natural topologies 7; and 7. automatically coincide. In this
case, the bitopological structure does not yield new phenomena; it reduces to the
familiar framework of a single topological group.
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The real significance of Theorem 2.21 emerges in the asymmetric case, where
quasi-norms are not symmetric and the left and right topologies may genuinely
differ. The asymmetric symmetry condition then ensures that both topologies are
still compatible enough to form a bitopological group.

Example 2.23. 1. In the additive group (R, +) with the norm N(z) = |z|, the
left- and right-invariant quasi-pseudometrics are fy(z,y) = |z — y|, gn(z,y) =
| —y|. Hence, 7, = 7, is the standard Euclidean topology. Thus by Corollary 2.22
(R, +, 7, 7-) is a bitopological group, which coincides with the usual topological
group (R, +, 7).

2. Let G = (R?,+) be the additive group of the plane. Define the quasi-norm
N(z,y) = |z| + 2Jy|. This is symmetric, since N((z,y)"!) = N(—z,—y) =
|z] + 2]y| = N(x,y). Thus, the asymmetric symmetry condition of Theorem
2.21 is trivially satisfied with constant C = 1.The induced left and right quasi-
pseudometrics coincide. For (z,y), (u,v) € G, fn((z,y), (u,v)) = N((u,v)™! +
(,9)) = Nz —u,y —v) = [z —u[ + 2|y — v|, gn((2,9), (u,v)) = N((z,y) +
(u,v)71) = N(x —u,y — v) = |z — u| + 2|y — v|. Hence fy = gn, so the gener-
ated topologies coincide:7; = 7., which is precisely the topology induced by the
norm ||(z,y)|| = |z| + 2]y|. Therefore, Theorem 2.21 ensures that both (G, +,7),
(G, +, 1) are topological groups. However, the resulting bitopological structure
(R%, +, 71, 7,) is trivial, since the two topologies coincide.

Proposition 2.24. Let (G,-,7;,7.) be a bitopological group generated by a family
of quasi-norms N = {N;}icr. Then the following are equivalent:

1. The left topology 7 is T;.
2. The right topology T, is T;.

3. The family N is separating; i.e., for every g # e in G, there exists some
N; € N such that N;(g) > 0.

In particular, if N is separating, then the bitopological group (G, -, 1, 7,) satisfies
the Ty separation azxiom.

Proof. In any topological group (and thus in both 7; and 7, ), the T} property is
equivalent to the singleton {e} being closed. This holds if and only if the inter-
section of all neighborhoods of e is {e}. We define the neighborhood bases at the
identity e. The left neighborhood base at e, Bj(e), consists of all finite intersec-
tions of sets of the form U; . = {h € G : N;(h) < ¢, N; € N,e > 0}. Similarly, and
the right neighborhood base at e, B,.(e), consists of all finite intersections of sets
of Vie={heG:N;(h7') < e N; € N,e>0}.

Thus, the T} condition is equivalent to NB;(e) = {e} and NB,(e) = {e}.

(3) = (1): Assume N is separating. Let g # e, Then there exists N; € N
such that N;(g) =0 > 0. Set e = g, then basic neighborhood U; . contains e but

g ¢ U, .. Hence NBy(e) = {e}, and thus 7; is T7.
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(1) = (3): Assume 7; is T7. Let g # e. Then there exists a neighborhood
U € By(e) such that g ¢ U. Write U = N7, U;, ... Then g # e implies that for
some k, g ¢ Ui, ., hence N;, (g) > € > 0. Therefore, N is separating.

(3) = (2): Assume N is separating. Let g # e. Then g=! # e, so there exists
N, € N such that N;(g7') =6 > 0. Set ¢ = g. Then g ¢ Vj .. Thus, g ¢ NB,(e),
so 7. is T7.

(2) = (3): Assume 7, is T7. Let g # e. Then there exists a neighborhood
V =N Vi,.e. € Br(e) such that g ¢ V. Hence, for some k, g ¢ Vi, .., so
Ni(97') > e > 0. Let h = g-*. Then h # e and N;_(h) >> 0, so N is
separating.
Therefore the three statements are equivalent.

By definition, bitopological group is T; iff both 7; and 7. are T;. Since (1) <
(2) & (3), this occurs precisely when N is separating. O

Remark 2.25. By translation invariance of 7, and 7, if (G,-, 71, 7) is T1, then
every singleton {g}, g € G, is closed. Indeed, for any g € G, the left translation
Ag : h— gh is a homeomorphism of (G, ;) onto itself, and similarly, py : h — hg
is a homeomorphism of (G, 7.) onto itself. Hence, the closedness of {e} implies
the closedness of {g} in both topologies.

As an example of a bitopological group satisfying the T} property, consider the
additive group G' = (R?; +) equiped with the quasi-norm N(z,y) = |z| + 2|y|.
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