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Second semimodules over commutative semirings

Faranak Farshadifar

Abstract. Let R be a semiring. A non-zero subsemimodule S of an R-semimodule M
is second if for each a € R, we have aS = S or aS = 0. The aim of this paper is to study

the notion of second subsemimodules of semimodules over commutative semirings.

1. Introduction

A semiring is a non-empty set R together with two binary operations addi-
tion (+) and multiplication (-) such that (R, +) is a commutative monoid
with identity element 0; (R,.) is a monoid with identity element 1 # 0;
0a =0 =a0 for all a € R; a(b+ ¢) = ab+ ac and (b + ¢)a = ba + ca for
every a,b,c € R. R is called a commutative semiring if the monoid (R,.) is
commutative. In this paper we assume that all semirings are commutative.
A non-empty subset I of a semiring R is called an ideal of Rifa+b € I
andra € [ foralla,b € [ andr € R. Anideal I of a semiring R is subtractive
ifa+bel and b € I imply that a € I for all a,b € R. Let (M,+) be an
additive abelian monoid with additive identity Op;. Then M is called an R-
semimodule if there exists a scalar multiplication R x M — M denoted by
(r,m) — rm, such that (rs")m = r(s'm); r(m+m’) = rm+rm/; (r+r")m =
rm~+7r'm; 1m = m and r0y; = 0py = Om for all r,7’ € R and all m,m’ € M.
A subsemimodule N of a semimodule M is a non-empty subset of M such
that m+n € N and rn € N for all m,n € N and r € R. A subsemimodule
N of an R-semimodule M is called a subtractive subsemimodule or a k-
subsemimodule if ¢, x4y € N impliesy € N. It is clear that IV is subtractive
if and only N = N, where N = {r € Rlr +x =y for some z,y € N}. For
each subsemimodule N of M, N is a k-subsemimodule of M. M itself is a
k-subsemimodule of M and 0 is also a k-subsemimodule of M.
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A proper subsemimodule N of an R-semimodule M is said to be prime
in M, if re € N with r € R and € M implies r € (N :g M) or z € N
[9]. The concept of second submodule of an R-module (as a dual notion
of prime submodules) was introduced and studied by S.Yassemi in 2001.
A non-zero submodule N of an R-module M is called second if for each
a € R, we have aN = N or aN = 0 [11]. This notion has obtained a
great attention by many authors and now there is a considerable amount
of research concerning this class of modules. For more information about
this class of modules we refer the reader to [5]. The algebraic structure of
semirings, that are considered as a generalization of rings, plays an impor-
tant role in different branches of mathematics, especially in applied sciences
and computer engineering. The purpose of this paper is to study second
semimodules as a dual notion of prime semimodules and extend some of the
results of [2, 3, 11] to semimodules over commutative semirings.

2. Second subsemimodules

Definition 2.1. We say that a non-zero subsemimodule .S of an R-semimodule
M is second if for each a € R, we have aS = S or aS = 0. Also, a non-zero
R-semimodule M is second, if M is a second subsemimodule of M.

Proposition 2.2. Let N be a subsemimodule of an R-semimodule M. Then
the following are equivalent:

(a) N is a second subsemimodule of M ;

(b) N # 0 and aS C K implies that aS =0 or S C K for each a € R
and subsemimodule K of M.

Proof. (a) = (b). This is clear.
(b) = (a). This follows from the fact that aN C aN. O

Definition 2.3. Let M be an R-semimodule. We say that a subsemimodule
N of M is a minimal subsemimodule of M if there is no subsemimodule K
of M satisfying 0 C K C N.

Example 2.4. Assume that Zar is the set of non-negative integers and con-
sider the ZJ -semimodule M = Z4 and take N = {0, 8} as a subsemimodule
of M. Then N is a minimal subsemimodule of M.

Remark 2.5. Clearly, every minimal subsemimodule of R-semimodule M
is a second subsemimodule of M. But the converse is not true in general.
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For example, consider the Zar—semimodule M = Q7F. Then M is a second
subsemimodule of M which is not a minimal subsemimodule of M.

An R-semimodule M is called a comultiplication R-semimodule if for
any subsemimodule N of M there exists an ideal I of R such that N =
(0 :ar I) [10]. Clearly, (0 :ps I) is a subtractive subsemimodule of M for
each ideal I of R. Thus if M is a comultiplication R-semimodule, then
every subsemimodule of M is a subtractive subsemimodule.

An R-semimodule M is called a k-comultiplication R-semimodule if for
any subtractive subsemimodule N of M, there exists an ideal I of R such
that N = (0 :p7 I) [10].

Proposition 2.6. Let R be a semiring, M an R-semimodule and N a
subsemimodule of M. Then we have the following.

(a) If N is a second subsemimodule of M, then Anng(N) is a prime
k-ideal of R. In this case, we say that N is Anngr(N)-second.

(b) If N is a subsemimodule of a comultiplication R-semimodule M such

that Anng(N) is prime ideal of R, then N is a second subsemimodule
of M.

Proof. (a). First note that by [7, Proposition 2.3|, Anngr(N) is a k-ideal
of R. Let N be a second subsemimodule of M. Then N # 0 and so
Anng(N) # R. Now suppose that rs € Anng(N). Then sN C (0 :p7 7).
Thus sN = 0 or rN = 0, as needed.
(b). Suppose that N is a subsemimodule of a comultiplication R-semimodule

M such that Anng(N) is prime ideal of R. Let aN C K for some a € R and
subsemimodule K of M. As M is a comultiplication R-semimodule, there
exists an ideal I of R such that K = (0 :ps I). Therefore, al C Anng(N).
If I € Anng(N), then N C K and we are done. So suppose that b €
I\ Anng(N). Then ab € Anng(N). This implies that a € Anng(N) or
b€ Anng(N). Since b € Anng(N), we have a € Anng(N), as needed. [

The following example shows that the converse of Proposition 2.6 (a) is
not true in general.

Example 2.7. Let R be Z* = Z* U{0}. Then M = Z* x Z" is an
R-semimodule. Consider the subsemimodule N = 0 x 4Z% of M. Then

Anng(N) = 0 is prime ideal of R but N is not a second subsemimodule of
M. Because 2N # N and 2N # 0.
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A proper ideal I of a semiring R is said to be a strong ideal if for each
a € I there exists b € I such that a +b= 0 [4].

Proposition 2.8. Let M be a finitely generated comultiplication R-semi-
module and P be a strong prime k-ideal of R containing Anng(M). Then
(0 :ps P) is a second subsemimodule of M.

Proof. By Proposition 2.6 (b), it is enough to show that Anng((0:)s P)) =
P. Let 7(0 :py P) = 0. Then (0 :py P) C (0 :pr 7). Since M is a
comultiplication semimodule, we have

M=(PM :pr P) C ((0:p Anng(PM)) :pr P) = ((0 :ps P) 10 Anng(PM))

C((0:pr7) :pr Anng(PM)) = (PM :py 7).
It follows that M C PM. This implies that » € P by [4, Proposition 2.3|.

Therefore, P = Anng((0 :ar P)) because the reverse inclusion is clear. [

Proposition 2.9. Let S be a second subsemimodule of a comultiplication
R-semimodule M and let Ny,..., Ny be subsemimodules of M. Then the
following statements are equivalent:

(a) S € Nj for some j with 1 < j < t;

(b) S 22:1 Ni.
Proof. (a) = (b). This is clear.

(b) = (a). As M is a comultiplication R-semimodule, we have N
(0 :ar Anng(N;)) for all j with 1 < j < n. Thus S C >2'_ | N; implies that

S C Z :m Anngr(N;)) = (0 :ar NierAnng(Nj;))

by [10, Lemma 4.4.]. Hence, Nie;Anng(N;) € Anng(S). Now by using
Proposition 2.6 (a) and [12, Lemma 2.4], Anng(N;) € Anng(S) for some
j with 1 < j < n. This implies that (0 :ps Anng(S)) =S € N; = (0 :p
AnnR(N])) ]

Let M, N be R-semimodules, and f be a map from M to N. f is said
to be a semimodule homomorphism (see [6]) if

(1) flz+y) = flz)+ f(y) for all 2,y € M;
(2) f(rx)=rf(x)forallr € R, x € M.
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Ker(f) := {a € M|f(a) = 0} is called the kernel of f. Also, f(M) :=
{f(a)la € M}. It is easy to see that Ker(f) is a subsemimodule of M and
f(M) is a subsemimodule of N. A semimodule homomorphism f : M — N
is said to be k-regular (kernel-regular) if f(x1) = f(x2), then z1 + k1 =
x9 + ko for some ki, ko € Ker(f) [8].

Proposition 2.10. Let f : M — M’ be a homomorphism of R-semimodules
with Ker(f) =0, where M is a subtractive semimodule.

(a) If S is a second subsemimodule of M and f is k-regular, then f(.S)
is a second subsemimodule of M'.

(b) If S" is a second subsemimodule of f(M), then f=1(S") is a second
subsemimodule of M.

Proof. (a). Let S be a second subsemimodule of M. If f(S) = 0, then
f7Yf(S)) = S+ Ker(f) =S = 0 by [8, Proposition 3.2 (ii)] because f is
k-regular and M is subtractive. This contradiction shows that f(S) # 0.
Now assume that af(S) # f(S) and af(S) # 0 for some a € R. Then we
have aS # S and aS # 0. These are contradictions.

(b). Let S’ be a second subsemimodule of f(M). If f~1(S") = 0,
then 8" = SN f(M) = f(f~1(S")) = 0. This contradiction shows that
f7H(S") # 0. Now, let af~1(S") # f~1(S') and af~1(S") # 0 for some
a € R. Then aS’ # S’ and aS” # 0. These are contradictions. O

Corollary 2.11. If N and K are subsemimodules of an R-semimodule M
with N s subtractive, K C N C M, and K is a second subsemimodule of
N, then K is a a second subsemimodule of M.

Proposition 2.12. Let S be a subsemimodule of an R-semimodule M such
that Anng(S) is a mazximal ideal of R. Then S is a second subsemimodule.

Proof. As Anng(S) # 0, we have S # 0. Let r € R. If rS # 0, then
Anng(S) € Anng(S) + Rr C R implies that Anng(S) + Rr = R. Thus
Anng(S)S +1rS =S. Hence rS = S, as needed. O

Proposition 2.13. Let p € Spec(R). Then the following hold:

(a) The sum of p-second semimodules is a p-second semimodule.
(b) Every product of p-second semimodule is a p-second semimodule.

c) Fvery non-zero quotzent of a p-second semimodule is likewise
Y p
p-second.
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Proposition 2.14. Let M be an R-semimodule. If every non-zero subsemi-
module of M is second, then for each subsemimodule K of M and each ideal
I of R, we have (K :p; I) = (K :pp I?). Also for any two ideals A, B of R,
(K :ar A) and (K :pp B) are comparable.

Definition 2.15. We say that a subsemimodule N of an R-semimodule M
is coidempotent if N = (0 :py Ann%(N)). Also, an R-semimodule M is said
to be fully coidempotent if every subsemimodule of M is coidempotent.

Proposition 2.16. Let M be a fully coidempotent R-semimodule.

(a) M is a comultiplication semimodule.

(b) Every subsemimodule and every homomorphic image of M is fully
coidempotent.

(¢) M is Hopfian.

Proof. (a). This is clear.

(b). It is easy to see that every subsemimodule of M is fully coidem-
potent. Now let N be a submodule of M and K/N be a subsemimod-
ule of M/N. By part (a), M is a comultiplication R-semimodule. Hence
K = (0:pr Ann%(K)) implies that K = (0 :py Ann3(K)). Thus

(0 :pr/n Ann?(K/N)) = (0 :pr Anng(N)Ann%,(K/N))/N
C (0:pr Ann%(K))/N = K/N.

Therefore, K/N = (0 :p;/n AnnF(K/N)).

(¢). Let f: M — M be an epimorphism. Then by assumption and
part (a), Ker(f) = (0 :py I) = (0 :pr I?), where I = Anng(ker(f)). If
y € Ker(f), theny € (0 :pp) 1) because f is epic. Thus y = f(z) for some
x € M and f(z)I = 0. Hence x1%? = 0. It follows that I = 0. Therefore,
y = 0, as required. ]

Theorem 2.17. Let M be a fully coidempotent R-semimodule. Then every
second subsemimodule of M is a minimal subsemimodule of M.

Proof. Let S be a second subsemimodule of M and K be a subsemimodule
of S. If Anng(K) C Anng(S), then S C K because M is a comultiplication
R-semimodule by Proposition 2.16 (a). If Anng(K) € Anng(S), then there
exists r € Anngr(K)— Anng(S). Since S is second rS = S. By Proposition
2.16 (b), S is fully coidempotent. Hence by Proposition 2.16 (c), S is
Hopfian. It follows that the epimorphism r : § — S is an isomorphism.
Hence r K = 0 implies that K = 0, as required. ]
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Lemma 2.18. Let R = Ry x Ry, where R; is a commutative semiring for
all 7 € {1,2} and Jy is an ideal of Ry. If Jy is a prime ideal of R1, then
J1 X Ry is a prime ideal of R.

Proof. Let Ji be a prime ideal of Ry and (a, b)(¢,d) € J; X Ry. Then ac € J;.
Since J; is a prime ideal of Ry, a € Jj or ¢ € Jy. Thus (a,b) € J; X Ry or
(c,d) € J1 x Ry. Hence, J; X Ry is a prime ideal of R. The proof of the
converse is trivial. ]

Theorem 2.19. Let R = Ry X Ry, where R; is a commutative semiring for
all j € {1,2} and Jy is an ideal of Ry and Jo is an ideal of Ry such that
J = J1 X Jo is an ideal of R. Then the following statements are equivalent:

(a) J is a prime ideal of R;

(b) J = J1 X Ra for some prime ideal Jy of Ry or J = Ry X Jy for some
prime ideal Jo of Ro.

Proof. (a) = (b). Let J = J; x Jo be a prime ideal of R, where J; is an
ideal of Ry and Js is an ideal of Ry. Then (0,1)(1,0) € J; x Jo = J implies
that (1,0) € J; x Jy or (0,1) € Jy x Jo. Therefore, J; = R or Jo» = R. Thus
J =Ry xJyorJ=J xRy. Assume that J = J; X Ry for some proper ideal
J1 of R1. Now, we show that .J; is a prime ideal. Assume contrary that J;
is not a prime ideal of Ry. Then there exist elements x,y € Ry such that
xy € Ji but neither z € J; nor y € Jy. Thus, (z,1r,)(y,1r,) € J1 X R
implies that (z,1gr,) € J1 X Ry or (y,1gr,) € J1 X Ry. Consequently, = € J;
or y € J1, which gives a contradiction. Hence, J; is a prime ideal of R;.
(a) = (b). This follows from Lemm 2.18. O

Lemma 2.20. Let R; be a commutative semiring with identity 1r, and M;
be a faithful R;-semimodule, for i =1,2. Let R = Ry X Ro, M = My x M>.
Suppose that S; is a subsemimodule of M; fori = 1,2 such that S = S1 X S
18 a subsemimodule of M. Then the followings are equivalent:

(a) S is a second subsemimodule of M ;

(b) Sy is a second subsemimodule of My and So =0 or S; =0 and Sy is
a second subsemimodule of Ms.

Proof. (a) = (b). Clearly, M is a faithful R-module. By Proposition 2.6,
Anng(S) is a prime ideal of R. Thus we have either Anng, (S1) = Ry or
Annpg,(S2) = Rz by Theorem 2.19. So we can assume that Anng, (S1) =
Ri. Then S7 = 0. Now we prove that S5 is a second subsemimodule of Ms.
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To see this, let az € Re. Then by assumption (0,a2)S =0 or (0,a2)S = S.
Thus we have a5 = 0 or a5 = S, as needed.

(b) = (a). Assume that Sy = 0 and S; is a second subsemimodule of
M;. We show that S is a second subsemimodule of M. So let (ai,as) €
R; X Ry. Then a151 = 0 or @157 = S1. Thus (a1,a2)(S1 x 0) = 0 or
(a1,a2)(S1 x 0) = S; x 0. Hence, S is a second subsemimodule of M. [

Theorem 2.21. Let R; be a commutative semiring with identity 1r, and
M; be a faithful R;-semimodule, for i = 1,2,...,n wheren > 2. Let R =
RiXxRox- - XRp, M =M XxMyx---xM,, and S =51 XSy x---x 8,
where S; is a subsemimodule of M;, 1 < i < n. Then the followings are
equivalent:

(a) S is a second subsemimodule of M ;

(b) Sj is a second subsemimodule of Mj for some j € {1,2,...,n} and
S; =0 for each i # j.

Proof. We use induction on n. By Lemma 2.20, the claim is true if n = 2.
So, suppose that the claim is true for each k < n—1and let k = n. Put Q =
S1xSo%x---xS,_1, R=RyxRyx-- XRy_1, and M = My x Myx- - XMy, _1,
by Lemma 2.20, S = @ x S, is a second subsemimodule of M = M x M,
if and only if @ is a second subsemimodule of M and S, =0 or @ =0 and
S, is a second subsemimodule of M,,. Now the rest follows from induction
hypothesis. O

An R-semimodule M is said to be Noetherian if M satisfies the ACC
on its R-subsemimodules. Also, M is said to be Artinian if M satisfies the
DCC on its R-subsemimodules [1].

An R-semimodule M is said to be simple if it has no proper subsemi-
modules. Also, M is said to be semisimple if it is a direct sum of its simple
subsemimodules [8].

Proposition 2.22. Let M be a finitely generated second R-semimodule.
Then Anng(M) is a mazimal ideal of R.

Proof. Since M is second, M # 0. There exists a maximal submodule
U of M because M is finitely generated by [8, Proposition 2.1|. Clearly,
Annp(M) C Anng(M/U). If Anngp(M/U) € Anng(M), then there is
r € R such that M C U and rM # 0. This implies that rM = M
since M is second. Therefore, U = M which is a contradiction since U
is maximal. Thus Annr(M) = Anng(M/U). Now, as M/U is simple,
Annp(M) = Anng(M/U) is a maximal ideal of R. O
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Definition 2.23. Let N be a subsemimodule of an R-semimodule M. We
define the socle of N as the sum of all second subsemimodules of M con-
tained in N and it is denoted by sec(N). In case N does not contain any
second subsemimodule, the socle of N is defined to be (0). Also, we say

that N # 0 is a socle subsemimodule of M if sec(N) = N.

Theorem 2.24. Let M be a Noetherian R-semimodule. Then there is a
second subsemimodule of M which contains each socle subsemimodule of

M.

Proof. If M does not contain any second subsemimodules, then the results
is true vacuously. So we assume that M contains a second subsemimodule.
Let ) be the set of all subsemimodules of M which can be expressed as a
sum of a finite number of second subsemimodules. Since M is Noetherian,
> has a maximal member, S say. Hence, there exist second subsemimodules
S1,859,..., 8, of M such that S = 57+ Sy + ... +5,. Let L be any second
subsemimodule of M. Then

S:SI+SQ+...+SngL+Sl+Sg+...+SneZ.

By the maximality of S, we have S = L+ 51+ Sy +...+.5,. Hence, L C S.
Thus, S contains each socle subsemimodule of M. O

Definition 2.25. Let M be an R-semimodule. We say that a second sub-
semimodule N of M is a mazimal second subsemimodule of a subsemimodule
K of M, if N C K and there does not exist a second subsemimodule L of
M such that N C L C K.

Theorem 2.26. Let M be an R-semimodule. If M satisfies the descending
chain condition on socle subsemimodules, then every non-zero subsemimod-
ule of M has only a finite number of mazximal second subsemimodules.

Proof. Suppose that there exists a non-zero subsemimodule N of M such
that N has an infinite number of maximal second subsemimodules and look
for a contradiction. Then sec(N) is a socle subsemimodule of M and it has
an infinite number of maximal second subsemimodules. Let S be a socle
subsemimodule of M chosen minimal such that S has an infinite number
of maximal second subsemimodules. Then S is not second. Thus there
exists a subsemimodule L of M and an ideal I of R such that L C S and
S Z (0:pr I). Let V be a maximal second subsemimodule of M contained in
S. Then V C (0:5 I) or V C L. By the choice of S, both the semimodules



110 F. Farshadifar

(0 :s I) and L have only finitely many maximal second subsemimodules.
Therefore, there is only a finite number of possibilities for the semimodule
S, which is a contradiction. O

Corollary 2.27. FEvery Artinian R-semimodule contains only a finite num-
ber of mazximal second subsemimodules.
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