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Algebras of associative and autodistributive

hyperoperations
Thodsaporn Kumduang

Abstract. This work continues the results established by W. A. Dudek and V. S.
Trokhimenko [W. A. Dudek, V. S. Trokhimenko, Menger algebras of associative and
self-distributive n-ary operations, Quasigroups Relat. Syst., 26 (2018), 45-52]. The first
objective is to address a problem concerning superassociative operations. The second
aim is to extend the study of Menger algebras of associative and autodistributive n-ary

operations to the broader context of hypercompositional algebras.

1. Introduction

The representation of algebraic structures by functions plays a vital role
in abstract algebra, as it enables the transformation of abstract operations
into concrete, manipulable forms. This translation not only enhances clarity
and understanding but also facilitates effective computation and supports
practical applications. By modeling operations as functions-such as per-
mutations, transformations, or endomorphisms, we gain valuable tools to
analyze the behavior of algebraic structures, investigate their properties
through concrete examples, and apply these insights to areas such as logic,
theoretical computer science, and universal algebra. According to Cayley’s
theorem for semigroups, every semigroup can be embedded into a full trans-
formation semigroup, where the semigroup operation is interpreted as the
composition of functions. This functional representation renders abstract
semigroup operations more accessible and computable, thereby enabling
deeper structural analysis.

2020 Mathematics Subject Classification: 08A35, 20M75, 20N15

Keywords: Superassociativity, representation, Menger algebra

This research was supported by National Science, Research and Innovation Fund
(NSRF) and Rajamangala University of Technology Rattanakosin (RMUTR) (Ref.
No. FRB68018/2568).



142 T. Kumduang

More generally, a Menger algebra is an algebraic structure that extends
the concept of a semigroup by considering multi-place (i.e., n-ary) opera-
tions rather than just binary ones. A representation of a Menger algebra
typically involves mapping each element to an n-ary operation (function) on
a nonempty set, such that the abstract Menger superposition corresponds
to functional composition. This type of representation preserves a key prop-
erty of Menger algebras known as superassociativity, an associative-like law
applicable to the composition of multi-place operations. In recent years, the
theory of Menger algebras has been explored in several directions, including
their internal structure, functional representations, logical applications, and
generalizations. For example, the studies in [10, 13, 15] construct Menger
algebras of terms and formulas to classify algebras of a fixed type n into
subclasses. More broadly, the concept of Menger hyperalgebras has emerged
as a generalization of both Menger algebras and semihypergroups. These
have been investigated in works such as [12, 14, 18, 19], where hyperoper-
ations take the place of traditional operations, and outcomes may be sets
rather than single values. Additionally, K. Denecke, in publications such
as |2, 3|, has contributed significantly to the study of partial Menger alge-
bras, focusing on their algebraic properties, representations, and potential
applications in theoretical computer science.

To provide representation of Menger algebras, let A be a nonempty set
and let A™ denote the Cartesian product of n copies of A. A full n-ary
function on A is defined as any mapping from A™ to A that is total, i.e.,
defined for every element of A™. The collection of all such functions is
denoted by T'(A™, A). This set forms a Menger algebra under the Menger
superposition operation O, an (n + 1)-ary operation defined as follows:

O(f,q1,---sgn)(ar,...,an) = f(g1(ar,...,an), ..., gn(ai,...,an)),

for all f,g1,...,9n € T(A", A) and ay,...,a, € A because the operation O
satisfies the superassociative law. For convenient, a} stands for ay,...,a,.
Ifay = ao = -+ = a, = a, we write a instead of at. Normally, the above
equation can be written as O(f,¢7)(a}) = f(g1(al),...,gn(al)). Thus
(T(A™, A),O) is called a Menger algebra of all full n-ary functions on A.
Foundational work on such representations has been extensively developed
by W. A. Dudek and V. S. Trokhimenko, see for example, [4, 7, 8, 9.
The reader is also refered to |1, 17| for representation by partial functtions.
For the abstract characterization of different classes of Menger algebras of
multiplace functions partially ordered by the inclusion of domains and by
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nonempty intersection of domains, we adhere to the framework presented
in the monograph [5].

In [14], the notion of a Menger hyperalgebra is introduced, extending the
framework of Menger algebras by replacing the superposition operation with
a hyperoperation. In this setting, the composition of elements may yield
a nonempty set of results instead of a single value. Formally, a Menger
hyperalgebra consists of a set equipped with a hyperoperation mapping an
(n + 1)-tuple of elements to a nonempty subset of the set, and satisfying a
generalized form of superassociativity suited to the hyperstructure context.
Such a framework is useful in modeling multi-valued or nondeterministic
compositions, with applications in fields such as fuzzy logic, automata the-
ory, and the study of non-classical algebraic systems. The fact that every
Menger hyperalgebra is embeddable into the algebra of multivalued full n-
ary functions is stated and proved. In fact, by a multivalued full n-ary
functions we mean a function f : A" — P*(A). On the set T(A", P/(A))
of all multivalued full n-ary functions, one consider the operation e defined
by

o(f,gV)=t)= U [fly),

vi€gi ()
ie{l,...,n}

foralli=1,...,n and f,g1,...,9, € T(A", P*(A)), x1,...,2z, € A. It is
proved that e is superassociative and hence (T'(A™, P*(A)), ) is a Menger
algebra.

Given the potential of this framework, it is both natural and impor-
tant to study representation theorems for hypercompositional structures.
For instance, [11]| presents necessary and sufficient conditions under which
a Menger hyperalgebra can be isomorphically represented by medial n-
ary hyperoperations. Furthermore, Menger hyperalgebras defined by k-
commutative hyperoperations are studied in [12], while applications of semi-
abelian hyperoperations to Menger hyperalgebras are discussed in [16].

Building upon the foundational work of W. A. Dudek and V. S. Trokhi-
menko in [6], the present paper investigates representation theorems for as-
sociative and autodistributive hyperoperations defined on an arbitrary set
A. In Section 2, we address an open problem from that paper by providing
a characterization of Menger algebras that can be represented by superasso-
ciative n-ary operations. Section 3 introduces the notions of associative and
autodistributive hyperoperations, and establishes representation theorems
for Menger hyperalgebras based on these hyperoperations.
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2. A representation via superassociative operations

This section begins by recalling an open problem posed by W. A. Dudek
and V. S. Trokhimenko in [6].

Problem 1 (W. A. Dudek and V. S Trokhimenko, 2018). Find necessary
and suicient conditions under which a Menger algebra of rank n can be
isomorphically represented by superassociative n-ary operations defined on
some set.

Our main purpose of this section is to solve this problem and give a proof.
For this, an (n + 1)-ary operation o on A is called quasi superassociative if
o(a,o(a,b, c’f*l), drffl) = o(a,b,0(a,c, d’ffl), ..,0(a,en-1, d’ffl)).

Theorem 2.1. A Menger algebra (G, 0) of rank n is homomorphically rep-
resented by superassociative n-ary operations if and only if it is quasi su-
perassociative.

Proof. Assume that there exists a homomorphism « from a Menger algebra
(G, 0) to an algebra (T'(A™, P*(A)), O) of superassociative n-ary operations
defined on the set A. Then, for all f,g,h1,...,hn_1,pP1,-..,Pn—1 b€ SU-
perassociative n-ary operations on A and all elements aq,...,a, € A, by
the homomorphism of «, we have

O(f,0(f,9,p7~ 1), pi ") (al)

= f(O(f, 9, WY ) (a}), pr(al), ..., pn—1(al))
=f(f(g(a}), hi(a}), .., hn-1(a})),p1(a}),...,pn-1(al))

= flotad). S (aD).pr(aD), . .paa (@), ., flhn-a(af). pa(af) . paca(a)))
= f(g(a}), O(f, ha,pt ™) (@), ..., O(f, hno1,p ) (al))

:O(f7ga (fahla T 1)7'"’O(fahn—lap?_l))(al)'

For this, it follows from an injectivity of «, we obtain our claimed.

To prove an opposite direction, suppose first that a Menger algebra
(G,0) is quasi superassociative, i.e., it satisfies the identity (6). Actually,
for each g € G, the inner left translation &, : G — G is defined by {,(z7) =
o(g,z}) for every z1,...,x, € G. Our next aim is to show that the n-ary
operation &, is superassociative. Since (G,0) is quasi superassociative, we
have

£q(&y(a, byf_l) 1 1) =&g(o(g, bn_l) T 1)
*0(97 (gva bn 1) Cl 1)
*0(97(1 0(97617 T 1)7' (g,bn 176711 1))
=¢&4(a,0(g,b1,c™ 1),..., (g,bn 1,¢} )
=&g(a, §g(br, C?_l)’ N (e 1))
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Thus, the inner left translation {; is superassociative.
We now show that g — &, is a homomorphism (G, 0) — ({{,| g€ G}, O).

In fact, for all a,a1,...,an,x1,...,x, € G we obtain
fo(a’ahm’an)(aﬂf) =o(o(a,a1,...,an),x1,...,Tp)
=o(a,0(a1,x1,...,Tpn)y. -, 0(An, T1,...,Ty))

:gm(éal(l‘la v 7$n)7 v ,fan(l'l,. . ;1:71))
=0(&as&ars -+ &an) (@),

which shows that g — ¢, is a homomorphism. O

Remark from Theorem 2.1 that an isomorphic representation of a general
Menger algebra by superassociative n-ary operations is not possible, owing
to specific structural constraints. In what follows, we elaborate on these
challenges. First, we try construct an isomorphism from (G, o) to the set
of superassociative n-ary operations on some set. To do this, the set G is
extended to the set Gog = G U {e, ¢} where both e and ¢ are elements which
are different and not included into the set G. Thus, for every g € G and

x1,...,Tn € Go, we define the n-ary operation {, on Gy by the following
items:

(1) if 2} € G, then &;(2) = o(g, 27),

(2) ifxy =--- =z, = e, then §(2]) = g,

(3) in all other cases, we define £, (z7) = c.

It is not difficult to see that &, is not a superassociative n-ary operation
on Gy. Indeed, we consider a few cases. Assume that a,b?_l,c’f_l are
arbitrary elements in G. If all of them belong to the set G, the proof
is done in Theorem 2.1 completely. However, the difficulties occur in the

following two cases:

a=b=--=b,_1=¢€,¢1,...,ch_1 € G and
a€G7b1:"':bnflzclz"':Cnflze.

In the first case, £,(&,(a, 07 1), 1) = & (g, 1) = o(g, g, 1), but
Egla, &by, ), &y (b1, A Y)) = &y(aye,...,c) = ¢, which are not
equal. In the second, on one hand, &,(&,(a, b?_l), crf_l) =&4(ce,...,e) =c.
On the other hand, &,(a, &, (b1, ¢ Y), ... & (b1, ¢l ) =& (a, g, ..., 9) =
o(g,a,g,...,g), which shows that the equality does not hold.

Another solution to Problem 1 is to include the condition that every
Menger algebra is reductive as part of Theorem 2.1. This leads to an iso-
morphic representation; however, the theorem remains valid only in the

necessary direction.
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3. Associative and autodistributive hyperoperations

In this section, a Menger hyperalgebra (G, ¢) as the main algebraic struc-
ture. We discuss representation theorems for such algebras using specific
types of n-ary hyperoperations. In particular, we study a hypercomposi-
tional approach involving associative and autodistributive n-ary operations
as presented in [6]. In particular, we aim to determine the necessary and
sufficient conditions under which a Menger hyperalgebra of rank n can be
isomorphically represented by (i, j)-associative n-ary hyperoperations on a
suitable set.
To this end, we begin with the following definition.
Definition 3.1. An n-ary hyperoperation £ € T(A™, P*(A)) is said to be
(1) (7, 7)-associative, where 1 < i < j < n, if it satisfies the identity

U €t nah = | €@l a2, (1)

bEE z+n 1) beg( Jj+n— 1)

(2) associative, if it is (4, j)-associative for all 1 <i < j <
(3) autodistributive, if for all 1 <1 < n, if it satisfies the equation

U f ! b7 az+1) U 56?)7 (2)
beg(b) ck€é(ai™ " by,al’ ;)
k’*l, “n

(4) superassociative, if it satisfies the identity

U ¢d.ah= U &adi™) (3)

deg(a,p? ™) di €€ (bl b
i=1,....n—1

It is clear that the hyperoperation f € T(A", P*(A)) is associative if
and only if it is (1, j)-associative for all j =2,3,...,n.

Definition 3.2. An (n + 1)-ary hyperoperation o € T(A"!, P*(A)) is
(1) quasi-(3, j)-associative, 1 <@ < j < n, if it satisfies the identity
1 201 j 2n—1
U (a bl C? bzﬁn ) - U 0(a7 bjl C? bjin )7 (4)
c€oa,bitm 1 c€o(abt )

(2) quasi-associative, if it is quasi (¢, j)-associative for all 1 < i < j < n,
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(3) quasi-autodistributive, if for all 1 < i < n, if it satisfies the equation

7—1 n n
U <>(aa bl ) G bi+1) = U 0((1, dl )7 (5)
ceo(a,cy dkeo(a,bfl,ck,bﬁl)
k=1,....m—1

(4) quasi-superassociative, if it satisfies the identity

U olacdp™) = U ea,b,et™h). (6)

c€o(a,b,et™h) cie'o(a,ci,d?fl)

1=1,....n—1

Note that a Menger hyperalgebra (G, ¢) is called quasi-(i, j)-associative,
quasi-associative, quasi-autodistributive and quasi-superassociative if ¢ is
quasi- (i, j)-associative, quasi-associative, quasi-autodistributive and quasi-
superassociative, respectively.

For each a in a Menger hyperalgebra (G, ¢), the inner left hypertransla-
tion pg : G™ — G is defined by p.(2]) = o(a, z}) for every zi,...,z, € G.
Actually, we note that an (n + 1)-ary hyperoperation o € T(A"1, P*(A))
is quasi-superassociative if and only if all inner left hypertranslations p,
are associative. Hence, we can give a characterization of any hyperalgebra
(A, o) with one (n + 1)-ary quasi-associative hyperoperation ¢ through the
class of n-ary semihypergroup (A, p,) where a € A. Analogously, a quasi-
superassociative (quasi-autodistributive) hyperalgebra (A,¢) can be char-
acterized by the n-ary superassociative (autodistributive) algebras (A, F)
where the class F = {p, | a € A}.

We now give necessary and sufficient under which any Menger hyperal-
gebra can be represented by some type of hyperoperations.

Theorem 3.3. A Menger hyperalgebra (G, o) of rank n is isomorphically
represented by (i, j)-associative n-ary hyperoperations if and only if it is
quasi-(i, j)-associative.

Proof. Suppose first that there is an isomorphism, say 3, taking any element
g of a Menger hyperalgebra (G, o) to each (i, j)-associative n-ary hyperop-
eration. Them, for all f,¢1,...,gon—1 in the set of (i, j)-associative n-ary
hyperoperations on a nonempty set A, we obtain
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o(f gi t e(figi ) gl ) el = U fle(a1).bgi  (af)
bee(f.9; " ) (al) | -
= U Sl (af)b, g at)
bef(g; " ap)) .
= U fled (a]),b, g7 (aD)
bef(g) " M@)o
= U e @D bgit a)
bG-(fygﬁ"*l)(a )
:.(fvg ) (f7 e 1) g?ﬁnl)(a?)
It follows from an injectivity § that the identity of quasi (i, j)-associative
holds.
Conversely, assume that (G, ¢) is a Menger hyperalgebra of rank n > 1.
For elements z,y ¢ G and = # y. We extend the set G to GU{z,y}. Thus,

for each g in GU{z,y}, we define an n-ary hyperoperation A\; on GU{z,y}
by the following

o(g,a?) if at € G,
Ag(al) = < {g} ifaj=xforal j=1,...,n,
{y} otherwise.

For any nonempty set A of G U {x,y}, an n-ary extended function A4 on
G U {z,y} can be defined by

o(A,a}) ifa} € G,
Aaal) =4 A ifaj==xforall j=1,...,n,
{y} in all other cases.

To show that an n-ary hyperoperation A, is (4, j)—associative, we divide

the proof into a few cases. If aq,...,a9,—1 contain in G, then by the fact
that (G, ) is quasi-associative, we have
-1 1\ 2n—1 1 2n—1
)\ ( )\ ( l+n )7(1’1'117, ): U (g 1 b7 ’LLLTL )
beo(g,a ™)
2n—1 -1 +n—1y 2n—1
- U (g?al b7ajin )_ A ( 7)‘9( ] " )? ]in )
beo(g,al ")
For the case When ap = -+ =agm-1=710, then by the deﬁnition we obtain

U Al b0y = U Agleh b 2t = Aglel g, 20 1) =
bENG (el be{g}
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{fyand U Aled 0,200 = M(e] Lge2l) = {y}. As are
bEAG (ST

sult, we have U Aleib, efﬁnl) = U A (e Lb, eﬁnl) In all
bEAg (el T 1) bEAG (e} 1)

othercases, | Al bal ) ={yl= U Mla] ' baT0).
b€>\g( itn— 1) bEX (a;-‘rn 1)

Thus, we conclude that the n-ary operation A, is (4, j)-associative.

We next prove that g — )4 is a homomorphism and an injection. To the
injectivity, assume that Ay, = Ay, for g1, g2 € G. It can be seen that for each
g € G an element z comes from the domain of an inner left hypertranslation
Ag. Tt follows that A, (Z) = A, (%), and thus, {g1} = {g2}. So, g1 = go.

Now let g,91,...,9n € GU{z,y}. If g,91,...,9n € G, by the superas-
sociativity of a hyperoperation ¢, we have

Ao(g,gl,...,gn)(a?) - 0(0(97915 e agn) ) = 0(9, (glv a}l’b)a e ao(gnv a}f))
- O(Qa)‘gl(a?)a' ( 711)) U <>(g,01,...,cn)

ci€Ag,; (al)

ie{l,...,n}

- U Aglers-ooyen) = o(Ag, Ay, oo, Ag, ) (al).
Cci€Ag, (al)
i€{1,...,n}
Now let ay = --- = a, = =z, then according to the definition of an
extension A4, we obtain

)‘o(g,gl,...,gn)(‘%) - 0(97 g1, .- 7gn) = )‘g(gla s 7971) = U )‘g(cla s 7071)
ci€{gi}
i€{1,...,n}
- U Ag(cla"'acn):.()‘g’)‘g17-'-a)‘gn)($)a
Ci€Ag, (Z)
i€{l,...,n}

n

9791,---7gn)(%) = ’()‘g’ Agis--s )‘gn)(x)'
In the case when (a1,...,a,) € (GU {z,y})" \ (G" U{(x)}), according
to the definition, we have Ay 4, . g, (a1, .., an) = {y} and

which means Ay

o(Ng, Agis- - Ag ) (at, ..oy an) = U  Al(z1,...,zp)
Zi€Xg; (T1,0-5Tn)
i€{1,...,n}
= U )‘g(clv--'acn):)‘g(yv"'7y):{y}‘
ci€{y}
te{1,...,n}

From these, consequently, Ao(g.g1.....g.) = ®(Ags Agrs -5 Ag,,)- O



150 T. Kumduang

Characterizations of the embeddability of any Menger hyperalgebra into
the algebra of associative n-ary hyperoperations is now proposed in the
following result.

Theorem 3.4. A Menger hyperalgebra (G, o) of rank n is isomorphically
represented by associative n-ary hyperoperations if and only if it is quasi-
associative.

Proof. The proof follows similarly to that of Theorem 3.3, using an analo-
gous construction of the hyperoperation A,. O

The following corollary follows directly from Theorems 2.1 and 3.4.

Corollary 3.5. Any Menger hyperalgebra (G, o) of rank n satisfying both
identities (4) and (6) is isomorphically represented by n-ary hyperoperations
satisfying both (1) and (3) defined on some set.

This section completes with a discussion of a Menger hyperalgebra rep-
resented by autodistributive n-ary hyperoperations.

Lemma 3.6. Let A# () andi=1,...,n. Then for autodistributive n-ary
hyperoperations f, g;, h; on A, the identity

.(f7 g’i_lv .(fa h?)a g?+1) = .(fa .(f7 .(f7 gzl_la hla gszrl))? sy .(f7 gi_la hna g?+1))7
holds.

Proof. Let aq,...,a, be elements in A. We have
o(figi ' o(f,h1), g7 1) (af)

= U f(gl(a?)w"7gi—1(a711)7bagi+1(a711)7"'>gn(a?))
bee(f,ht)(aT)

= U floa(a?), ..., g9i-1(at), b, giv1(al), ..., gnlal))
bef(hl (a;‘),...,hn(a?))

= U f(et)
ck€f (g1 (a’f),-~~79i71(agl’lhk(a’f)vgiﬂ (a1)s-sgn(al))

= U f(et)
ceo(f,o(f.9)  hisgly 1)) (al)
k=1,...,n

= .(fv .(fa .(f7 gi_la hlag?—i-l))? ) .(f7 911._17 h'flag?—i-l))(a?)' 0

Having this lemma at hand, we prove the following theorem.
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Theorem 3.7. Let (G,©) be a Menger hyperalgebra of rank n. Then (G, )
1s homomorphically represented by autodistributive n-ary hyperoperations if
and only if (G, o) is quasi-autodistributive.

Proof. The proof of necessity follows from Lemma 3.6. Thus, it is left
give a proof only another direction. Suppose now that (G,¢) is a quasi-
autodistributive Menger hyperalgebra of rank n. For every g € G, we
define the n-ary hyperoperation ¢ on G by the following (4(a}’) = ©(g, al).
Each ) # A C G induces the hyperoperation (4 defined by (a(a}) =
o(A,a}). Then for all a;,b; € G and ¢ = 1,...,n by the satisfaction of
quasi-autodistributivity of the hyperoperation ¢ on GG, we have

Colai™, GO0), afyy) = o(g ai o9, b7 afyy) = U olg,a e ayy)

ceo(g,bt)
- U O(Q’C?) = Cg(Cg(aZiilablaa'LT'il)’"'7<g(a§717bn7azn+l))7
ckEo(g,aTl,bk,a?_‘_l)
k=1,....n—1

which shows that (, is autodistributive. It is not difficult to prove that
g + (g4 is a homomorphism by using the same argument given in Theorem
2.1. This completes the proof. O

Corollary 3.8. Any quasi-(i, j)-associative (quasi-associative, quasi-super-
associative) Menger hyperalgebra (G,©) of rank n satisfying the identity of
quasi-autodistributive in the same time can be homomorphically represented
by autodistributive and (i, 7)-associative (associative, superassociative) n-
ary hyperoperations defined on some set.
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