Quasigroups and Related Systems 34 (2026), 163 — 176

https://doi.org/10.56415/qrs.v34.13

Annihilator graph of a commutative semigroup

whose zero divisor graph is a star graph

Mohammad Sakhdari and Mojgan Afkhami

Abstract. Let S be a commutative semigroup with zero and T'(S) be the zero divisor
graph of S which is a star graph with center x and n end vertices. Also, let Z*(S) be the
set of all nonzero zero divisors of S. The annihilator graph for a commutative semigroup
S, which is denoted by AG(S), is an undirected graph with vertex set Z*(S) and two
distinct vertices a and b are adjacent if and only if anng(ab) # anng(a) U anng(b), where
anng(a) = {s € S | as = 0}. In this paper, we study the annihilator graph associated
with a commutative semigroup with zero, when I'(S) is a star graph. We prove that if
Z(S) # S, then AG(S) is a star graph or a complete graph, and if If Z(S) = S, then
AG(S) is an empty graph or AG(S) & K; U K,,. Moreover, we show that if AG(S) is a
star graph with center x, then Z(S) # S and I'(S) is a star graph with center x and the

product of all end vertices of I'(.S) is not equal to the center vertex.

1. Introduction

In this paper, we assume that S is a commutative semigroup with zero
whose operation is written multiplicatively and Z(S) is the set of all zero
divisors of S. Also Z*(S) = Z(S) \ {0}.

For any commutative semigroup S with zero element 0, I'(\9) is the zero
divisor graph of S with vertex set Z*(S) and for each two distinct vertices
wand v in Z*(S), u is adjacent to v in I'(S) if and only if uv = 0. T'(S) is
a connected graph and its diameter is less than or equal to three. For more
results on the zero divisor graphs one can see [5, 7, 9, 10, 11, 12, 13].

In [6], A. Badawi introduced the concept of the annihilator graph for
a commutative ring R, denoted by AG(R), with vertices Z*(R) and two
distinct vertices a and b are adjacent in AG(R) if and only if anng(ab) #
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anng(a) U anng(b), where anng(a) = {r € R | ar = 0}. It was proved that
AG(R) is connected with diam(AG(R)) < 2 and gr(AG(R)) < 4.

In [1], the annihilator graph for a commutative semigroup S, which is
denoted by AG(S), was introduced and studied. The graph AG(S) is an
undirected graph with vertex set Z*(S) and two distinct vertices a and b
are adjacent if and only if anng(ab) # anng(a) U anng(b), where anng(a) =
{s € S| as = 0}. Some basic properties of AG(S) were investigated in
[1]. For example, it is proved that if Z(S) # S, then I'(S) is a subgraph of
AG(S), and so AG(S) is connected. Also if Z(S) = S, then AG(S) may be
connected or disconnected, and if there exists a € S* = S\ {0} such that
a is adjacent to all vertices in I'(.S), then a is an isolated vertex in AG(S).
Also it is showed that if I'(S) is a star graph and Z(S) # S, then AG(S) is
a refinement of a star graph and if Z(S) = S, then the annihilator graph of
S is a disconnected graph. In [1] and [2], all semigroups S whose annihilator
graphs have three and four vertices are characterized. In [3], the structure
of the annihilator graph of a commutative semigroup S whose I'(S) is a
refinement of a star graph is studied. Also in [4], the annihilator graph
associated with a commutative semigroup with zero is studied by using the
zero divisor graph I'(S), where I'(S) is a complete graph K, with an end
vertex u ¢ V(K,) and w is only adjacent to z € V( K,,) and it is showed
that if Z(S) = S, then the annihilator graph of S is a disconnected graph.

In this paper, we study the structure of the annihilator graph of S when
['(S) is a star graph with center x and n end vertices. We show that if there
are two end vertices y and z in I'(.S) such that yz = z, then in the case that
Z(S) # S, we have AG(S) is a complete graph K, 11, and if Z(S) = S, then
AG(S) = K1 UK, where z is an isolated vertex. Also, we prove that if for
all end vertices y and z in I'(S), yz # x, then, in the case that Z(S) # S,
we have AG(S) is a star graph with center z, and if Z(S) = 5, then AG(S)
is isomorphic to (n+1)K;. Moreover, we show that if AG(S) is a star graph
with center z, then Z(S) # S and I'(S) is a star graph with center z and
the product of all end vertices of I'(S) is not equal to the center vertex.

2. Preliminaries

In this section, first we recall some definitions and notations of graphs. We
use the standard terminology of graphs following |8].

Let G be a graph with vertex set V(G) and edge set E(G). If a is
adjacent to b in G, then the edge between a and b is denoted by {ab} and
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we write a ~ b.

Let H and G be two graphs such that V(G) NV (H) = 0 and E(G) N
E(H) = 0. The union of the graphs H and G, which is denoted by H U G,
is a graph with vertex set V(G)UV (H) and edge set E(H)UE(G). If there
exists a path between any two distinct vertices of G, then G is a connected
graph, and if for each two distinct vertices x and y we have x is adjacent
to y, then G is a complete graph. The complete graph with n vertices is
denoted by K,. If no two vertices of G are adjacent, then G is an empty
graph and nK is the empty graph with n vertices, where mK,, is the union
of m copies of the complete graph K.

We say that w is an end vertex in G, if u is adjacent to only one vertex of
G. Also if for each vertex x € V(G) we have w is not adjacent to x, then u is
an isolated vertex in GG. Suppose that H and G are two graphs. We use the
notation G < H to denote that G is a subgraph of H and if H is isomorphic
to G, we write H = G. Also G\ {{z1y1},{z2y2}, {z3ys}, ..., {znyn}} is a
graph such that the edges {z1y1}, {z2y2}, {z3ys}, ..., {xnyn} are deleted.

A graph G with n + 1 vertices is called a star graph, and is denoted by
K p, if there exists a vertex z € V(@) such that d(x) = n, and for each
vertex y € V(G) \ {z}, we have d(y) = 1. The vertex x is called the center
of K1y. Also P, is the path of length n.

In the rest of this section, we state some results about the structure of
the graph AG(S) in the case that I'(S) is a star graph with |Z*(S5)| < 3.

If T'(S) = K, then AG(S) = K. Let I'(S) = K1 = Ky. Clearly if
Z(S) # S, then AG(S) =2 K11 =2 Ky, and if Z(S) = S, then AG(S) = 2K;.

Now, suppose that I'(S) is a star graph K;o with center z and end
vertices y and z, and Z(S) # S. In [1, Section 4 |, it was showed that if
yz =z and y> = 22 = 0 or yz = y or yz = z, then AG(S) = K2 and
if yz = 2 and y? # 0 or 22 # 0, then AG(S) = K3. Also, it was proved
that if Z(S) = S and yz = z and y?> = 22 = 0 or yz = y or yz = 2, then
AG(S) 2 3K; and if yz = x and y? # 0 or 22 # 0, then AG(S) = Ko U K7,
with x is an isolated vertex.

In [2], all semigroups S such that their annihilator graphs have four
vertices were characterized. Moreover, a complete (up to isomorphism)
description of all pairs (G, S), where G is a graph and S is a commutative
semigroup such that G is the annihilator graph of S and G has four vertices,
was given. Now suppose that I'(S) is a star graph K 3 with center x and
end vertices y, z and w, and Z(S) # S. In |2], it was showed that if yz # x
and yw # x and wz # x, then AG(S) = K; 3 with center z, and if yz = x
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or yw = x or wz = x, then AG(S) = Kj. Also, it was proved that if
Z(S) =8, yz # x, yw # x and wz # x, then AG(S) 2 3K, and if yz =z

or yw = x or wz = x, then AG(S) = K3U K, where z is an isolated vertex.

3. The structure of AG(S5)

In this section, we study the annihilator graph of a commutative semigroup
S with |Z*(S)| = 4, whose I'(S) is a star graph. To do this, we assume that
I'(S) is a star graph with center z and end vertices U = {u1,ug, us, ..., uy},
where n > 3. Therefore for all u; # u;, we have zu; = 0 and u;u; # 0, and
so u;u; = x or there is u; € U such that w;u; = u;. Also 2 =0orz? =z

For each two end vertices of I'(S) we have one of the following state-
ments.

(i) The product of all end vertices of the zero divisor graph is equal to
the center vertex, that is, u;u; = x, for all u;, u; € U and u; # u;.

(ii) The product of all end vertices of the zero divisor graph is not equal
to the center vertex, that is, u;u; # x, for all u;,u; € U and u; # u;.

(iii) The product of some end vertices of the zero divisor graph is equal to
the center vertex and the product of some other is not equal to the
center vertex, that is, there are w;,uj,ux,us € U such that u; # u;,
up # Uk, uiu; = = and upu; # .

First, we examine the Case (i) where the product of all end vertices of
the zero divisor graph is equal to the center vertex.

Lemma 3.1. Suppose that that for all u;,u; € U and u; # u;, we have
uu; = z. Then z* =0 and u? € {0,z}.

Proof. Since uju; = x, we have 2? = z(wju;) = (zu;)u; = Ou; = 0. For

all u;,u; € U and u; # uj, we have w;u; = x. Hence u?uj = ui(uu;) =
w;z = 0 and so u? € anng(u;) C {0,z,u;}, for all j # i. If u? = uj,
then since n > 3, there is k ¢ {i,j} such that wyur = ujuy = x. Thus
r = ujur = ulur = u;i(ujug) = wiz = 0, which is impossible. Therefore
u? € {0,z}. O

Lemma 3.2. If uju; =z, for all u;,u; € U and i # j, then u; is adjacent
to uj in AG(S).
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Proof. By Lemma 3.1, we have 22> = 0. Also for all i, we have u;z = 0.
Thus anng(z) = Z(S). Since n > 3, there is k ¢ {7, 7} that wu; # 0 and
ujug # 0, and so uy ¢ anng(u;) U anng(u;) which implies that anng(u;) U
anng(uj) # Z(S) = anng(x) = anng(u;u;). Therefore u; is adjacent to u;
in AG(S5), for all i # j. O

By the above lemma we have the following theorem.

Theorem 3.3. Suppose that T'(S) is a star graph with center x and end
vertices U = {uy,ug,us,...,uy}, where n > 3. Also assum that for all
i # j, uiu; = x. Then one of the following statements holds.

(i) If Z(S) # S, then AG(S) = Ky 41.
(id) If Z(S) =S, then AG(S) = K1 U K, where x is an isolated verter.

Proof. 1f Z(S) # S, then by [1, Theorem 3.1], we have I'(S) < AG(S), and
if Z(S) = S, then by [1, Theorem 3.8|, we have z is an isolated vertex in
AG(S). Now, by Lemma 3.2, the results hold. O

In [1, Theorem 4.1], we have showed that if Z(S) = {0,z,y,z} # S and
zy = xz = 0, then AG(S) = K, 2 with center x if and only if one of the
following statements holds:

(i) yz=yor yz = z.
(ii) yz =z and 22 = y? = 22 = 0.

In this case I'(S) is a star graph Ko with center « and end vertices U =
{y,z}. In (ii) we have yz = = but AG(S) = K2, and so AG(S) is not a
complete graph K3. Therefore the condition that n > 3 in Theorem 3.3 is
necessary.

Also in |1, Theorem 4.3], we have proved that if Z(S5) = {0,z,y,2} =S
and zy = zz = 0, then AG(S) = Ky U K; with z is an isolated vertex
if and only if zy = x and either we have y> # 0 or 22 # 0. Otherwise
AG(S) = 3K;.

Moreover, Theorem 3.3 shows that if AG(S) is a complete graph, then
I'(S) can be a star graph, but in [1, Theorem 4.2|, it was showed that if
Z(S) ={0,z,y,2z} # S and xy = xz = 0, then AG(S) = K3 if and only if
one of the following statements holds:

(1) yz=0.
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(ii) yz = = and we have either y? # 0 or 22 # 0.

Therefore if Z(S) = {0,z,y,z} # S, then AG(S) = K3 if and only if
I'(S) = Ks.

Example 3.4. Suppose that S is a commutative semigroup with zero and
Z*(S) = {w,x,y,z}. Also assume that xy = zz = 2w = 0, wy = wz =
yz = x, 2 = 0 and 3%, 2%, w? € {0,2}. In this case I'(S) is a star graph
K, 3 with center z and end vertices U = {w,y, z}. If Z(S) # S, then by
Theorem 3.3, we have AG(S) = Ky, and if Z(S) = S, then by Theorem
3.3, we have AG(S) = K; U K3. The zero divisor graph and the annihilator
graph are pictured in Figure 1.

x Y x Yy z Yy
I'(S) AG(S), Z(S)# S AG(Z(S))
Figure 1

Example 3.5. Let S = {0,1,4,12,16,20, 28} be a semigroup with multi-
plicative operation modulo 32. Then I'(S) is a star graph with center 16 and
end vertices U = {4,12,20,28}. Also 4.12 = 4.20 = 4.28 = 12.20 = 12.28 =
20.28 = 16. Then AG(S) is a complete graph K5 and AG(Z(S)) = K1 UKy,
with 16 is an isolated vertex.

Now, we study the case when the product of each two distinct end
vertices of the zero divisor graph is not equal to the center vertex.

Lemma 3.6. Assume that I'(S) is a star graph with center x and end
vertices U = {u1,ug,us,...,up}. Also assum that for all i # j, we have
ujuj # x. Then we have ujuj; = w; or usuj = uj, or there ist ¢ {i,j} such
that wju; = vy and uf # 0.

Proof. Suppose that wju; ¢ {u;,u;}. Since uu; ¢ {x,0}, there is ¢ ¢
{i,7} such that w;u; = u;, and we have ulu? = (wuj)u; = wu; # 0.
Thus uf # 0, and so anng(u;) = {0,2}. Since u;u; = uz, we have ui =
ug(ujug) = (upu;)uj. Now, if uf = 0, then (upu;)u; = 0, and hence (upu;) €
anng(u;) = {0,z}. Therefore (usu;) = 0 or (usu;) = x, which is impossible.
Consequently u? # 0. O
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Lemma 3.7. Suppose that T'(S) is a star graph with center x and end ver-
tices U = {uy,ug,us, ..., un}. Also assum that for alli,j € {1,2,3,...,n},
we have uju; # x. Then u; is not adjacent to u; in AG(S), for all
i,j€{1,2,3,...,n}.

Proof. Since w;u; # =, by Lemma 3.6, u;u; = u; or u;u; = u; or there is
t ¢ {i,7} such that wju; = u; and u? # 0. If ujuj = u; Or uju; = uj, then
u; is not adjacent to u; in AG(S), for all i,j € {1,2,3,...,n}. If uju; = wy,
then u? # 0. Since uju; = ug, we have u?uj = wi(uuj) = ujuy # 0 and
so u? # 0. Also u? # 0. Hence anng(u;) = anng(u;) = anng(u) = {0, z},
and so anng(u;) U anng(u;) = anng(u;) = anng(u;uj). Therefore u; is not
adjacent to u; in AG(S), for all 4,5 € {1,2,3,...,n}. O

Theorem 3.8. Suppose that I'(S) is a star graph with center x and end
vertices U = {uy, ug, ..., up}. Also assum that for all i,5 € {1,2,3,...,n},
we have u;u; # x. Then one of the following statements holds.

(1) If Z(S) # S, then AG(S) = Ky, with center x.
(13) If Z(S) = S, then AG(S) = (n+ 1)K;.

Proof. 1f Z(S) # S, then by |1, Theorem 3.1], we have I'(S) < AG(S), and
if Z(S) = S, then by [1, Theorem 3.8, we have x is an isolated vertex in
AG(S). Now, by Lemma 3.7, the results hold. O

Example 3.9. Suppose that S is a commutative semigroup with zero and
Z*(S) = {w,x,y,z} and zy = 2z = zw = 0. Also assume that wy # =z,
wz # x and yz # x. Then one of the following four statements holds.

(i) wy = wz = zy = 2, 22 = 2z, 22 € {0,7} and we have one of the
following three statements.
(1) y* =y and w? € {w, z}.
(2) ¥* =w and w? = 2.
(3) y? = z and w? € {w,y, z}.

(ii) wy = yz = y, wz = 2, 22 € {0,2} and we have one of the following
four statements.
(1) ¥?> =0, w? = w and 2% € {w, z}.

(2) ¥? =y, w? =w and 2% € {w,y, z}.
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(i) wy =z, wz = z, yz = w, > € {0,2} and w? = y? = 2% = w.

2

(iv) wy =y, wz = 2, yz = w, 2% € {0,7}, w? = w, 22 =y and y* = 2.

The graph I'(S) is a star graph Kj 3 with center z and end vertices
U={w,y,z}. If Z(S)# S, then by Theorem 3.8, we have AG(S) = K 3,
and if Z(S) = S, then by Theorem 3.8, we have AG(S) = 4K;. The zero
divisor graph and the annihilator graph are pictured in Figure 2.

z z z w
[ ] [ ]
z Y x Y x Y

Example 3.10. Let S ={0,1,2,4,5,6,8} be a semigroup with multiplica-
tive operation modulo 10. Then I'(S) is a star graph with center 5 and
end vertices U = {2,4,6,8}. Also 2.4 =68 =28,26=48=2,28=6
and 6.4 = 4. Then AG(S) is a star graph with center 5 and end vertices
U ={2,4,6,8}, and AG(Z(S)) is an empty graph 5K;.

Finally, we study the case when the product of some end vertices of the
zero divisor graph is equal to the center vertex and the product of some
other is not equal to the center vertex.

Lemma 3.11. Suppose that I'(S) is a star graph with center x and end
vertices U = {uq,ug,...,un}. Also assum that ujuy = x and there is
k€ {3,4,...,n} such that uyuy # x. Then the following statements hold.

(1) wiu; # uy and ugu; # ug, for alli=1,2,...,n.

(i1) uf

(1i1) ugu; = x, for all i # 2.
)

(v) wiu; = ug, for all i # 2.
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(v) wju; =g, for all i,j # 2.

Proof. (i). Suppose that there exists 1 < 7 < n such that uju; = uy. We
have = ugu; = ug(uiu;) = (ugui)u; = zu; = 0, which is impossible. Thus
uru; # u1. Also ugu; # ue, for alli =1,2,... n.

(73). Since thereis k € {3,...,n} such that ujuy # x, we have ujur = uy
and by (i) t # 1. Thus uuy = ujus # 0 and hence u? ¢ anng(u) 2 {0, z}.
Therefore u? # 0,7. On the other hand, u3us = uj(ujus) = uyz = 0, and
so u? € anng(uz) C {0,z,uz}. Thus u? = ug. Since uj = ug, we have
u3 = ugu? = (uguq)uy = zu; = 0, and so u3 = 0

(#i7). By (i), ugu; # ueg, for all i = 1,2,3,...,n. If ugu; = uy, then by
(i1), we have us = u? = uy(ugu;) = (uiu2)u; = wu; = 0, which is impossible
and so ugl; # U1, Us.

If there is t € {3,...,n} such that ugu; = uy, then wju; = ug(ugu;) =
(uyug)u; = zu; = 0, which is impossible. Therefore ugu; # uy, for all
t=1,2,3,...,n. Also for i # 2, we have uou; # 0. Therefore usu; = x, for
all 7 # 2.

(tv). Since ujuy ¢ {z,0}, there is t such that wjur = us, and so 0 =
xup = (ujug)ug = ug(uiug) = uguy. Thus uy = ug, and hence ujug = us.

If uyu; = x and i # 2, then 0 = zug = (wju;)ur = ui(urug) = ujug,
which is impossible, and so uju; ¢ {z,0}. Therefore there is ¢ such that
uiu; = ug, and so (ugur) = ug(uiu;) = (ugui)u; = zu; = 0. Since for all
i # 2 we have uouy # 0, uy = ue and consequently uju; = us, for all ¢ £ 2.

(v). Suppose that u;u; = x, for all 4, j # 2. By (iv), we have uju; = ug,
for all i # 2. Hence 0 = w1z = ui(wu;) = (wiu;)u; = uguj, which is
impossible and so w;u; # z. If, for all 4,5 # 2, we have u? = 0, then
0 = u1u? = (uyu;)u; = ugu;, which is again impossible. Thus wju; ¢ {x,0},
for all 4,7 # 2, and so there is ¢ such that wu; = w;. If t # 2, then by
(i19), © = (uou) = ua(ujuj) = (ugu;)uj = xu; = 0, which is impossible.
Therefore u;u; = uo, for all 7, j # 2. O

Lemma 3.12. Suppose that T'(S) is a star graph with center x and end
vertices U = {uj,ug,...,up}. Also assum that uyue = x and there is
ke {3,4,...,n} such that uiu, # x. Then u; is adjacent to u; in AG(S),
foralli,j e {1,2,...,n}.

Proof. First, we show that u; is adjacent to ug in AG(S) for all i # 2. By
Lemma 3.11 (iii), ugu; = z, for all i # 2 and 22 = 0. Also for all i, we have
w;z = 0. Thus anng(z) = Z(5). Since uju; = ug # 0 and ujug = = # 0, we
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have u; ¢ anng(u;) U anng(ug) which follows that anng(u;) U anng(us) #
Z(S) = anng(z) = anng(ujug). Therefore wu; is adjacent to ug in AG(S),
for all ¢ £ 2.

Now, we prove that u; is adjacent to u; in AG(S), for all 7,5 # 2 and
i # j. By items (ii), (i4i) and (v) of Lemma 3.11, we have ugu; = x and
uju; = ug, for all 4,5 # 2 and w3 = 0. Thus, for all 4,5 # 2, we have
up ¢ anng(u;) U anng(uj) and up € anng(ug) = anng(u;uj). Therefore
anng(u;) Uanng(uj) # anng(uz) = anng(u;u;). Consequently u; is adjacent
to u; in AG(S), for all ¢, # 2 and @ # j. O

Now we have the following theorem.

Theorem 3.13. Suppose that T'(S) is a star graph with center x and end
vertices U = {uy,ua,...,u,}. Also assume that uyus = x and there is k €
{3,4,...,n} such that uyuy # x. Then we have the following statements.

(1) If Z(S) # S, then AG(S) = K41
(i) If Z(S) =S, then AG(S) = K1 U K,, with x is an isolated vertex.

Proof. 1f Z(S) # S, then by |1, Theorem 3.1|, we have I'(S) < AG(S) and
if Z(S) =S, then by [1, Theorem 3.8, we have z is an isolated vertex in
AG(S). Now, by Lemma 3.12, the results hold. O

Example 3.14. Suppose that S is a commutative semigroup with zero
and Z*(S) = {w,z,y,z} and zy = zz = 2w = 0. Also assume that
yz = wy =z, wz =y, > = 2> = 0 and w? = 22 = y. Then I'(S) is a star
graph K3 with center z and end vertices U = {w,y, z} and if Z(S) # S,
then by Theorem 3.13, we have AG(S) = K4 and if Z(S) = S, then by
Theorem 3.13, we have AG(S) = K; U K3 with z is an isolated vertex in
AG(S). The zero divisor graph and the annihilator graph are pictured in
Figure 3.

x Y x Yy z Yy
T(S)  AG(S), Z(S) £ S AG(Z(S))

Figure 3
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tive operation modulo 16. Then I'(S) is a star graph with center 8 and
end vertices U = {2,4,10}. Also 2.4 = 4.10 = 8 and 2.10 = 4. Then
AG(S) is a star graph with center 8 and end vertices U = {2,4, 10}, and

AG(Z(S)) & K; U K3 with 8 is an isolated vertex.
The next corollary follows from Theorems 3.3 and 3.13.

Corollary 3.16. Suppose that T'(S) is a star graph with center x and end
vertices U = {uy,ug, ..., up}. Also assum that there are i,j € {1,2,...,n}
such that uiu; = x. Then one of the following statements holds.

(1) If Z(S) # S, then AG(S) = Kyy1.
(i) If Z(S) =S, then AG(S) = K1 U K,, with x is an isolated vertex.
The next corollary follows from Theorems 3.3, 3.8 and 3.13.

Corollary 3.17. Suppose that T'(S) is a star graph. Then we have the
following statements.

(1) If Z(S) # S, then AG(S) is a star graph or a complete graph.

(ii) If Z(S) =S, then AG(S) is an empty graph or a complete graph with
an isolated vertex.

(1i1) If Z(S) =S, then AG(S) is a disconnected graph.

In [2], we have showed that if AG(S) is a star graph K 3 with center
x, then I'(S) is a star graph K; 3 with center x but the converse state-
ment doesn’t hold in general. In the following theorem, we provide some
conditions under which the converse statement holds.

Theorem 3.18. Suppose that S is a commutative semigroup and Z(S) #
S. Then AG(S) is a star graph with center x and end vertices U =
{uy,ug, ..., up} if and only if T'(S) is a star graph with center x, end vertices
U ={ui,u,...,un} and usuj # x, for alli,j € {1,2,...,n}.

Proof. Suppose that I'(S) is a star graph with center « and end vertices U =
{ui,ug, ..., up} and wju; # x, for all 4,5 € {1,2,...,n}. By Theorem 3.8,
AG(S) is a star graph with center x and end vertices U = {uy, ua, ..., u,}.

Conversely, suppose that Z(S) # S and AG(S) is a star graph with
center x and end vertices U = {uy,ug,...,up}. Then I'(S) < AG(S) and if
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there are ¢ and j that u; is adjacent to u; in I'(.S), then u; is adjacent to u; in
AG(S), which is impossible. Since I'(S) is a connected graph, we have x is
adjacent to u;, foralli € {1,2,...,n}. ThusI'(S) is a star graph with center

x and end vertices U = {uq,ug,...,u,}. Now, if there are i, j € {1,2,...,n}
such that u;u; = x, then by Corollary 3.16, AG(S) = K41, which is
impossible. Therefore u;u; # x, for all 4,5 € {1,2,...,n}. O

In the following, we show that if Z(S) = S, then AG(S) is never a star
graph. First note that in [1, Theorem 4.3], it was proved that if Z(S) =
{0,z,y,2} = S and zy = zz = 0, then AG(S) = Ky U K; with x is an
isolated vertex if and only if zy = 2 and we either have y? # 0 or 22 # 0.
Otherwise AG(S) = 3K;. Therefore in this situation, we have AG(S) is
not a star graph when Z(S) = S.

Also, let S be a commutative semigroup with Z(S) = S. If T'(S) is not
isomorphic to P3, then by [2, Corollary 4.3], AG(S) contains at least one
isolated vertex, and thus AG(S) is disconnected and it is not a star graph.
Moreover, by |2, Lemma 4.4], AG(S) = P; with x ~ w ~ z ~ y if and only
if I'(S) = P3 with w ~ & ~ y ~ z. Therefore in this situation, we also have
AG(S) is not a star graph when Z(5) = S.

In the following theorem we prove that in general, if Z(S) = S, then
AG(S) is not a star graph.

Theorem 3.19. Let Z(S) =S andn > 3. Then AG(S) is not a star graph
Kin.

Proof. Suppose that Z(S) = S and AG(S) is a star graph K1 , with center
x and A is the set of all end vertices of AG(S). If for all y € A, we have
zy = 0, then by [1, Theorem 3.8, z is an isolated vertex in AG(S), which
is impossible.

Now, suppose that there is y € A that zy # 0. Since x is adjacent to y in
AG(S), we have xy # z, vy # y and so there is z € S = Z(5) \ {z,y} such
that zy = 2. Also anng(z) U anng(y) # anng(xy) = anng(z). Therefore
there is w € Z(S) that w ¢ anng(x) U anng(y), w € anng(zy) = anng(z)
and one of the following two statements holds.

(1) f we Z(S5)\ {z,y}, then wz # 0, wy # 0, wz =0 and zy = z # 0.

(73) If there is no w € Z(S) \ {z,y} such that w ¢ anng(x) U anng(y),
then for all w € Z(S) \ {z,y} we have w € anng(x) U anng(y), and
so w € anng(x) or w € anng(y). Then wz = 0 or wy = 0 and thus
wz = 0. Therefore z is adjacent to all vertices in Z(S) \ {z,y} in



Annihilator graph of a commutative semigroup 175

I'(S), and so anng(z) 2 Z(S)\ {z,y, z}. Also w =y or w = = and we
have one of the following two statements.

1) If w =y, then 2y = 2 # 0, y> # 0 and yz = y%x = 0.

(
(2) If w =z, then 2y = 2 # 0, 22 # 0 and xz = 2%y = 0.

If (7) holds, then since wx # 0 and zy # 0, we have x ¢ anng(w) U
anng(y). On the other hand, since z(wy) = w(zy) = wz = 0, we have
x € anng(wy), and thus w is adjacent to y in AG(S), which is impossible.

Now we show that anng(y) C anng(z). Suppose that u € Z(S)\{z,y, 2z}
and u € anng(y). Then uy = 0 and since u is not adjacent to y in AG(S), we
have anng(u) Uanng(y) = anng(uy) = Z(S). Since z € Z(S) = anng(uy) =
anng(u) U anng(y) and xy # 0, we have x € anng(u) and so zu = 0.
Therefore u € anng(z). Consequently anng(y) C anng(z).

Now, assume that (1) is true. Then yz = 0 and so z € anng(y) C
anng(x). Thus zz = 0. Therefore = € anng(z) and so anng(z) 2 Z(S5)\{z}.
By [1, Theorem 3.8]|, z is an isolated vertex in AG(S), which is impossible.

Now let (2) be true. If 22 = x, then z = zy = 2%y = z(xy) = vz = 0,
which is impossible. If 22 = y, then z = zy = z2? = 23, and so yz = 23y =
(22y)z = 0x = 0. Therefore y € anng(z) and thus anng(z) 2 Z(9) \ {z}.
By [1, Theorem 3.8|, z is an isolated vertex in AG(S), which is impossible.
If 22 ¢ {z,y}, then 22 is not adjacent to y in AG(S), and so anng(z?) U
anng(y) = anng(x?y) = Z(S). Since anng(y) C anng(z) C anng(x?), we
have anng(x?) = Z(S) and by [1, Theorem 3.8], 22 is an isolated vertex in
AG(S), which is impossible. O

We end this section with a corollary which follows from Theorems 3.18
and 3.19.

Corollary 3.20. Suppose that AG(S) is a star graph with center x. Then
Z(S) # S and T'(S) is a star graph with center x, and the product of all end
vertices of I'(S) is not equal to the center vertex.

Acknowledgments. The authors are very grateful to the referees for their
comments and suggestions.

References

. ami, K. ashyarmanesh, M. Sakhdari, On the annihilator
1| M. Afkhami, K. Khash h, M. Sakhdari, On th hil
graphs of semigroups, J. Algebra and its Appl. 14 (2015) 1550015-1550029.



176

M. Sakhdari and M. Afkhami

2]

3]

4]

[5]
(6]

7]
18]

9]
10]
11
12]

[13]

M. Afkhami, K. Khashyarmanesh, M. Sakhdari, Annihilator graphs
with four vertices, Semigroup Forum 65 (2015) 139-166 .

M. Afkhami, K. Khashyarmanesh, M. Sakhdari, Annihilator graph
of a commutative semigroup whose zero divisor graph is a refinement of a
star graph, Quasigroups and Related Systems 29 (2021) 157-170.

M. Afkhami, M. Sakhdari, Annihilator graphs of a commutative semi-
group whose Zero divisor graphs are a complete graph with an end vertex,
Acta Universitatis Sapientiae Informatical 14 (2022) 119-136.

D.F. Anderson, P.S. Livingston, The zero-divisor graph of a commu-
tative ring, J. Algebra 217 (1999) 434-447.

A. Badawi, On the annihilator graph of a commutative ring, Comm. Al-
gebra 42 (2014) 1-14.

1. Beck, Coloring of commutative rings, J. Algebra 116 (1998) 208-226.

J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, Elsevier,
1976.

F.R. DeMeyer, L. DeMeyer, Zero-divisor graphs of semigroups, J. Al-
gebra 283 (2005) 190-198.

L. DeMeyer, M. Dsa, I. Epstein, A. Geiser, K. Smith, Semigroups
and the zero-divisor graph, Bull. Inst. Comb. Appl. 57 (2009) 60-70.

L. DeMeyer, T. Mckenzie, K. Schneider, The zero-divisor graph of a
commutative semigroup, Semigroup Forum 65 (2002) 206-214.

T.S. Wu, Q. Liu, L. Chen, Zero-divisor semigroups and refinements of
a star graph, Discrete Math. 309 (2009) 2510-2518.

T. S Wu, D. C. Lu, Subsemigroups determined by the zero-divisor graph,
Discrete Math. 308 (2008) 5122-5135.

Received May 20, 2025

M. Sakhdari

Department of Basic Sciences
Sab. C. Islamic Azad University
Sabzevar, Iran

E-mail: m.sakhdary@iau.ac.ir

M. Afkhami

Department of Mathematics, University of Neyshabur
P.O.Box 91136-899

Neyshabur, Iran

E-mail: atkhami@neyshabur.ac.ir



