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Invo-regular clean rings

Fatemeh Rashedi

Abstract. Let R be an associative ring with identity. In this paper, we introduce the
notion of invo-regular clean rings where every element r can be written as r = s + e,
where s € Invr(R) and e € Id(R). We study various properties of invo-regular clean
rings. It is proved that, It is proved that, if R is a ring such that 2 € U(R), then RG is

invo-regular clean if and only if the group ring R is invo-regular clean.

1. Introduction

Let R be an associative ring with identity. An element v of R is said to be
involution if v2 = 1 [17]. Let U(R), Id(R), Nil(R) and Inv(R) will denote
respectively the set of units, the set of idempotents, the set of nilpotents,
the set of centrals and the set of involutions of R. The ring R is said to
be clean if each 7 € R can be expressed as r = u + e, where u € U(R)
and e € Id(R) |2, 18]. Generalizations of clean rings have been studied in
[1, 3,4, 16, 19, 23|. The ring R is said to be invo-clean if for each r € R there
exist v € Inv(R) and e € Id(R) such that r = v+e |5, 6]. Generalizations of
invo-clean rings have been studied in [8, 9, 10, 11, 12, 13, 14, 20, 21, 22]|. An
element s € R is said to be an invo-regular element if there exist v € Inv(R)
such that s = svs [7]. Assume that Invg(R) is the set of invo-regular
elements of ring R.

In this paper, we introduce the notion of a invo-regular clean ring. Let
R be a ring. Then an element r € R is said to be an invo-regular clean
element if there exist s € Invg(R) and e € Id(R) such that r = s+e. A
ring R is said to be invo-regular clean if each element in R is invo-regular
clean. We study various properties of invo-regular clean rings as a proper
generalization of invo-clean rings and a proper subclass of invo-regular rings.
It is shown that, if R and S are two rings, ¢ : R — S is a ring epimorphism.
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If R is invo-regular clean, then S is invo-regular clean (Lemm 2.7). It is
proved that, if R is a ring such that 2 € U(R), then RG is invo-regular
clean if and only if the group ring R is invo-regular clean (Lemma 2.18).

2. Main results

Definition 2.1. An element s € R is said to be an invo-regular element if
there exist v € Inv(R) such that s = svs |7]. Assume that Invg(R) is the
set of invo-regular elements of ring R.

Definition 2.2. An element » € R is said to be an invo-regular clean
element if there exist s € Invg(R) and e € Id(R) such that r = s+e. A
ring R is said to be invo-regular clean if each element in R is invo-regular
clean.

It is clear that every invo-clean ring is an invo-regular clean ring. Since
any idempotent is an invo-clean element, every idempotent is an invo-regular
clean element. Simple examples of invo-regular clean rings that could be
plainly verified are these: Zs, Z3 and Z4. The following example shows that
every invo-regular clean ring is not an invo-clean ring, in general.

Example 2.3. Let R = Zs. Then Inv(R) = {1,4}, and Invg(R) =
{1,3,4}, and U(R) = {1,2,3,4} and Id(R) = {0,1}. Hence R = Zs is
an invo-regular clean ring which is not invo-clean.

Subsequently, we present fundamental properties of invo-regular clean
rings.

Proposition 2.4. Invo-regqular rings are invo-regular clean.

Proof. Invo-regular rings are invo-clen, by [7, Proposition 2.3|. Since invo-
clean ring is an invo-regular clean ring, invo-regular rings are invo-regular
clean. O

The following example shows that the converse of Proposition 2.7 does
not hold.

Example 2.5. Let R = Zs. Then Inv(R) = {1,4}, and Invg(R) =
{1,3,4}, and U(R) = {1,2,3,4} and Id(R) = {0,1}. Hence R = Zs5 is

an invo-regular clean ring which is not invo-regular.
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Proposition 2.6. Let R be a ring. Then R is invo-regqular clean if and only
if for any r € R, there are s € Invg(R) and e € Id(R) such thatr = s —e.

Proof. Suppose that R is invo-regular clean. Then for any r € R, there are
s € Invg(R) and e € Id(R) such that —r = s+e. Hence r = (—s) —e where
clearly —s € Invr(R). Conversely, let r € R and choose s € Invg(R) and
e € Id(R) such that —r = s —e. Then r = (—s) + e is an invo-regular clean
decomposition of r. ]

Lemma 2.7. Let R and S be two rings, ¢ : R — S be a ring epimorphism.
If R isinvo-regular clean, then S is invo-reqular clean.

Proof. 1t is clear. O

Lemma 2.8. Let I be a nil ideal of a ring R and R/I is invo-reqular clean.
Then R is invo-reqular clean.

Proof. Suppose that R/I is invo-regular clean where I is a nil ideal. Then
idempotents lift modulo I and I C J(R). Since I C J(R), involution lift
modulo I. Assume that R = R/T and 7 = r+ 1 € R for r € R. Let
5 = v be any invo-regular element in R where v € Invg(R) and € € Id(R).
Then we may assume that e € Id(R) and v € Inv(R). It follows that
s = ev where s = ev € Invgr(R). Thus, invo-regular elements of R are
also lift modulo I. Therefore, r is a invo-regular clean element, and so R is
invo-regular clean. O

Corollary 2.9. Let R be a ring. Then R is invo-regular clean if and only
if R/Nil(R) is a invo-regular clean ring.

Proof. Suppose that R is invo-regular clean and let 7+ Nil(R) € R/Nil(
Write r = (fv +e€) +n for some f,e € Id(R), v € Inv(R) and n € Nil(
Then r+Nil(R) = fv+e+Nil(R) = (f+Nil(R))(v+Nil(R))+(e+Nil(R))
where (f + Nil(R)), (e + Nil(R)) € Id(R/Nil(R)) and v + Nil(R) €
Inv(R/Nil(R)). Therefore R/Nil(R) is invo-regular clean Conversely, as-
sume that R/Nil(R) is an invo-regular clean ring. Since Nil(R) is nil, R is
invo-regular clean by Lemma 2.8. O

R).
R).

Let R be a ring. Then the prime radical P(R) of R is nil. Therefore we
have the following.

Corollary 2.10. Let R be a ring. Then R is invo-reqular clean if and only
if R/P(R) is a invo-reqular clean ring.
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Proof. Follows from Lemmas 2.7 and 2.8. O

Remark 2.11. Let R be a ring and S be the ring consisting of all the
following matrices

rorie o Tin
0 r - T,
o 0 - r

such that r,7; ; € R(i 5 j). Thus, it can be readily demonstrated that

0 rmo - 1
0 0 -

1= . . . .n 7T7T’i,jER(i§j)
o 0 --- 0

constitutes an ideal of S that fulfills I = 0. Furthermore, it follows that
S/I = R. Consequently, by applying Lemmas 2.7 and 2.8, we deduce that
R is invo-regular clean if and only if S is invo-regular clean.

Corollary 2.12. Let R be a ring. Then R is invo-reqular clean if and only
if R[x]/(x™) is a invo-regular clean ring for all n > 2.

Proof. Since

r r2 13- Tp-1 Tp
0 m vt T2 Tped
0 0 n “tr Tpe3 Tp—2 o
R[z]/(z") = L : . : .|y eR(EST) s
0 0 0 e ™ T9
\o o 0o - 0 n
the conclusion follows directly from Remark 2.11. O

Given a ring R and an endomorphism ¢ of R, the skew polynomial ring
R[z, 0] consists of finite sums of the form Y ; a;z’, where a; € R for each
7. The addition follows the usual rules, while multiplication is governed by
the relation za = o(a)x for all a € R. Prior research has established that
various properties can transfer between R and the quotient ring Rz, o]/(z™)
for n € N. The following proposition demonstrates that the invo-regular
clean property is among these transferable properties.
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Proposition 2.13. Let R be a ring, o an endomorphism of R, and n € N.
Then, R is invo-regular clean if and only if the quotient ring R[z,o]/{z™)
1s invo-regular clean.

Proof. Consider the mapping f : R[z,0]/(z"™) — R given by f(ap+ a1z +
st ap_ 12"t 4 (2™) = ap. It is evident that f is a ring epimorphism
whose kernel corresponds to the ideal I of R[z,o]/(z"™) generated by x.
Furthermore, I is clearly a nil ideal. Consequently, the conclusion follows
directly from Lemmas 2.7 and 2.8. O

Let R be a ring and M an R-module. The trivial ring extension of R
by M, denoted R ox M, is defined as the set R & M equipped with multi-
plication given by (ri,m1)(r2, ma) = (ri72, r1ma + myra). This structure
forms a ring in which 0 @ M constitutes a nil ideal, and the quotient ring
(Rox M)/(0@® M) is isomorphic to R. By applying Lemmas 2.7 and 2.8, it
follows that R is a invo-regular clean ring if and only if the trivial extension
R o« M also satisfies the invo-regular clean property.

Now, consider a ring R and an R-bimodule W, which itself carries a ring
structure possibly without a multiplicative identity subject to the following
compatibility conditions for all u,w € W and r € R: (uw)r = u(wr),
(ur)w = u(rw), and (ru)w = r(uw).

Under these conditions, the Dorroh extension of R by W, denoted
I(R,W), is defined as the abelian group R & W endowed with multipli-
cation (r,u)(a,w) = (ra,rw + ua + vw).

Proposition 2.14. Let I(R,W) denote the Dorroh extension of a ring R
by a module W. If I(R,W) possesses the invo-reqular clean property, then
R is invo-regular clean. Furthermore, if every w € W is idempotent and for
every e € Id(R), ew + we = 0 the reverses holds.

Proof. Suppose that I(R, W) is invo-regular clean. Since R is a homomor-
phic image of I(R, W) under the epimorphism f : I(R,W) — R defined
by f(r,w) =r, R is invo-regular clean by Lemma 2.7.

Conversely, assume that every w € W is idempotent and for every e €
Id(R), ew +we = 0 and R is invo-regular clean. Let (r,w) € I(R, W) and
write 7 = s + e where s € Invg(R) and e € Id(R). Then s = fv for some
v € Inv(R) and f € Id(R) and so (r,w) = (fv+e,w) = (fv,0) + (e, w).
Now, clearly (fv,0) = (f,0)(v,0) is a product of an idempotent and a
involution in I(R, W). Moreover, since w € W is idempotent and for every
e € Id(R), ew +we = 0, then (e,w) € Id(I(R,W)). Therefore, I(R, W) is

invo-regular clean. O
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One can readily establish that whenever U constitutes a subring of W,
the collection

I(R,U) = {(r,u) € [(R,W) | ueU}

forms a subring within I(R,W). This observation directly yields the sub-
sequent corollary to Lemma 2.7.

Corollary 2.15. Suppose R and Ware as defined in Proposition 2.14. If
the nilradical N(W) is itself a subring of W, then the ring I(R, N(W))
exhibits the invo-reqular clean property if and only if R does.

Let R be a unital ring and let S be a subring of R that shares the
multiplicative identity with R . Define the following subset:

T[R,S]:{(T‘l,'I"Q,"' ,Tn,S,S,"')|Ti€R,1§i§n,S€S,n€N}.

It is straightforward to verify that T[R,S], equipped with component-
wise addition and multiplication, forms a ring with identity given by
(1,1,---,1,1,1,---). Moreover, the group of units and the set of nilpotent
elements in this ring can be explicitly described as follows:

ITL’UR(T[R, S]) = {(7"1,7'2, 3Ty S, Syt ) | T € ITLUR(R),S € ITLUR(S)},

Id(T[R7 S]) = {(7"1,’/“2, TRy 8,8, 0 ) | T € Id(R), S € Id(S)}
Consequently, the ensuing proposition follows directly from these observa-

tions.

Proposition 2.16. Let R be a unital ring and S be a subring of R such that
both share the same multiplicative identity. Then, the ring TR, S] possesses
the invo-reqular clean property if and only if both R and S individually
satisfy the invo-regular clean condition.

Lemma 2.17. The (finite or infinite) direct product of invo-regular clean
rings is again invo-reqular clean.

Proof. Standard technical checks are applied to this fact, and thus, we leave
the detailed examination to the reader. O

If G is a group and R is a ring we denote the group ring over R by RG.

Lemma 2.18. Let R be a ring such that 2 € U(R). Then RG is invo-regular
clean if and only if R is invo-regqular clean.
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Proof. Suppose RG is invo-regular clean. Since R is a homomorphic image
of RG, R is invo-regular clean, by Lemma 2.7. Conversely, Since 2 € U(R),
RG = R x R, by |15, Proposition 3]. Hence RG is invo-regular clean by
Lemma 2.17. O

Recall that the ring of n x n upper triangular matrices over a ring R is
denoted by T},(R). The next proposition establishes that if R is invo-regular
clean, then T),(R) also inherits this property.

Proposition 2.19. Let R be a ring. Then T,(R) is invo-regular clean if
and only if R is invo-regular clean.

Proof. Let I be the ideal of T},(R) consisting of all matrices with zero entries
on the main diagonal. Clearly, I is a nil ideal. Furthermore, there is an
isomorphism T;,(R)/I = [[i, Ri, where R; = R for each i € {1,2,--- ,n}.
Since a finite direct product of invo-regular clean rings remains invo-regular
clean by Lemma 2.17, the conclusion follows from Lemmas 2.7 and 2.8. [

Proposition 2.20. Let R be a ring such that R is an tnvo-regular clean
ring and e € Id(R). Then eRe is an invo-reqular clean ring.

Proof. Tt follows from |7, Proposition 2.16]. O

At this point, further technical details are required.

Lemma 2.21. Let R be an invo-reqular clean ring such that Id(R) = {0,1}.
Then 24 = 0.

Proof. Suppose that 3 € R. Since R is invo-regular clean, there exist s €
Invg(R) and e € Id(R) = {0,1} such that 3 = s+ e. If e = 0, then
3 =s=uof for some v € Inv(R) and f € Id(R) = {0,1}. Hence 3 =0 or
8=0,andso24 =0. Ife=1, then 2 =s+1=vf+1 for some v € Inv(R)
and f € Id(R) ={0,1}. Hence 3=wvf+1, and so 2 =wvf. Hence 2 =0 or
3 =0, and so 24 = 0. ]

Proposition 2.22. Let R be a ring such that Id(R) = {0,1}. Then R
s invo-reqular clean if and only if R = R1 X Ro, where Ry is an invo-
reqular clean ring of characteristic 3 and Ra is an invo-regular clean ring
of characteristic 8.
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Proof. Since R is invo-regular clean, 24 = 0, by Lemma 2.21. On the other
hand (3,8) = 1. Hence R = 3R @& 8R. Then R/3R = 8R and R/8R = 3R
which both imply that R = R; x Ry where Ry = R/3R and Ry = R/8R.
But homomorphic images of an invo-regular clean ring are again invo-regular
clean rings, by Lemma 2.7, as required. O

We proceed by examining a distinctive property within the class of invo-
regular clean rings, characterized as follows.

Definition 2.23. A ring R is said to be uniquely invo-reqular clean if, for
every 0 # r € R, there are a unique s € Invg(R) and a unique idempotent
e € Id(R) such that r = s +e.

Proposition 2.24. Let R be a ring. Then evey central idempotents is
uniquely invo-regular clean.

Proof. Let e € Id(R) is central. Then we have e = (1 — e) + (1 — 2e).
Assume that e = s + f such taht s € Invg(R) and f € Id(R). Since
es =se, s+ f = (s+f)?=s+2fs+ f. Hence 1 = s+ 2f, and so
s=1—2f. Therefore f =1—e and s =1 — 2¢ € Invg(R). O

Corollary 2.25. Let R be a Boolean ring. Then R is uniquely invo-regular
clean.

Proof. Follows from Proposition 2.24. O

Lemma 2.26. Let R be a ring. Then R is uniquely invo-reqular clean if and
only if, for each 0 #r = s+e € R, such taht s € Invg(R) and e € Id(R) is
a unique and there is a unique v € Inv(R) with s =vf for some f € Id(R).

Proof. Suppose that R is uniquely invo-regular clean and 0 # rR. Hence
there exist a unique s € Invg(R) and a unique e € Id(R). Then there is
a unique v € Inv(R) with s = vf for some f € Id(R), by |7, Proposition
2.9], as required. Conversly, asuume taht » = s + e such that there is a
unique v € Inv(R) with s = vf for some f € Id(R) and e € Id(R) is
unique. Therefore s € Invgr(R) is unique, and so R is uniquely invo-regular
clean. O

We close the article with the following two problems.

Problem 1. What is the behaviour of the matrix rings over invo-reqular
clean rings?
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Problem 2. Is it true that for a non-zero commutative ring R with identity
1, the ring R[xz]can never be invo-regular clean?
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