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Green’s relations on a semigroup
of transformations with restricted partial range

Shubh N. Singh

Abstract. Let T (X) denote the semigroup of all full transformations on a nonempty
set X. For every pair of nonempty subsets Y and Z of X with Z ⊆ Y , we denote by
T (X,Y, Z) the subsemigroup of T (X) consisting of all transformations α ∈ T (X) such
that Y α ⊆ Z. We characterize Green’s relations on the subsemigroup T (X,Y, Z).

1. Introduction and preliminaries

In 1951, Green [4] introduced equivalence relations on a semigroup S, namely
R, L, and J by the following rules: (a, b) ∈ R if aS1 = bS1, (a, b) ∈ L
if S1a = S1b, and (a, b) ∈ J if S1aS1 = S1bS1, where S1 is the monoid
obtained from S by adding an identity if S contains no identity, otherwise,
S1 = S. He further defined the equivalence relation H on S as the inter-
section of L and R, and the equivalence relation D as the join of L and R.
The equivalence relations R, L, J , H, and D on S are known as Green’s
relations after J. A. Green who introduced them. It is well-known that
L ◦ R = R ◦ L (cf.[6, Proposition 2.1.3]), and consequently D = L ◦ R (cf.
[6, Corollary 1.5.12]). There have been many research works investigating
Green’s relations on various semigroups of transformations. For a broader
treatment of related concepts, see [3, 1].

Let X be a nonempty set. Denote by T (X) the semigroup of all full
transformations onX. Semigroup T (X) and its subsemigroups are crucial in
semigroup theory, since every semigroup can be embedded in T (Z) for some
appropriate set Z (cf. [6, Theorem 1.1.2]). Miller and Doss [2] characterized
Green’s relations on T (X). Green’s relations on various subsemigroups
of T (X) are also characterized. In particular, for a nonempty subset Y
of X, Magill [9] in 1966 introduced the subsemigroup T (X,Y ) := {α ∈
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T (X) : Y α ⊆ Y } of T (X); Symons [16] in 1975 introduced the subsemigroup
T (X,Y ) := {α ∈ T (X) : Xα ⊆ Y } of T (X). Honyam and Sanwong [5]
characterized Green’s relations on T (X,Y ). Sanwong and Sommanee [11]
characterized Green’s relations on T (X,Y ). Several other properties of both
the semigroups T (X,Y ) and T (X,Y ) have also been investigated (see, the
respective lists [5, 9, 10, 13, 15] and [10, 11, 14, 16, 17] for some references).

For every pair of nonempty subsets Y and Z of X with Z ⊆ Y , consider
the subsemigroup T (X,Y, Z) of T (X) consisting of all transformations α ∈
T (X) such that Y α ⊆ Z. Using symbols,

T (X,Y, Z) := {α ∈ T (X) : Y α ⊆ Z}.

Jin [7] first studied the semigroup T (X,Y, Z), and called it the semigroup of
transformations with restricted partial range on X. Semigroup T (X,Y, Z)
may be regarded as a generalization of three known semigroups, namely
T (X), T (X,Y ), and T (X,Y ) since

• T (X,Y, Z) = T (X) if Z = Y = X,
• T (X,Y, Z) = T (X,Z) if Y = X,
• T (X,Y, Z) = T (X,Y ) if Z = Y .

Jin [7] calculated the rank of the semigroup T (X,Y, Z) when X is finite
and 1 ≤ |Z| < |Y | < |X|. Jin and You [8] characterized regular elements
in T (X,Y, Z), determined when T (X,Y, Z) is regular, and investigated the
abundance of T (X,Y, Z). Jin and You [8] calculated the number of ele-
ments, regular elements, and idempotent elements in T (X,Y, Z) when X is
finite.

In this paper, we characterize Green’s relations on T (X,Y, Z). Before
that, we introduce some useful concepts and notation, which are indispens-
able for this paper. Let X be a nonempty set. The cardinality of X is
denoted by |X|. The identity mapping on X is denoted by idX . A partition
of X is a collection of pairwise disjoint nonempty subsets, called blocks,
whose union is X. Let P and Q be partitions of X, and let A and B be
subcollections of blocks in P and Q, respectively. Then A refines B, de-
noted by A � B, if for every A ∈ A there exists B ∈ B such that A ⊆ B.
Moreover, we write A = B if A � B and B � A. For any sets A and
B, let A \ B := {x ∈ A : x /∈ B}. We compose mappings from left to
right and denote their composition by juxtaposition. Let f : X → Y be a
mapping. We write xf to denote the image of an element x of X under
f . For a subset A of X, let Af := {af : a ∈ A}. For a subset B of Y , let
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Bf−1 := {x ∈ X : xf ∈ B}. Moreover, if B = {b} then we write bf−1 to
denote the set {b}f−1. We also refer the readers to [6] for any concepts and
notation not defined here.

2. Main results

Assume throughout this section that Y and Z are nonempty subsets of X
such that Z ⊆ Y . In general, the semigroup T (X,Y, Z) does not contain
the identity transformation idX , and so T (X,Y, Z)1 6= T (X,Y, Z).

Firstly we characterize Green’s relations on the semigroup T (X,Y, Z).
We begin by recalling the following lemma from [5], which characterizes the
relation L on the semigroup T (X,Y ).

Lemma 2.1. [5, Lemma 2] Let α, β ∈ T (X,Y ). Then α = γβ for some
γ ∈ T (X,Y ) if and only if Xα ⊆ Xβ and Y α ⊆ Y β. Consequently,
(α, β) ∈ L in T (X,Y ) if and only if Xα = Xβ and Y α = Y β.

Lemma 2.2. Let α, β ∈ T (X,Y, Z). Then α = γβ for some γ ∈ T (X,Y, Z)1
if and only if Xα ⊆ Xβ and Y α ⊆ Zβ.

Proof. Assume that α = γβ for some γ ∈ T (X,Y, Z)1. Then Xα ⊆ Xβ by
Lemma 2.1, since T (X,Y, Z)1 ⊆ T (X,Y ). Now since α = γβ and Y γ ⊆ Z,
we obtain Y α = (Y γ)β ⊆ Zβ.

Conversely, assume that the given conditions hold. Since Y α ⊆ Zβ, for
each x ∈ Y we fix zx ∈ Z such that xα = zxβ. Since Xα ⊆ Xβ, for each
x ∈ X we fix x′ ∈ X such that xα = x′β. Define a mapping γ : X → X by

xγ =

{
zx if x ∈ Y ,
x′ if x ∈ X \ Y .

Observe that Y γ ⊆ Z, and so γ ∈ T (X,Y, Z). Finally, to prove that α = γβ,
let x ∈ X. If x ∈ Y , then xγ = zx. Therefore x(γβ) = (xγ)β = zxβ = xα.
On the other hand, if x ∈ X \ Y then xγ = x′. Therefore x(γβ) = (xγ)β =
x′β = xα. Hence α = γβ.

Theorem 2.3. Let α, β ∈ T (X,Y, Z). Then (α, β) ∈ L in T (X,Y, Z) if
and only if Xα = Xβ, Y α ⊆ Zβ, and Y β ⊆ Zα.

Proof. It follows directly from Lemma 2.2.

The following corollary is immediate from Theorem 2.3, since Z ⊆ Y .
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Corollary 2.4. If (α, β) ∈ L in T (X,Y, Z), then Y α = Zα = Zβ = Y β.

For every α ∈ T (X) and A ⊆ X such that Xα ∩A 6= ∅, let

πα(A) := {yα−1 : y ∈ Xα ∩A}.

Moreover, we write the notation πα to denote the set πα(X). Note that πα
is a partition of X induced by the transformation α.

Honyam and Sanwong [5] provided the following lemma, which charac-
terizes the relation R on the semigroup T (X,Y ).

Lemma 2.5. [5, Lemma 3] Let α, β ∈ T (X,Y ). Then α = βγ for some
γ ∈ T (X,Y ) if and only if πβ � πα and πβ(Y ) � πα(Y ). Consequently,
(α, β) ∈ R in T (X,Y ) if and only if πβ = πα and πβ(Y ) = πα(Y ).

The following lemma will allow us to characterize the relation R on the
semigroup T (X,Y, Z).

Lemma 2.6. Let α, β ∈ T (X,Y, Z). Then α = βγ for some γ ∈ T (X,Y, Z)1
if and only if πβ � πα and πβ(Y ) � πα(Z).

Proof. Assume that α = βγ for some γ ∈ T (X,Y, Z)1. Then πβ � πα
by Lemma 2.5, since T (X,Y, Z)1 ⊆ T (X,Y ). Next, to prove that πβ(Y ) �
πα(Z), let A ∈ πβ(Y ). Then A = yβ−1 for some y ∈ Xβ∩Y . Since α = βγ,
we obtain Aα = (Aβ)γ = yγ. Therefore A ⊆ (yγ)α−1. It remains to show
that yγ ∈ Xα ∩ Z. Since βγ = α and Y γ ⊆ Z, we obtain (Xβ ∩ Y )γ ⊆
(Xβ)γ ∩ Y γ ⊆ Xα ∩ Z. Since y ∈ Xβ ∩ Y , it follows that yγ ∈ Xα ∩ Z.
Hence πβ(Y ) � πα(Z).

Conversely, assume that the given conditions hold. For each x ∈ Xβ,
we fix zx ∈ xβ−1. Define a mapping γ : X → X by

xγ =

{
zxα if x ∈ Xβ,
xβ if x ∈ X \Xβ.

Observe that γ is well-defined, since πβ � πα. It is clear that βγ = α,
since x(βγ) = (xβ)γ = xα for all x ∈ X. It is also easy to verify that
γ ∈ T (X,Z) ⊆ T (X,Y, Z).

Theorem 2.7. Let α, β ∈ T (X,Y, Z). Then (α, β) ∈ R in T (X,Y, Z) if
and only if πα = πβ, πα(Y ) � πβ(Z), and πβ(Y ) � πα(Z).

Proof. It follows directly from Lemma 2.6.
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The following corollary is immediate from Theorem 2.7, since Z ⊆ Y .

Corollary 2.8. If (α, β) ∈ R in T (X,Y, Z), then πα(Y ) = πα(Z) and
πβ(Y ) = πβ(Z).

Corollary 2.9. If (α, β) ∈ R in T (X,Y, Z), then

(i) Xα ⊆ Z ∪ (X \ Y ),
(ii) Xβ ⊆ Z ∪ (X \ Y ),
(iii) Xα \ Z = Xα \ Y ,
(iv) Xβ \ Z = Xβ \ Y .

Proof. Assume that (α, β) ∈ R in T (X,Y, Z).
(i). Suppose to the contrary that there exists x ∈ X such that xα ∈

Y \ Z. Then xα ∈ Xα ∩ Y , and so (xα)α−1 ∈ πα(Y ). Since πα(Y ) =
πα(Z) by Corollary 2.8, we obtain (xα)α−1 ∈ πα(Z). Therefore xα ∈ Z, a
contradiction.

(ii). The proof proceeds similarly to that of (i), with β substituted for
α throughout the argument.

(iii). By (i), we see that Xα ∩ (Y \ Z) = ∅. Now consider Xα \ Y =
Xα\

(
Z∪(Y \Z)

)
= (Xα\Z)∩

(
Xα\(Y \Z)

)
= (Xα\Z)∩Xα = Xα\Z.

(iv). By (ii), we see that Xβ ∩ (Y \ Z) = ∅. The remaining proof
proceeds similarly to that of (iii), with β substituted for α throughout the
argument.

The following theorem characterizes the relation D on the semigroup
T (X,Y, Z).

Theorem 2.10. Let α, β ∈ T (X,Y, Z). Then (α, β) ∈ D in T (X,Y, Z) if
and only if (α, β) ∈ D in T (X,Y ).

Proof. Assume that (α, β) ∈ D in T (X,Y, Z). Then (α, β) ∈ D in T (X,Y ),
since T (X,Y, Z)1 ⊆ T (X,Y ).

Conversely, assume that (α, β) ∈ D in T (X,Y ). Then, since D =
L ◦ R, there exists γ ∈ T (X,Y ) such that (α, γ) ∈ L and (γ, β) ∈ R in
T (X,Y ). To show that (α, β) ∈ D in T (X,Y, Z), it suffices to prove that
γ ∈ T (X,Y, Z)1. Observe that α ∈ T (X,Y ), since T (X,Y, Z)1 ⊆ T (X,Y ).
Thus, by Lemma 2.1 we obtain Y α = Y γ. Therefore Y γ ⊆ Z, since
Y α ⊆ Z. Hence γ ∈ T (X,Y, Z)1.
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Honyam and Sanwong [5] provided the following theorem, which char-
acterizes the relation J on the semigroup T (X,Y ).

Theorem 2.11. [5, Theorem 5] Let α, β ∈ T (X,Y ). Then α = λβµ for
some λ, µ ∈ T (X,Y ) if and only if |Xα| ≤ |Xβ|, |Y α| ≤ |Y β|, and |Xα \
Y | ≤ |Xβ \ Y |. Consequently, (α, β) ∈ J in T (X,Y ) if and only if |Xα| =
|Xβ|, |Y α| = |Y β|, and |Xα \ Y | = |Xβ \ Y |.

The following lemma will allow us to characterize the relation J on the
semigroup T (X,Y, Z).

Lemma 2.12. Let α, β ∈ T (X,Y, Z). Then α = γβµ for some γ, µ ∈
T (X,Y, Z)1 if and only if there exists ϕ ∈ T (X,Z) such that

(i) α = ϕβρ for some ρ ∈ T (X,Z),
(ii) πϕβ(Y ) � πα(Z),
(iii) Y α ⊆ Z(βϑ) for some ϑ ∈ T (X,Y, Z)1.

Proof. Assume that α = γβµ for some γ, µ ∈ T (X,Y, Z)1.
(i). It is obvious, since T (X,Y, Z)1 ⊆ T (X,Z).
(ii). Since α = (γβ)µ, we obtain πγβ(Y ) � πα(Z) by Lemma 2.6.
(iii). Since α = γ(βµ), we obtain Y α ⊆ Z(βµ) by Lemma 2.2.

Conversely, assume that the given conditions hold. For each y ∈ Y , by (iii)
we fix zy ∈ Z such that yα = zy(βϑ). Define a mapping φ : X → X by

xφ =

{
xϕ if x ∈ Z ∪ (X \ Y ),

zx if x ∈ Y \ Z.

Observe that φ ∈ T (X,Y, Z), since zx ∈ Z and ϕ ∈ T (X,Z). Now for each
y ∈ X(ϕβ) ∩ Y , by (ii) we fix ay ∈ Xα ∩ Z such that y(ϕβ)−1 ⊆ ayα

−1.
Also fix z′ ∈ Z. Define a mapping η : X → X by

xη =

{
ax if x ∈ X(ϕβ) ∩ Y ,
z′ otherwise.

Observe that η ∈ T (X,Y, Z), since ax, z′ ∈ Z. Now we choose z0 ∈ Z,
and define a mapping σ : X → X by

xσ =


z0 if x ∈ X \X(φβ),

xϑ if x ∈ X(φβ) ∩ (Y \ Z),
xη if x ∈ X(φβ) ∩ (X \ Y ),

xρ if x ∈ X(φβ) ∩ Z.
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To prove that σ ∈ T (X,Y, Z), let x ∈ Y . Then either x ∈ Y \ X(φβ) or
x ∈ Y ∩X(φβ). If x ∈ Y \X(φβ), then xσ = z0 ∈ Z. On the other hand,
let x ∈ Y ∩X(φβ). Then either x ∈ Z ∩X(φβ) or x ∈ (Y \Z)∩X(φβ). If
x ∈ Z ∩ X(φβ), then xσ = xρ by the definition of σ. Note that Zρ ⊆ Z,
and so xσ ∈ Z. So, assume that x ∈ (Y \ Z) ∩X(φβ). Then xσ = xϑ by
the definition of σ. Since x ∈ Y and Y ϑ ⊆ Z, it follows that xσ = xϑ ∈ Z.
Hence σ ∈ T (X,Y, Z). Finally, we prove that α = φβσ. Let x ∈ X. We
then proceed by considering three different cases:
Case 1: x ∈ Z. Then xφ = xϕ by the definition of φ. Therefore x(φβσ) =
(x(φβ))σ = (x(φβ)) ρ = xφ(βρ) = xϕ(βρ) = x(ϕβρ) = xα.
Case 2: x ∈ Y \ Z. Then xφ = zx by the definition of φ. Therefore
x(φβσ) = (x(φβ))σ = (x(φβ))ϑ = xφ(βϑ) = zx(βϑ) = xα.
Case 3: x ∈ X \ Y . Then xφ = xϕ by the definition of φ. Therefore
x(φβσ)=(x(φβ))σ=(x(φβ)) η=xφ(βη)=xϕ(βη)=(x(ϕβ)) η = ax= xα.

In each case, we have x(φβσ) = xα. Hence φβσ = α.

Theorem 2.13. Let α, β ∈ T (X,Y, Z). Then (α, β) ∈ J in T (X,Y, Z) if
and only if there exist ϕ, η ∈ T (X,Z) such that

(i) α = ϕβρ and β = ηασ for some ρ, σ ∈ T (X,Z),
(ii) πϕβ(Y ) � πα(Z) and πηα(Y ) � πβ(Z),
(iii) Y α ⊆ Z(βϑ) and Y β ⊆ Z(αγ) for some ϑ, γ ∈ T (X,Y, Z)1.

Proof. It follows directly from Lemma 2.12.

Acknowledgements. We appreciate the reviewer’s careful reading and
valuable suggestions, which have led to meaningful improvements in the
paper.

References
[1] Y. Diasamidze, Sh. Makharadze, Complete Semigroups of Binary Rela-

tions, Kriter Yayinevi, Istanbul, 2013.

[2] C. G. Doss, Certain Equivalence Relations in Transformation Semigroups,
M.A. Thesis, University of Tennessee, 1955.

[3] W.A. Dudek, V.S. Trokhimenko, Algebras of Multiplace Functions, De
Gruyter, Berlin, 2012.

[4] J.A. Green, On the structure of semigroups, Ann. Math. 54 (1951), no. 1,
163− 172.



184 S.N. Singh

[5] P. Honyam, J. Sanwong, Semigroups of transformations with invariant
set, J. Korean Math. Soc. 48 (2011), no. 2, 289− 300.

[6] J.M. Howie, Fundamentals of Semigroup Theory, Oxford Univ. Press, New
York, 1995.

[7] J. Jin, On the rank of semigroup of transformations with restricted partial
range, Filomat 35 (2021), no. 14, 4925− 4936.

[8] J. Jin, T. You, Semigroup of transformations with restricted partial range:
Regularity, abundance and some combinatorial results, Ital. J. Pure Appl.
Math. 50 (2023), 336− 351.

[9] K.D. Magill Jr., Subsemigroups of S(X), Math. Japon. 11 (1966), 109−115.

[10] S. Nenthein, P. Youngkhong, Y. Kemprasit, Regular elements of some
transformation semigroups, Pure Math. Appl. 16 (2005), no. 3, 307− 314.

[11] J. Sanwong, W. Sommanee, Regularity and Green’s relations on a semi-
group of transformations with restricted range, Int. J. Math. Math. Sci. 2008
(2008), 794013, 11 pp.

[12] M. Sarkar, S.N. Singh, On certain semigroups of transformations with an
invariant set, Asian-Eur. J. Math. 15 (2022), no. 11, 2250198, 17 pp.

[13] M. Sarkar, S.N. Singh, Unit-regular and semi-balanced elements in various
semigroups of transformations, Semigroup Forum 106 (2023), no. 3, 676−691.

[14] L. Sun, J. Sun, A natural partial order on certain semigroups of transfor-
mations with restricted range, Semigroup Forum 92 (2016), no. 1, 135− 141.

[15] L. Sun, L. Wang, Natural partial order in semigroups of transformations
with invariant set, Bull. Aust. Math. Soc. 87 (2013), no. 1, 94− 107.

[16] J.S.V. Symons, Some results concerning a transformation semigroup, J.
Aust. Math. Soc. 19 (1975), no. 4, 413− 425.

[17] K. Tinpun, J. Koppitz, Generating sets of infinite full transformation
semigroups with restricted range, Acta Sci. Math. 82 (2016), 55− 63.

Received Mau 03, 2025
Department of Mathematics, Central University of South Bihar, School of Mathematics,
Statistics and Computer Science, Gaya–824236, Bihar, India
E-mail: shubh@cub.ac.in


